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PREFACE 


The  discovery  of  the  great  law  of  nature,  the  law  of  gravitation,  bjr 
Newtok,  prepared  the  way  for  the  brilliant  achievements  which  have 
dietingutshed  the  history  of  astronomical  science.  A  first  essential,  how- 
ever, to  the  solution  of  those  recondite  problems  which  were  to  exhibit 
the  effect  of  the  mutual  attraction  of  the  bodiee  of  our  system,  was  the 
development  of  the  infinitesimal  calculus;  and  the  labors  of  those  who 
devoted  themselvee  to  pure  analysis  have  contributed  a  most  important 
part  in  the  attainment  of  the  high  degree  of  perfection  which  character- 
ises the  results  of  astronomical  investigations.  Of  the  earlier  efibrts  to 
develop  the  great  results  following  irom  the  law  of  gravitation,  those  of 
EOLBB  stand  pre-eminent,  and  the  memoirs  which  he  published  have, 
in  reality,  furnished  the  germ  of  all  subsequent  investigations  in 
celestial  mechanics.  In  this  connection  also  the  names  of  Beknodilli, 
CLAiBAin,  and  lyALEHBERT  deserve  the  most  honorable  mention  as 
having  contributed  also,  in  a  high  degree,  to  give  direction  to  the  inves- 
tigations which  were  to  unfold  so  many  mysteries  of  nature.  By  means 
of  tiie  reeearchee  thus  inaugurated,  the  great  problems  of  mechanics 
were  successfully  solved,  many  beautiful  theorems  relating  to  the  planet- 
ary motions  demonstrated,  and  many  useful  formuln  developed. 

It  is  true,  however,  that  in  the  early  stage  of  the  science  methods 
were  developed  which  have  since  been  found  to  be  impracticable,  even 
if  not  erroneous;  still,  enough  was  effected  to  direct  attention  in  the 
proper  channel,  and  to  prepare  the  way  for  the  more  complete  labors  of 
IiAOEaKOE  and  Laplace.  The  genius  and  the  analytical  skill  of  these 
extraordinary  men  gave  to  the  progress  of  Theoretical  Astronomy  the 
most  rapid  strides;  and  the  intricate  investigations  which  they  success- 
iiilly  performed,  served  constantly  to  educe  new  discoveries,  so  that  of 
all  the  problems  relating  to  the  mutual  attraction  of  the  several  planets 
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but  little  more  remained  to  be  accomplished  by  their  successors  than  tu 
develop  and  simpliiy  the  methods  which  they  made  known,  and  to  intro- 
duce such  modifications  aa  should  be  indicated  by  experience  or  rendered 
possible  by  the  latest  diBCOveries  in  the  domain  of  pure  analysis. 

The  problem  of  determioing  the  elements  of  the  orbit  of  a  comet 
moving  in  a  parabola,  by  means  of  observed  places,  which  had  been 
considered  by  Newton,  Edler,  Boscottce,  Laubert,  and  otJiers, 
received  from  Laoranoe  and  Laplace  the  most  careiiil  consideration 
in  the  light  of  all  that  bad  been  previously  done.  The  solution  given 
by  the  former  is  analytically  complete,  but  far  from  being  practically 
complete ;  that  given  by  the  latter  is  especially  simple  and  practical  bo 
far  as  regards  the  labor  of  computation;  but  the  results  obtained  by  it 
are  so  affected  by  the  unavoidable  errors  of  obeervation  as  to  be  often 
little  more  than  rude  approximations.  The  method  which  was  found  to 
answer  best  in  actual  practice,  was  that  proposed  by  Olbebs  in  his 
work  entitled  Leiehlede  und  heqaemete  Methods  die  Bahn  eine*  Oometen 
tu  bereehnen,  in  which,  by  making  use  of  a  beautiful  theorem  of  para- 
bolic  motion  demonstrated  by  Euleb  and  also  by  Laubert,  and  by 
adopting  a  method  of  trial  and  error  in  the  numerical  solution  of 
certain  equations,  he  was  enabled  to  effect  a  solution  which  could  be 
performed  with  remarkable  ease.  The  accuracy  of  the  results  obtained 
by  Olberb's  method,  and  the  facility  of  its  application,  directed  the 
attention  of  Legendbe,  Ivoet,  Gauss,  and  Encke  to  this  subject,  and 
by  them  the  method  was  extended  and  generalized,  and  rendered  appli 
cable  in  the  exceptional  cases  in  which  the  other  methods  tailed. 

It  should  be  observed,  however,  that  the  knowledge  of  one  element, 
the  eccentricity,  greatly  facilitated  the  solution ;  and,  although  elliptic 
elements  had  been  computed  for  some  of  the  comets,  the  first  bypothesi* 
was  that  of  parabolic  motion,  so  that  the  subsequent  process  required 
simply  the  determination  of  the  corrections  tc  be  applied  to  these  ele- 
ments in  order  to  satisfy  the  observations.  The  more  difficult  problem 
of  determining  all  the  elements  of  planetary  motion  directly  from  three 
observed  places,  remained  unsolved  until  the  discovery  of  Ceres  by 
PiAZZT  in  1801,  by  which  the  attention  of  Gauss  was  directed  to  this 
subject,  the  result  of  which  was  the  subsequent  publication  of  his 
Theoria  Motua  Corporum  Ccelettium,  a  most  able  work,  in  which  be  gave 
to  the  world,  in  a  finished  form,  the  results  of  many  years  of  attention 
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to  the  subject  of  wbich  it  treats.  Hia  method  for  determining  all  the 
elements  directly  from  given  obeerred  places,  as  given  in  the  Theoria 
Moliu,  and  as  subsequently  given  in  a  revised  form  by  Encee,  leaves 
scarcely  any  thing  to  be  desired  on  this  topic.  In  the  same  work  he 
gave  the  first  explanation  of  the  metbod  of  least  squares,  a  method 
which  has  been  of  inestimable  service  in  investigatjons  depending  oo 
observed  data. 

The  discovery  of  the  minor  placets  directed  attention  also  to  the 
methods  of  determining  their  perturbations,  since  those  applied  in  the 
case  of  the  major  planets  were  found  to  be  inapplicable.  For  a  long 
time  astronomers  were  content  simply  to  compute  the  special  perturba- 
tions of  these  bodies  from  epoch  to  epoch,  and  it  was  not  until  the  com- 
mencement of  the  brilliant  researches  by  Hansen  that  serious  hopes 
were  entertained  of  being  able  to  compute  successfully  the  general  per* 
tnrbations  of  these  bodies.  By  devising  an  entirely  new  mode  of  con- 
aidering  the  perturbations,  namely,  by  determining  what  may  be  called 
the  perturbations  of  the  time,  and  thus  passing  from  the  undisturbed 
place  to  the  disturbed  place,  and  by  other  ingenious  analytical  and 
mechanical  devices,  he  succeeded  in  effecting  a  solution  of  this  most 
difficult  problem,  and  his  latest  works  contain  all  the  formulte  which  are 
required  for  the  cases  actually  occurring.  The  refined  and  difficult 
analysis  and  the  laborious  calculations  involved  were  such  that,  even 
after  Hansen's  methods  were  made  known,  astronomers  still  adhered  to 
the  method  of  special  perturbations  by  the  variation  of  constants  as 
developed  by  LAORAiraE. 

The  discovery  of  Asfxasa  by  Hekcke  was  speedily  followed  by  the 
discovery  of  other  planets,  and  fortunately  indeed  it  so  happened  that 
the  subject  of  special  perturbations  was  to  receive  a  new  improvement 
The  discovery  by  Bond  and  Encke  of  a  method  by  which  we  determine 
at  once  the  variations  of  the  rectangular  co-ordinates  of  the  disturbed 
ixidy  by  int^j^ating  the  fundamental  equations  of  motion  by  means  of 
mechau'.cal  quadrature,  directed  the  attention  of  Hansen  to  this  pha'^e 
of  the  problem,  and  soon  after  be  gave  formulm  for  the  determiuation 
of  the  perturbations  of  the  latitude,  the  mean  anomaly,  and  the  loga- 
rithm of  the  radius-vector,  which  are  exceedingly  convenient  in  the 
process  of  integration,  and  which  have  been  found  to  give  the  most 
■stisfactory  results.    The  formulte  for  the  perturbations  of  the  latitude. 
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true  1ongitu<le,  and  radius-vector,  to  be  int^rated  in  the  same  manner, 
were  afterv-ardB  given  by  BeUknow. 

Having  thus  stated  briefiy  a  few  historical  facta  relating  to  the 
problems  of  theoretical  astronomy,  I  proceed  to  a  statement  of  the 
object  of  this  work.  The  discovery  of  so  many  planeto  and  comets  has 
ftimished  a  wide  field  for  exercise  in  the  calculations  relating  to  their 
motions,  and  it  has  occurred  to  me  that  a  work  which  should  contain  h 
development  of  all  the  fbrmulie  required  in  determining  the  orbits  of  the 
heavenly  bodies  directly  from  given  observed  places,  and  in  coneoting 
these  orbits  by  means  of  more  extended  discussions  of  series  of  observa- 
tions, including  also  the  determination  of  the  perturbations,  together 
with  a  complete  collection  of  auxiliary  tables,  and  also  such  practical 
directions  as  might  guide  the  inexperienced  computer,  might  add  very 
materially  to  the  progreijs  of  the  science  by  attracting  the  attention  of  a 
greater  number  of  competent  computers.  Having  carefully  read  the 
works  of  the  great  masters,  my  plan  was  to  prepare  a  complete  work  on 
this  subject,  commencing  with  the  fundamental  principles  of  dynamica, 
and  systematically  treating,  from  one  point  of  view,  all  the  problems 
presented.  The  scope  and  the  arrangement  of  the  work  will  be  beet 
understood  after  an  examination  of  its  contents;  and  let  it  suffice  to  add 
that  I  have  endeavored  to  keep  constantly  in  view  the  wants  of  the 
computer,  providing  for  the  exceptional  cases  as  they  occur,  and  giving 
all  the  formulte  which  appeared  to  me  to  he  beet  adapted  to  the  problems 
under  consideration.  I  have  not  thought  it  worth  while  to  trace  out  the 
geometrical  signification  of  many  of  the  auxiliary  quantities  introduced. 
Those  who  are  curious  in  such  matters  may  readily  derive  many  beau- 
tiful theorems  ftrom  a  consideration  of  the  relations  of  soma  of  these 
auzilianea.  For  convenience,  the  fbrmule  are  numbered  consecutively 
through  each  chf^ter,  and  (he  references  to  those  of  a  preceding  chapter 
are  defined  by  adding  a  subsoript  figure  denoting  the  number  of  the 
chapter. 

Besides  having  read  the  works  of  those  who  have  ^ven  special  attcn 
Uon  to  these  problems,  I  'have  consulted  the  Aetronomwcke  Nackriehten, 
the  Astronomieat  Journal,  and  other  astronomical  periodicals,  in  which 
is  to  be  found  much  valuable  information  resulting  from  the  experi- 
ence of  those  who  have  been  or  are  now  actively  engaged  in  astro- 
nomical pursuits.    I  must  also  express  my  obligations  to  the  publishers. 
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Meeare.  J.  B.  LiPFiNCon  &  Co.,  for  the  generous  interest  wbich  tbey 
have  manifested  ia  the  publication  of  the  nork,  and  also  to  Dr.  B.  A. 
GrOULD,  of  Cambridge,  Mass.,  and  to  Dr.  Ofpolzer,  of  Vienna,  for 
valuable  suggestions. 

For  the  determination  of  the  time  from  the  perihelion  and  of  the  true 
anomaly  in  very  eccentric  orbits  I  have  given  the  method  proposed  by 
Bessel  in  the  3fonatliche  Corresponded,  vol.  xii., — the  tables  for  vrhirh 
were  subsequently  given  by  BhUnnow  in  his  Agtrmiamieal  Noticee, — and 
also  the  method  proposed  by  Gauss,  but  in  a  more  convenient  form. 
For  obvious  reasons,  I  have  given  the  solution  for  the  special  case  c^ 
parabolic  motion  before  completing  the  solution  of  the  general  problem 
of  finding  all  of  the  elements  of  the  orbit  by  means  of  three  observed 
places.  The  di^rential  formula  and  the  other  formula  for  correcting 
approximate  elements  are  given  in  a  form  convenient  for  application, 
and  the  formulie  for  finding  the  chord  or  the  time  of  describing  the 
subtended  arc  of  the  orbit,  in  the  case  of  very  eccentric  orbits,  will  be 
found  very  convenient  in  practice. 

I  have  given  a  pretty  full  development  of  the  application  of  the 
theory  of  probabilities  to  tbe  combination  of  observauons,  endeavoring 
to  direct  the  attention  of  the  reader,  as  far  as  possible,  to  the  sources  of 
error  to  be  apprehended  and  to  the  most  advantageous  method  of  treats 
ing  the  problem  so  as  to  eliminate  tbe  effects  of  these  errors.  For  the 
rejection  of  doubtful  observations,  according  to  theoretical  considerations, 
I  have  given  the  simple  formula,  su^ested  by  Chacvenet,  which  fol 
lows  directly  from  the  fundamental  equations  for  the  probability  of 
errors,  and  which  will  answer  for  the  purposes  here  required  as  well  as 
the  more  complete  criterion  proposed  by  Feirce.  In  the  chapter 
devoted  to  the  theory  of  special  perturbations  I  have  taken  particular 
pains  to  develop  the  whole  subject  in  a  complete  and  practical  form, 
keeping  constantly  in  view  tbe  requirements  for  accurate  and  convenient 
numerical  application.  The  time  is  adopted  as  the  independent  variable 
in  the  determination  of  the  perturbations  of  the  elements  directly,  since 
experience  has  established  the  convenience  of  this  form;  and  should  it 
be  desired  to  change  the  independent  variable  and  to  use  tbe  diiferential 
coefficients  with  respect  to  the  eccentric  anomaly,  the  equations  between 
this  Ainction  and  the  mean  motion  will  enable  us  to  effect  readily  the 
required  transformation. 
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The  numerical  examples  iDvuIve  data  derived  from  actual  observa* 
tions,  and  care  haa  been  taken  to  make  them  complete  in  every  respect, 
BO  as  to  serve  as  a  guide  to  the  efforts  of  those  nut  familiar  vith  thee«) 
calcuJatioDB ;  and  when  different  fundamental  planes  are  spoken  of,  it  is 
presumed  that  the  reader  is  familiar  with  the  elements  of  spherical 
astronomy,  so  that  it  is  unnecessary  to  Btat«,  in  all  cases,  whether  the 
centre  of  the  sphere  is  taken  at  the  centre  of  the  earth,  or  at  any  other 
point  in  space. 

The  preparation  of  the  Tables  has  coat  me  a  great  amount  of  labor, 
logarithms  of  ten  decimals  being  employed  in  order  to  be  sure  of  the 
last  decimal  given.  Several  of  those  in  previous  use  have  been  recom* 
puted  and  extended,  and  others  here  given  for  the  first  time  have  been 
prepared  with  special  care.  The  adopted  value  of  the  constant  of  the 
solar  attraction  is  that  given  by  GAUse,  which,  as  will  appear,  is  not 
accurately  in  accordance  with  the  adoption  of  the  mean  distance  of  the 
earth  from  the  sun  as  the  unit  of  space;  but  until  the  absolute  value  of 
the  earth's  mean  motion  is  known,  it  is  best,  for  the  sake  of  uniformity 
and  accuracy,  to  retain  GtAUSS's  constant. 

The  preparation  of  this  work  has  been  effected  amid  many  interrup- 
tions, and  with  other  labors  constantly  pressing  me,  by  which  the  progress 
of  its  publication  has  been  somewhat  delayed,  even  since  the  stereo- 
typing was  commenced,  bo  that  in  some  cases  I  have  been  anticipated 
in  the  publication  of  formulie  which  would  have  here  appeared  for  the 
first  time.  I  have,  however,  endeavored  to  perform  conscientiously  the 
self-imposed  task,  seeking  always  to  secure  a  logical  sequence  in  the  de- 
velopment of  the  formulw,  to  preserve  uniformity  and  elegance  in  the 
notation,  and  to  elucidate  the  succeasive  steps  in  the  analysis,  so  that  the 
work  may  be  read  by  those  who,  possessing  a  respectable  mathematical 
education,  desire  to  be  informed  of  the  means  by  which  astronomers  are 
enabled  to  arrive  at  so  many  grand  results  connected  with  the  motions 
of  the  heavenly  bodies,  and  by  which  the  grandeur  and  sublimily  of 
creation  are  unveiled.  The  labor  of  the  preparation  of  the  work  will 
have  been  fully  repaid  if  it  shall  be  the  means  of  directing  a  more 
general  attention  to  the  study  of  the  wonderful  mechanism  of  the  hea- 
vens, the  contemplation  of  which  must  ever  ser^'e  to  impress  upon  the 
mind  the  reality  of  the  perfection  of  the  omnipotent,  the  livinq  GODl 

Obsebvatobt,  Xms  Arbos.  June,  1867. 
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THEORETICAL  ASTRONOMY. 


CHAPTER  I. 
DmsnQi.TioN  or  the  pumAscBNTU.  equations  or  uonos,  and  or  the  fob- 

l£XJI.Jt  rOB  DETEBUKINO,  FHOH  KSOWH  ELEMBKTS,  THE  HEUOCEHTEIO  AJfJt 
QEOCEflTiUa  PIECES  OF  X  HEAVEKLr  BODY,  ADAJ^ED  TO  HUKKalCAL  COHPOTA- 
TION  FOB  CABE8  OF  AHS  ECCENTKldTy  WHATETEK. 

1.  The  study  of  the  motions  of  the  heavenly  bodies  does  not  re- 
quire that  we  shoiild  koow  the  ultimate  limit  of  divifiibility  of  the 
matter  of  which  they  are  composed, — whether  it  may  be  subdivided 
iDdefioitely,  or  whether  the  limit  is  an  iudivisible,  impenetrable  atom. 
Nor  are  we  concerned  with  the  relations  which  exist  between  the 
separate  atoms  or  molecules,  except  so  far  as  they  form,  in  the  sggre- 
gate,  a  definite  body  whose  relation  to  other  bodies  of  the  system  it 
is  required  to  investigate.  On  the  contrary,  in  cooaidering  the  ope- 
tstion  of  the  laws  in  obedience  to  which  matter  is  a^regated  into 
single  bodies  and  systems  of  bodies,  it  is  sufficient  to  conceive  simply 
of  its  divisibility  to  a  limit  which  may  be  r^arded  as  infinitesimal 
compared  with  the  finite  volume  of  the  body,  and  to  regard  the  mag- 
nitude of  the  element  of  matter  thus  arrived  at  as  a  mathematiuU 
point. 

An  element  of  matter,  or  a  material  body,  cannot  give  iteelf 
motion;  neither  can  it  alter,  in  any  manner  whatever,  any  motion 
which  may  have  been  communicated  to  it.  ■  This  tendency  of  matter 
te  resist  all  changes  of  its  existing  state  of  rest  or  motion  is  known 
M  inertia,  and  is  the  fundamental  law  of  the  motion  of  bodies.  Ex- 
perience invariably  confirms  it  as  a  law  of  nature;  the  continuance  of 
motion  as  resistances  are  removed,  as  well  as  the  sensibly  unchanged 
motion  of  tht  heavenly  bodies  during  many  centuries,  aSbrding  the 
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most  conviDcing  proof  of  its  universality.  Wbeuever,  therefore,  a 
material  point  experiences  any  change  of  its  state  as  respects  .rest  or 
motion,  the  cause  must  be  attributed  to  the  operation  of  something 
external  to  the  element  itself,  and  which  we  designate  by  the  word 
^orce.  The  nature  of  forces  is  generally  unknown,  and  we  estimate 
them  by  the  efiects  which  they  produce.  They  are  thus  rendered  com- 
parable with  some  unit,  and  may  be  expressed  by  abstract  uumbers. 

2.  If  a  material  point,  free  to  move,  receives  an  impulse  by  virtud 
of  the  actioD  of  any  force,  or  if,  at  any  instant,  the  force  by  which 
motion  ia  communicated  shall  cease  to  act,  the  subsequent  motion  of 
the  point,  according  to  the  law  of  inertia,  must  be  rectilinear  and 
uniform,  equal  spaces  being  described  in  equal  times.  Thus,  if  a,  v, 
and  t  represent,  respectively,  the  space,  the  vdociiy,  and  the  lime,  the 
measure  of  v  being  the  space  desorlbed  in  a  unit  of  time,  we  shall 
have,  in  this  case, 


It  is  evident,  however,  that  the  space  described  in  a  unit  of  time  will 
vary  with  the  intensity  of  the  force  to  which  the  motion  is  due,  and, 
the  nature  of  the  force  being  unknown,  we  must  necessarily  compare 
the  velocities  communicated  to  the  point  by  different  forces,  in  order 
to  arrive  at  the  relation  of  their  effects.  We  are  thus  led  to  regard 
the  force  ae  proportional  to  the. velocity;  and  this  also  has  received 
the  most  indubitable  proof  as  being  a  law  of  nature.  Hence,  the 
principles  of  the  composiUon  and  resolution  of  forces  may  be  applied 
ilso  to  the  composition  ani  resolution  of  velocities. 

If  the  force  acts  incessantly,  the  velocity  will  be  accelerated,  and 
the  force  which  produces  this  motion  is  called  an  aocderaiing  force. 
In  regard  to  the  mode  of  operation  of  the  force,  however,  we  may 
consider  it  as  acting  absolutely  without  cessation,  or  we  may  r^ard 
it  as  acting  instantaneously  at  successive  infinitesimal  intervals  repre- 
sented by  dt,  and  hence  the  motion  as  uniform  during  each  of  these 
intervals.  The  latter  supposition  is  that  which  is  beat  adapted  to 
the  requirements  of  the  infinitesimal  calculus;  and,  according  to  the 
fundamental  principles  of  this  calculus,  the  finite  result  will  bo  the 
Rame  as  in  the  case  of  a  force  whose  action  is  absolutely  incessant. 
Therefore,  if  we  represent  the  element  of  space  by  da,  and  the  el» 
ment  of  time  by  dl,  the  instantaneous  velocity  will  be 


which  will  vary  from  one  instant  to  anodter. 
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3.  Since  the  force  is  proportional  to  the  velocity,  its  measure  at 
any  instant  will  be  determined  hy  the  corresponding  velocity.  If 
the  accelerating  force  is  constant,  the  motion  will  be  uniformly  accele- 
rated; snd  if  we  designate  the  acceleration  due  to  the  force  by/,  the 
unit  o£/  being  the  velocity  generated  in  a  unit  of  time,  we  shall  have 


If,  however,  the  force  be  variable,  we  shall  have,  at  any  instant, 
the  relation 

•'■=■1' 

'the  force  being  r^arded  as  constant  in  its  action  during  the  element 
of  time  dL     The  instantaneous  value  of  v  gives,  by  differentiation. 


and  hence  we  derive 

80  tbat,  in  varied  motion,  the  acceleration  due  to  the  force  is  mea- 
sured by  the  second  diEFerential  of  the  space  divided  by  the  square 
of  the  element  of  time. 

4,  By  the  7nasa  of  the  body  we  mean  ita  absolute  quantity  of  mat- 
ter. The  density  is  the  mass  of  a  unit  of  volume,  and  hence  thn 
entire  mass  is  equal  to  the  volume  multiplied  by  the  density.  If  it 
is  required  to  compare  the  forces  which  act  upon  different  bodies,  it 
is  evident  that  the  masses  must  be  considered.  If  equal  masses 
feceive  impulses  by  the  action  of  instantaneous  forces,  the  forces 
acting  on  each  will  be  to  each  other  as  the  velocities  imparted ;  and 
if  we  consider  as  the  unit  of  force  that  which  gives  to  a  unit  of  mass 
the  unit  of  velodty,  we  have  for  the  measure  of  a  force  F,  denoting 
the  mass  by  M, 

This  is  called  the  qaardity  of  motion  of  the  body,  and  expresses  its 
capacity  to  overcome  inertia.  By  virtue  of  the  inert  state  of  matter, 
there  can  be  no  action  of  a  force  without  an  equal  and  contrary  re- 
acHon;  for,  if  the  body  to  which  the  force  is  applied  is  fixed,  the 
equilibrium  between  the  resistance  and  the  force  necessarily  implies 
the  development  of  an  equal  and  contrary  force;  and,  if  the  body  be 
free  to  move,  in  the  change  of  state,  its  inertia  will  oppose  equal  and 
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oontraiy  resistance.  Henoe,  as  a  neoessaiy  consequence  of  inertia,  it 
follows  that  action  and  reaction  are  sinmltaneous,  equal,  and  contrary. 
If  the  body  is  acted  upon  hj  a  force  such  that  the  motion  is  varied, 
the  accelerating  force  apon  each  element  of  ita  mass  is  represented  by 
-^,  and  the  entire  motive Joree  Fib  ezpreaaed  by 

if  being  the  sum  of  all  the  elements,  or  the  maas  of  the  body,   Stnoa 

d> 
'  =  W 
this  gives 

which  ia  the  expression  for  the  intensity  of  the  motive  force,  or  of 
the  force  of  inertia  developed.     For  the  unit  of  mass,  i  ~ 
of  the  force  is 


and  this,  therefore,  expresses  that  part  of  the  ioteneity  -)f  the  motive 
force  which  is  impressed  upon  the  unit  of  mass,  and  is  what  is  usually 
called  the  accderating  force. 

5.  The  force  in  obedience  to  which  the  heavenly  bodies  perform 
their  journey  tlirough  space,  is  known  as  the  attraction  of  gravitation; 
and  the  law  of  the  operation  of  this  force,  in  itself  simple  and  unique, 
bas  been  confirmed  and  generalized  by  the  accumulated  researches  of 
modern  science.  Not  only  do  we  find  that  it  controls  the  motions  of 
the  bodies  of  our  own  solar  system,  but  that  the  revolutions  of  binary 
systems  of  stars  in  the  remotest  regions  of  space  proclaim  the  ani- 
versality  pf  its  operation.  It  unfailingly  explains  all  the  phenomena 
observed,  and,  outstripping  observation,  it  has  furnished  the  mFaoa 
of  prwiicting  many  phenomena  subsequently  observed.  The  law  of 
this  force  is  that  even/  partide  of  matter  ta  attracted  by  every  other 
particle  by  a  farce  tohieh  varies  direetty  at  the  mass  and  inversdy  as 
the  square  of  the  distance  of  the  attraettng  parHde. 

This  reciprocal  action  is  instantaneous,  and  is  not  modified,  in  any 
degree,  by  the  interposition  of  other  particles  or  bodies  of  matter.  It 
ia  also  absolutely  independent  of  the  nature  of  the  molecules  them- 
wlvee,  and  of  their  aggregation. 
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If  we  coDsider  two  bodies  the  masses  of  which  are  in  and  m',  and 
whose  magoitades  are  so  small,  relatively  to  their  mutaal  distance  p, 
that  we  may  regard  them  as  material  poiate,  according  to  the  law  of 
graTitatioQ,  the  action  of  m  on  each  molecule  or  unit  of  m'  will  be 
— ,  and  the  total  force  on  m'  will  be 


The  action  of  m'  on  each  molecule  of  m  will  be  expressed  by  —r,  aud 
Hb  total  action  by 


The  absolute  or  moving  force  with  which  the  masses  m  and  m'  tend 
towiud  each  other  is,  therefore,  the  same  on  each  body,  which  result 
is  a  necessary  consequence  of  the  equality  of  action  and  reaction. 
The  velocities,  however,  with  which  these  bodies  would  approach 
each  other  must  be  different,  the  velocity  of  the  smaller  mass  exceed- 
ing that  oV  the  greater,  and  in  the  ratio  of  the  masses  moved.  The 
expression  for  the  velocity  of  m',  which  would  be  generated  in  a  unit 
of  time  if  the  force  remained  constant,  is  obtained  by  dividing  the 
absolute  force  exerted  by  m  by  the  mass  moved^  which  gives 


and  this  is,  therefore,  the  measure  of  tlie  acceleration  due  to  the 
action  of  m  at  the  distance  p.  For  the  acceleration  due  to  the 
action  of  m'  we  derive,  in  a  similar  manner, 


'  6.  Observation  shows  that  the  heavenly  bodies  are  nearly  spherical 
in  form,  and  we  shall  therefore,  preparatory  to  finding  the  equations 
which  express  the  relative  motions  of  the  bodies  of  the  system,  de- 
termine _the_attra^on  of  a  spherical  mass  of  uniform  density,  or 
varying  from  the  centre  to  the  surface  according  to  any  law,  for  a 
point  exterior  to  it 

TFwe  suppose  a  straight  line  to  be  drnwn  through  the  centre  of  the 
sphere  and  the  point  attracted,  the  total  action  of  the  sphere  on  the 
point  will  be  a  force  acting  along  this  line,  since  the  mass  of  the 
sphere  is  symmetrical  with  respect  to  it.     Let  dm  denote  an  element 


*rx 
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of  the  m&ae  of  the  sphere,  and  p  its  distance  &om  the  point  attracted; 
then  will 

dm 


express  the  action  of  this  element  on  the  point  attracted.  If  we  sap- 
pose  the  density  of  the  sphere  to  be  oomtaat,  and  equal  to  UDit7,  the 
element  dm  beeomes  an  element  of  volume,  and  will  be  expressed  hj 

dm  =  dxdydz; 

X,  y,  and  z  being  the  co-ordinates  of  the  element  referred  to  a  syalUaxi 
of  rectangular  oo-ordinates.  If  we  take  the  origin  of  co-oidinates 
at  the  centre  of  the  sphere,  and  introduce  polar  co-ordinates,  so  that 

a:  ^  r  COB  (p  cos  ff, 
y  ^  r  COB  7  sin  tf, 
a  =  r  sin  y, 

tlie  expresBion  for  dnv  becomes 

d'm:=i'tiOBfdrdfdO; 

and  its  action  on  the  point  attracted  is 

J,      r*  COB  (K^r  d»  dO 

*= ? • 

If  we  suppose  the  axis  of  s  to  be  directed  to  the  point  attracted, 
the  co-ordinates  of  this  point  will  be 


)i 


a  being  the  distance  of  the  point  from  the  centre  of  the  sphere,  and, 
since 

P^=  (I  -  ^y  +  (y  -  y-)*  +  (.  - 1-)', 
we  ahall  have 

p"  =  a'  —  2ar  sin  y  +  r". 

TIk  component  of  the  force  df  in  the  direction  of  the  line  a,  join- 
ing the  point  attracted  and  the  centre  of  the  sphere,  is 

df  cos  Ti 

where  ;-  is  the  angle  at  the  point  attracted  between  the  element  dm 
and  the  centre  of  the  sphere.  It  is  evident  that  the  sum  of  all  the 
components  which  act  in  the  direction  of  the  line  a  will  express  the 
total  action  of  tbe  sphere,  since  the  sum  of  those  which  act  perpen- 
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dicular  to  this  line,  takcD  so  aa  to  include  the  entire  taaes  of  the 
sphere,  is  zero. 

But  we  have  .    -.       ' 

O  :=■  +  />  COB  r, 
and  hence 


coar= 

P 

The  differentiation  of  the  expression  for  p^,  inth  respect  tu  a,  gives 

dp       a  — rain^       J.-J-.:.    f-^-'-Yif 


Therefore,  if  we  denote  the  attraction  of  the  sphere  hj  A,  we  shall 
hav^  \}j  means  of  the  values  of  df  and  cos  ;•,. 

,  .       -r'aoBf  drdvdS    dp 

OA  ^  ; --T-> 

■   />•  da 


The  polar  co-ordinates  r,  f,  and  8  are  independent  of  a,  and  bmoe 

^= — 5^- 

Let  US  now  put 
and  we  shall  have 

Consequently,  to  find  the  total  action  of  the  sphere  on  the  given 
point,  we  have  only  to  find  V  by  means  of  equation  (2),  the  limits 
of  the  int^:ratioD  being  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  and  then  find  its  differential  ooefBcient  with  respect  to  a. 

If  we  intc^nite  equation  (2)  first  with  reference  to  8,  for  which  p 
is  constant,  between  the  limits  0^0  and  0  =  2it,  we  get 

Thij  must  be  int^rated  between  the  limits  (»  ^  +  Jff  and  <p  =  —  }ff  j 
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bat  aince  />  U  a  fonction  of  f,  if  ve  differeutiate  the  ezpressioii  fix 
f?  with  respect  to  f,  we  have 

r  COS  fdf  = dp, 

ftDd  hence 

2»  i 


V=-^jjrd.d,. 


Corresponding  to  the  limits  of  f  we  have  jo=:a — r,  and  /?  =  a-|~f; 
and  taking  the  in(f^;nil  with  r«6pcct  to  p  between  these  limitB,  we 
obtain 

lutet^fing,  finally,  betwem  tbe  limits  r  ^  0  and  r^r,,  we  get 

r,  being  the  radius  of  the  sphere,  and,  if  we  denote  its  entire  mass  hy 
m,  this  becomes 

F-=. 
Therefonj, 

from  which  it  appears  that  tbe  action  of  a  bomogeneooa  spherical 
maas  on  a  point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were 
coni%ntrated  at  its  centre.  If,  in  the  int^ration  with  respect  to  r, 
we  take  tbe  limits  r"  and  r",  we  obtun 


and,  denoting  hj  m^  the  mass  of  a  spherical  shell  whose  radii  are  r" 
and  r',  this  becomes 

J  =  ^. 

Oonseqnently,  the  attraction  of  a  homogeneous  spherical  shell  on  a 
point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre. 

The   supposition   that  the   point  attracted   is  situated   within  a 
npherical  shell  of  aniform  densitf,  does  not  change  the  form  of  tbe 
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gCDuml  equation;  but,  in  the  int^ration  with  reference  to  />,  the 
limits  will  be  />  =  r  +  a,  and  f>  =  r  —  a,  which  give 

V=  —  iitfrdr; 

and  this  being  tnd^ndeat  of  a,  we  have 

da 

Whence  it  foUoWB  that  a  point  placed  in  the  interior  of  a  epherical 
ehell  is  equally  attracted  in  all  directions,  and  that,  if  not  subject  to 
the  action  of  any  extraneous  force,  it  will  be  in  equilibrium  in  every 
position. 

7.  Whatever  may  be  the  law  of  the  change  of  tiie  density  of  th« 
heavenly  bodies  from  the  surface  to  the  centre,  we  may  r^ard  them 
as  composed  of  homogeneous,  concentric  layers,  the  density  varying 
only  from  one  layer  to  another,  and  the  number  of  the  layers  may 
be  indefinite.  The  action  of  each  of  these  will  be  the  same  as  if  its 
mass  were  united  at  the  centre  of  the  shell ;  and  hence  the  total  action 
of  the  body  will  be  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre  of  gravity.  The  planets  are  indeed  not  exactly  spheres, 
but  oblate  spheroids  differing  but  little  from  spheres ;  and  the  error 
of  the  assumption  of  an  exact  spherical  form,  so  far  as  it  relates  to 
their  action  upon  each  other,  is  extremely  small,  and  is  in  £ict  com- 
pensated by  the  magnitude  of  their  distances  from  each  other ;  for, 
whatever  may  be  the  form  of  the  body,  if  its  dimensions  are  small 
in  comparison  with  its  distance  from  the  body  which  it  attracts,  it  is 
evident  that  its  action  will  be  sensibly  the  same  as  if  its  entire  mass 
were  concentrated  at  its  centre  of  gravity.  If  we  suppose  a  system 
of  bodies  to  be  composed  of  spherical  masses,  each  unatten^sd  with 
any  satellite,  and  if  we  suppose  that  the  dimensions  of  the  bodies 
are  small  in  comparison  with  their  mutual  distances,  the  formation 
of  the  equations  for  the  motion  of  the  bodies  of  the  sj'stem  will  be 
reduced  to  the  consideration  of  the  motions  of  simple  points  endowed 
with  forces  of  attraction  corresponding  to  the  respective  masses.  Our 
solar  system  is,  in  reality,  a  compound  system,  the  several  systems 
of  primary  and  satellites  corresponding  nearly  to  the  case  supposed ; 
and,  before  proceeding  with  the  formation  of  the  equations  which  are 
applicable  to  the  general  case,  we  will  consider,  at  first,  those  for  a 
simple  system  of  bodies,  considered  as  points  and  subject  to  their 
mutual  actions  and  the  action  of  the  forces  which  oorreepoud  to  the 
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acLaal  velocities  of  the  difiereat  parts  of  the  syatem  for  any  instant 
It  ia  evident  that  we  cannot  consider  tlie  motion  of  any  single  body 
as  free,  and  subject  only  to  the  action  of  the  primitive  impulsion 
which  it  has  received  and  the  accelerating  forces  which  act  upon  it; 
but,  on  the  contrary,  the  motion  of  each  body  will  depend  on  the 
force  which  acts  upon  it  directly,  and  also  on  the  reaction  due  to  the 
other  bodies  of  the  system.  The  coLsideration,  however,  of  the  varia- 
tions of  the  motion  of  the  several  bodies  of  the  system  is  reduced  to 
the  simple  case  of  equilibrium  by  means  of  the  general  principle  that, 
if  we  assign  to  the  different  bodies  of  the  system  motions  which  are 
modified  by  their  mutual  action,  we  may  regard  these  motions  as 
composed  of  those  which  the  bodies  actually  have  and  of  other 
motions  which  are  destroyed,  and  which  must  therefore  necessarily 
be  such  that,  if  they  alone  existed,  the  system  would  be  In  equi- 
librium. We  are  thus  enabled  to  form  at  once  the  equations  for  the 
motion  of  a  system  of  bodies.  Let  m,  m',  m",  &c.  be  the  masses  of 
the  several  bodies  of  the  system,  and  at,  y,  z,  x',  y',  /,  &c.  their  co- 
ordinates referred  to  any  system  of  rectangular  axes.  Further,  let 
the  components  of  the  total  force  acting  upon  a  unit  of  the  mass  of 
m,  or  of  the  accelerating  force,  resolved  in  directions  parallel  to  the 
co-ordinate  axes,  be  denoted  by  X,  Y,  and  Z,  respectively,  then  will 

mA,  m  z,  mZ, 

be  the  forces  which  act  upon  the  body  in  the  same  directions.  The 
velocities  of  the  body  m  at  any  instant,  in  directions  parallel  to  the 
oo-ordinate  axes,  will  be 

dx  dy  dt  _ 

W  'dp  dt' 

and  the  corresponding  forces  are  ft  f^^ 


By  virtue  of  the  action  of  the  aocelerating  ibroe,  these  forces  for  th« 
next  instant  become 


m-j7  -j-tnXrff, 


which  may  be  written  respectively; 
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dx    ,      ,dx 

m-jr +  m<i-n md-Tr-  +  mZdt. 

at  at  at 

Tlie  actual  velocities  for  this  instant  are 


§+4'      1+4' 

and  tJie  corresponding  forces  are 

-w+'^v      •»^+'»^§' 

d,   ,      ,d. 
"Tl  +  '^W 

CompariDg  these  with  the  preceding  ezpressiooB  for  the  forces,  it 
appears  that  the  forces  which  are  destroyed,  in  directions  parallel  to 
the  co-ordinate  axes,  are 

dx 
—  md-jT  +  mXdt, 

~md^  +  m¥dt,  (SJ 


irections  parallel  to 


-  +  mZdt. 


^^ 


la  the  same  manner  we  find  for  the  forces  which  will  be  destroyed 
in  the  case  of  the  body  m' : 

-v.-d^  +  ^'JCdt. 

—  m'd^  +  mTdt, 

—  m'd^+m'Z'dt; 

and  similarly  for  the  other  bodies  of  the  system.  According  to  the 
general  principle  above  enaDciated,  the  system  under  the  action  of 
these  forces  alone,  will  be  in  equilibrium.  The  conditions  of  equi- 
Itbriam  for  a  system  of  points  of  invariable  but  arbitrary  form,  and 
subject  to  the  action  of  forces  directed  in  any  manuer  whatever,  are 

IZ,  =  0,  SY,  =  0,  IZ,  =  0, 

S{Y^—X.y)  =  0.         S(X^  —  Z^)=0,         ^(Z,y— 1'»  =  0, 

in  which  Xi,  Y„  Z„  denote  the  components,  resolved  parallel  to  the 
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co-ordinate  axes,  of  the  forces  acting  od  anj  point,  and  v,  y,  2,  the 
co-ordinates  of  the  point.  These  equations  are  equally  applicable  to 
the  case  of  the  equitibrinm  at  any  instant  of  a  system  of  variable 
form ;  and  substituting  io  them  the  expressions  (3)  for  the  forces  de- 
stroyed in  the  case  of  a  syatem  of  bodies,  we  shall  have 

Im~~ImZ=fi,  (4) 


which  are  the  general  equations  for  the  motions  of  a  system  of  bodies. 

8.  I^et  x„  y,,  Zt,  be  the  co-ordinates  of  the  centre  of  gravi^  of  the 
system,  and,  by  differeDtiatioo  of  the  equations  for  the  co-ordinates 
of  the  centre  of  gravity,  which  are 

Smx  -my 


x,= 


Irn^  *'       2m  '        £m' 


we  get 


dp  2m  '  dp  Im  '  df  2m  ' 

Introducing  these  values  into  the  fiiBt  three  of  equations  (4),  Hief 
become 

dp  ^   Im'  dp        an'  dp       Sm  '  ^  ^ 

from  which  it  appears  that  the  centre  of  gravity  of  the  system  moves 
in  space  as  if  the  masses  of  the  difFerent  bodies  of  which  it  is  com- 
posed, were  united  in  that  point,  and  the  forces  directly  applied  to  it. 
If  we  suppose  that  the  only  accelerating  forces  which  act  on  tlie 
bodies  of  the  system,  are  those  which  result  irom  their  mutual  action, 
we  have  the  obvious  relation : 

mX=  —  m'X',  mY=—m'Y',  mZ=  —  m'Z' 

U,:„l,ze..yGoOgk 
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and  gimilarl/  for  any  two  bodies ;  and,  oooBequently , 

2mX=0,  anr=0,  &nZ=Q; 

■o  that  equations  (6)  become 

Int^ratiDg  these  OQce,  and  denoting  the  coostants  of  integration  b; 
e,  tl,  «",  we  find,  by  combining  the  results, 


and  henoe  the  abeolnte  motion  of  the  centre  of  gravity  of  the  eystem, 
when  subject  only  to  the  mutual  action  of  the  bodies  which  compose 
it,  must  be  uniform  and  ractilioear.  Whatever,  therefore,  may  be 
the  relative  motions  of  the  different  bodies  of  the  system,  the  motion 
of  ite  centre  of  gravity  is  not  thereby  afTected. 

rvO  9-  Let  us  now  consider  the  last  three  of  equations  (4),  and  suppose 
the  system  to  be  submitted  only  to  the  mutual  action  of  the  bodies 
which  compose  it,  and  to  a  force  directed  toward  the  origin  of  co- 
ordinates. The  action  of  ra'  on  m,  according  to  the  law  of  gravita- 
tion, is  expressed  by  — ,  in  which  p  denotes  the  distance  of  wt  from  m'. 
To  resolve  this  force  in  directions  parallel  to  the  three  rectangular 
axes,  we  must  multiply  it  by  the  cosine  of  the  angle  which  the  line 
joining  the  two  bodies  makes  with  the  co-ordinate  axes  respectively, 
which  gives 

^_m'(3f—x)  y^w'Ci/  — y)  ^_w' («'  —  ») 

ff       '  />•       '  />*       ■ 

Farther,  for  the  ooroponenta  of  the  accelerating  force  of  m  on  m',  we 
have 

^  _  m  (a:  —  jT*)  y,  _  TO  (y  —  y*)  ^_m(«  — Q 

ffl       •  f^       *  f.»       • 

Hence  we  derive 

m  C  Kt  -  Xy)  +  m'  C  ry  -  ITf)  =  0, 
and  generally 
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In  a  aimilar  maimer,  we  find 

Im(Zt  —  Zc-)=0,  <7) 

2m  (^  —  Yt)  =  0. 

These  relations  will  not  be  altered  if,  in  addition  to  their  reciprocal 
action,  tlie  bodies  of  the  Bystem  are  acted  upon  by  forces  directed  to 
the  origin  of  co-ordinates.  Thos,  in  the  case  of  a  force  acting  upon 
m,  and  directed  to  the  origin  of  co-ordinates,  we  have,  for  its  action 
alone, 

Yx  =  Xy,  Xz  =  Zx,  ^  =  Yt, 

and  similarly  for  the  other  bodies.  Henoe  these  forces  disappear 
from  the  equations,  and,  therefore,  when  the  several  bodies  of  the 
system  are  subject  only  to  their  reciprocal  action  and  to  forces  directed 
to  the  origin  of  co-ordinates,  the  last  three  of  equations  (4)  become 

the  int^ration  of  which  gives 

Im  (xdy  —  ydx)  ^  eat, 

Sm  lidx  —  xth)  =  ildt,  (8J 

Sm  (ydz  —  zdy)  ^  ti'dt, 

c,  0*,  and  a"  being  the  constants  of  int^ration.  Now,  xdy — ydx  is 
double  the  area  described  about  the  origin  of  co-ordinates  by  the  pro- 
jection of  the  radius- vector,  or  line  joining  m  with  the  ori^  of  co-ordi- 
nates, on  the  plane  of  xy  during  the  element  of  time  dl;  and,  furthei', 
zdx — xdz  and  ydz — zdy  are  respectively  double  the  areas  described, 
during  the  same  time,  by  the  projection  of  the  radius-vector  on  the 
planes  of  xz  and  yz.  The  constant  o,  therefore,  expresses  double  the 
ram  of  the  products  formed  by  multiplying  the  arecd  veh&ty  of  each 
body,  in  the  direction  of  the  co-ordinate  plane  xy,  by  its  mass;  and 
o',  o",  express  the  same  sum  with  reference  to  the  co-ordinate  planes 
xz  and  yz  respectively.  Hence  the  sum  of  the  areal  velocities  of  the 
several  liodies  of  the  system  about  the  origin  of  co-ordinates,  eadi 
multiplied  by  the  corresponding  mass,  is  constant;  and  the  sum  of 
the  areas  traced,  each  multiplied  by  the  corresponding  mass,  is  pro- 
portional to  the  time.     If  the  only  fornes  which  operate,  are  those 
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leeultiDg  from  the  mutaal  action  of  the  hodies  which  compose  the 
■jstem,  this  result  is  correct  whatever  may  be  the  point  in  space 
taken  as  the  origin  of  co-ordinates. 

The  areas  descrihed  bj  the  projection  of  the  radius-vector  of  each 
body  on  the  co-ordinate  planes,  are  the  projections,  on  these  planes,  of 
the  areas  actually  described  in  space.  We  may,  therefore,  conceive  of ' 
a  resultant,  or  principal  plane  of  projection,  such  that  the  sum  of  the 
areas  traced  by  the  projection  of  each  radius-vector  on  this  plane, 
when  projected  on  the  three  coKtrdinate  planes,  each  being  multiplied 
by  the  corresponding  mass,  will  be  respectively  equal  to  the  first 
members  of  the  equations  (8).  Let  a,  ^,  and  x  be  the  angles  which 
tbb  principal  plane  makes  with  the  co-ordinate  planes  xy,  xz,  and  yz, 
respectively;  and  let  8  denote  the  sum  of  the  areas  traced  on  this 
plane,  in  a  unit  of  time,  by  the  projection  of  the  radius-vectflr  of 
each  of  the  bodies  of  the  system,  each  area  being  multiplied  by  the 
corresponding  mass.  The  sum  S  will  be  found  to  be  a  maximum, 
and  its  projections  on  the  co-ordinate  planes,  corresponding  to  the 
element  of  time  dt,  are 

Snoaadt,  ScoB^dt,  Scoirdt. 

Therefore,  by  means  of  equations  (8),  we  have 

e^ScoBo,  (/^iSoosf?,  e"^5oosj*, 

and,  since  C0B*a  +  cos*^  +  coa';-  =  1, 

5'  =  c'-t-c^-Hc"'. 
Hence  we  derive 

e  -  if 

COS  a  =    ,  ,  cos  p  =  ■■, 

V'c'-|-e"-i-c"'  /c- -I- «"-{-<!"• 

These  angles,  being  therefore  constant  and  independent  of  the  time, 
ihov  that  this  principal  plane  of  projection  remains  constantly  par- 
allel to  itself  during  the  motion  of  the  system  in  space,  whatever 
may  be  the  relative  positions  of  the  several  bodies;  and  for  this 
reason  it  is  called  the  invariable  plane  of  the  system.  Its  position 
with  reference  to  any  known  plane  is  easily  determined  when  the 
velocities,  in  directions  parallel  to  the  co-ordinate  axes,  and  the 
masses  and  oo-ordinates  of  the  several  bodies  of  the  system,  are 
known.     The  values  of  c,  c',  o"  are  given  by  equations  (8),  and 
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hence  Hie  values  of  a,  ^,  and  y,  which  determine  the  position  of  the 
'     invariable  plane. 

Since  the  positions  of  the  co-ordinate  planes  are  arbitraiy,  we  may 
aappose  that  of  xy  to  coincide  with  the  invariable  plane,  which  gives 
COS  ;9  ^  0  and  cob  T"  ^  0,  and,  therefore,  e'  =^  0  and  o"  ^  0.  Further, 
(jince  the  positions  of  the  axes  of  x  and  y  in  this  plane  are  arbitrarj, 
it  follows  that  for  every  plane  perpendicular  to  the  invariable  plane, 
the  sum  of  the  areas  traced  by  the  projections  of  the  radii- vectores 
of  the  several  bodies  of  the  system,  each  multiplied  by  the  corre- 
sponding mass,  is  zero.  It  may  also  be  observed  that  the  value  of  8 
is  constant  whatever  may  be  the  position  of  the  co-ordinate  planes, 
and  that  its  value  is  necessarily  greater  than  that  of  either  of  the 
quantities  in  the  second  member  of  the  equation, 

S'=c'  +  c"+c"', 

except  when  two  of  them  are  each  equal  to  zero.  It  is,  therefore,  a 
maximum,  and  the  invariable  plane  is  also  the  plane  of  maximum 
areas. 
V>10.  If  we  suppose  the  origin  of  oo-ordinates  itself  to  move  with 
□niform  and  rectilinear  motion  in  space,  the  relations  expressed  by 
equations  (8)  will  remain  unchanged.  Thus,  let  x„  y„  z,  be  the  co- 
ordinates of  the  movable  origin  of  co-ordinates,  referred  to  a  fixed 
point  in  space  taken  as  the  origin;  and  let  x„  y„  z^,  x^',  y/,  V»  ^• 
be  the  co-ordinates  of  the  several  bodies  referred  to  the  movable 
origin.  Then,  since  the  co-ordinate  planes  in  one  system  remain 
always  parallel  to  those  of  the  other  system  of  consrdinates,  we  shall 
have 

x  =  x,  +  x^  y  =  y,+  y„  *  =  a,  +  a,, 

and  similarly  for  the  other  bodies  of  the  system.     Introducing  these 
values  of  X,  y,  and  z  into  the  first  three  of  equations  (4),  they  become 


(„  »!  _L  — ^' 
de'  ^  df  \ 

\  d^  '^  de  , 


-  -mZ  = 


The  condition  of  uniform  rectilinear  motion  of  the  movable  cri^a 
gives 


=  0, 


A-  _n  '^'  - 


dP         '  dt^         '  dp  ' 
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and  the  preceding  equations  become 


■  StnZ  =0. 

Substitatiog  die  same  values  in  the  laat  three  of  equationa  (4),  oE>- 
Berving  that  the  co-ordinates  Zt,  j/„  sc,  are  the  same  for  all  the  bodies 
of  the  Bj^stem,  and  redaclng  the  resulting  equations  b;  meaoa  of 
equations  (9),  we  get 


,  rfk. 


Hence  it  appears  that  the  form  of  the  equationa  for  the  motion  of  the 
system  of  bodies,  remains  unchanged  when  we  supp<»ie  the  origin  of 
co-ordinates  to  move  in  space  with  a  uniform  and  rectilinear  motion. 

11,  The  equationa  already  derived  for  the  motioua  of  a  system  of 
bodies,  considered  as  reduced  to  material  points,  enable  us  to  form  at 
once  those  for  the  motion  of  a  aoHd  body.  The  mutual  distances  of 
the  parts  of  the  system  are,  in  this  case,  invariable,  and  the  masses 
of  the  several  bodies  become  the  elements  of  the  mass  of  the  solid 
body.  If  we  denote  an  element  of  the  mass  by  dm,  the  equations  (5) 
for  the  motion  of  the  centre  of  gravity  of  the  body  become 


(ftr, 


-JXdm,         m^=fYdm,         m^  =fzdm,     (U) 


the  summation,  or  integration  with  reference  to  dm,  being  taken  so  as 
to  include  the  entire  mass  of  the  body,  from  which  it  appeals  that 
the  centre  of  gravity  of  the  body  moves  in  apace  as  if  the  entire  mass 
were  concentrated  in  that  point,  and  the  forces  applied  to  it  directly. 
If  we  take  the  origin  of  co-ordinatea  at  the  centre  of  gravity  of 
the  body,  and  suppose  it  to  have  a  rectilinear,  uniform  motion  in 
space,  and  denote  the  co-ordinat£S  of  the  element  dm,  in  reference  to 
this  origin,  by  x^  y^,  Zg,  we  have,  by  means  of  the  equations  (10), 
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171  =  0, 

1=0,  (12) 

the  int^ration  with  respect  to  dm  being  taken  so  as  to  include  the 
tiotire  mass  of  the  body.  These  equattcns,  therefore,  determine  the 
motion  of  rotation  of  the  body  around  its  centre  of  gravity  regarded 
as  fixed,  or  as  having  a  noiform  rectilinear  motion  in  space.  Equa- 
tions (11)  determine  the  positron  of  the  centre  of  gravity  for  any 
instant,  and  hence  for  the  successive  instants  at  intervals  equal  to  dt; 
and  we  may  consider  the  motion  of  the  body  during  the  element  of 
time  di  as  rectilinear  and  uniform,  whatever  may  be  the  form  of  its 
trajectory.  Hen(fe,  eqoations  (11)  and  (12)  completely  determine  the 
position  of  the  body  in  space, — the  former  relating  to  the  motion  of 
translation  of  the  centre  of  gravity,  and  the  latter  to  the  motion  of 
rotation  about  this  point.  It  follows,  therefore,  that  for  any  forces 
which  act  upon  a  body  wc  can  always  decompose  the  actual  motion 
into  those  of  the  translation  of  the  centre  of  gravity  in  space,  and  of 
the  motion  of  rotation  around  this  point;  and  these  two  motions  may 
be  considered  independently  of  each  other,  the  motion  of  the  centre 
of  gravity  being  independent  of  the  form  and  position  of  the  body 
about  this  point. 

If  the  only  forces  which  act  upon  the  body  are  the  reciprocal  action 
»f  the  elements  of  its  mass  and  forces  directed  to  the  origin  of  co- 
ordinates, the  second  terms  of  equations  (12)  become  each  equal  to 
eero,  and  the  results  mdicated  by  equations  (8)  apply  in  this  case 
also.  The  parts  of  the  system  being  invariably  connected,  the  plane 
of  maximum  areas,  or  invariable  plane,  is  evidently  that  which  is 
perpendicular  to  the  axis  of  rotation  passing  through  the  centre  of 
gravity,  and  therefore,  in  the  motion  of  translation  of  the  centre  of 
gravity  in  space,  the  axis  of  rotation  remains  constantly  parallel  to 
itself.  Any  extraneous  force  which  tends  to  disturb  this  relation 
will  necessarily  develop  a  contrary  reaction,  and  hence  a  rotating  body 
resists  any  change  of  its  plane  of  rotation  not  parallel  to  itself  ^Vc 
may  observe,  also,  that  on  account  of  the  invariability  of  the  mutual 
distances  of  the  elements  of  the  mass,  according  to  equations  (8),  the; 
motion  of  rotation  must  be  uniform. 

12,  We  shall  now  consider  the  action  of  a  system  of  bodies  on  a 
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88,  which  we  will  denote  by  M.  Let  x„  y„  z„  x/,  y,',  z,', 
&C.  be  the  oo-ordinates  of  the  several  bodies  of  the  Bjetem  referred 
to  its  centre  of  gravi^  as  the  origin  of  co-ordinates;  x„  y„  and  t, 
the  co-ordinates  of  the  centre  of  gravity  of  the  system  referred  to 
the  centre  of  gravity  of  the  body  M.  The  oo-ordinates  of  the  body 
m,  of  the  system,  referred  to  this  origin,  will  therefore  be 

X  =  X,-\-Xa  y  =  y,  +  y^  t  =  t,-\-z^ 

and  similarly  for  the  other  bodies  of  the  system.  If  we  denote  by 
r  the  distance  of  the  centre  of  gravity  of  m  from  that  of  M,  the 
aooeleratiQg  force  of  the  former  on  an  element  of  mass  at  the  centre 
of  gravity  of  the  latter,  resolved  parallel  to  the  axis  of  x,  will  be 


and,  th»«fore,  that  of  the  entire  system  on  the  element  of  M,  resolved 
'1  the  same  direction,  will  be 


We  have  also 

H  =  («,  +  arJ'  +  (y.  +  y^'+U  +  0'. 

and,  if  we  denote  by  r,  the  distance  of  the  centre  of  gravity  of  the 
system  from  M, 

r*  =  *.'  +  y*  +  «,'. 
Therefere 

—  j 
p  =  (^,  +  «>)  (n*+2(«,»i,-|-y,y.  +  f,0  +  V)       . 

-We  shall  now  suppose  the  matnal  distances  of  the  bodies  of  the 
system  to  be  so  small  in  comparison  with  the  distance  r,  of  its  centre 
of  gravity  from  that  of  M,  that  terms  of  the  order  r^  may  be  neglected ; 
a  condition  which  is  actually  satisfied  in  the  case  of  the  secondary 
systems  belonging  to  the  solar  system.  Hence,  developing  the  second 
fector  of  the  second  member  of  the  last  equation,  and  n^lecUng  tca'ma 
of  the  order  r,*,  we  shall  have 

f  =  *'  J.  3  _  3j,('j,g,-f-y,y,  +  t,^^ 


-  -'i  {x,Imx^  +  y,^»  +  *,iMO' 


il.zecy  Google 


54  THEORETICAL   ASTROKOITY. 

Bnt,  eince  z„  y^  z^,  are  the  co-ordinates  in  reference  to  the  centre  of 
gravity  of  the  system  as  the  origin,  we  have 

Imxt  =  0,  2my,  =  0,  Jhm^  =  0, 

and  the  preceding  equation  reduces  to 

„mx Sm 

1*         '  rf 
In  a  similar  manner,  we  find 

J^  =  «  —  ^—  =    — 

J*       *'»,''  1*        '  r*' 

The  second  members  of  these  equatiouB  are  the  expressions  for  the 
total  accelerating  force  due  to  the  action  of  the  bodies  of  the  system 
on  M,  resolved  parallel  to  the  co-ordinate  axes  respectively,  when  we 
consider  the  several  masses  to  be  collected  at  the  centre  of  gravity 
of  the  system.  Hence  we  conclude  that  when  an  element  of  mass 
IB  attracted  by  a  system  of  bodies  so  remote  from  it  that  terms  of  the 
order  of  the  squares  of  the  co-ordinates  of  the  several  bodies,  referred 
to  the  centre  of  gravity  of  the  system  as  the  origin  of  co-ordinates, 
may  be  neglected  in  comparison  with  the  distance  of  the  system  from 
the  point  attracted,  the  actiAi  of  the  system  will  be  the  same  as  if 
the  masses  were  all  united  at  its  centre  of  gravity. 

If  we  suppose  the  masses  m,  m',  m",  &c.  to  be  the  elements  of  the 
mass  of  a  single  body,  the  form  of  the  equations  remains  unchanged; 
and  hence  it  follows  that  the  mass  Jf  is  acted  upon  by  another  mass, 
or  by  a  system  of  bodies,  as  if  the  entire  mass  of  the  body,  or  of  the 
system,  were  collected  at  its  centre  of  gravity.  It  ia  evident,  also, 
that  reciprocally  in  the  case  of  two  systems  of  bodies,  in  which  the 
mutual  distances  of  the  bodies  are  small  in  comparison  with  the 
distance  between  the  centres  of  gravity  of  the  two  systems,  their 
mutual  action  is  the  same  as  if  all  the  several  masses  in  each  system 
were  collected  at  the  common  centre  of  gravity  of  that  system ;  and 
the  two  centres  of  gravity  will  move  as  if  the  masses  were  thu? 
nnited. 

13.  The  results  already  obtained  are  sufiBcient  to  enable  us  to  form 
the  equations  for  the  motions  of  the  several  bodies  which  compose  the 
Bokr  system.  If  these  bodies  were  exact  spheres,  which  could  be 
considered  as  composed  of  homogeneous  concentric  spherical  Ehc>lla, 
the  density  varying  only  from  one  laye:   to  another,  the  action  of 
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each  on  an  element  of  the  mass  of  another  would  be  the  same  as  if 
the  entire  mass  of  the  attracting  body  were  concentrated  at  its  centre 
of  gravity.  The  slight  deviation  from  this  law,  arising  from  the 
ellipsoidal  form  of  the  heavenly  bodies,  is  compensated  by  the  mag- 
nitude of  their  mutual  distances;  and,  besides,  these  mutual  distances 
are  so  great  that  the  action  of  the  attracting  body  on  the  entire  mass 
of  the  body  attracted,  is  the  same  aa  if  the  latter  were  concentrated 
at  its  centre  of  gravity.  Hence  the  consideration  of  the  reciprocal 
action  of  the  single  bodies  of  the  system,  is  reduced  to  tliat  of  material 
points  corresponding  to  their  respective  centres  of  gravity,  the  masses 
of  which,  however,  are  equivalent  to  those  of  the  corresponding 
bodies.  The  mutual  distances  of  the  bodies  composing  the  secondary 
systems  of  planets  attended  with  satellites  are  so  small,  in  comparison 
with  the  distances  of  the  different  systems  from  each  other  and  from 
the  other  planets,  that  they  act  upon  these,  and  are  reciprocally  acted 
upon,  in  nearly  the  same  manner  as  if  the  masses  of  the  secondary 
systems  were  united  at  their  common  centres  of  gravity,  respectively. 
The  motion  of  the  centre  of  gravity  of  a  system  consisting  of  a 
planet  and  its  satellites  is  not  a&ected  by  the  reciprocal  action  of  the 
bodies  of  that  system,  and  hence  it  may  be  considered  independently 
of  this  action.  The  difference  of  the  action  of  the  other  planets  on 
a  pUnct  and  its  satellites  will  simplj»  produce  inequalities  in  the 
relative  motions  of  the  latter  bodies  as  determined  by  their  mutual 
action  alone,  and  will  not  affect  the  motion  of  their  common  centre 
of  gravity.  Hence,  in  the  formation  of  the  equations  for  the  motion 
of  translation  of  the  centres  of  gravity  of  the  several  planets  or 
secondary  systems  which  compose  the  solar  system,  we  have  simply 
to  consider  them  as  points  endowed  with  attractive  forces  correspond- 
ing to  the  several  single  or  aggregated  masses.  The  investigation 
of  the  motion  of  the  satellites  of  each  of  the  planets  thus  attended, 
forms  a  problem  entirely  distinct  from  that  of  the  motion  of  tlie 
common  centre  of  gravity  of  such  a  system.  The  consideration  of 
the  motion  of  rotation  of  the  several  bodies  of  the  solar  system  about 
their  respective  centres  of  gravity,  is  also  independent  of  the  motion 
of  translation.  If  the  resultant  of  all  the  forces  which  act  upon  a 
planet  passed  through  the  centre  of  gravity,  the  motion  of  rotation 
would  be  undisturbed ;  and,  since  this  resultant  in  all  cases  very 
nearly  satisfies  this  condition,  the  disturbance  of  the  motion  of  rota- 
tion is  very  slight.  The  inequalities  thus  produced  in  the  motion 
of  rotation  are,  in  fact,  sensible,  and  capable  of  being  indicated  by 
observation,  only  in  the  case  of  the  earth  and  moon.     It  has,  indeed, 

*  L-.,.„i,.,-^  „*^it.)(.n'K- 
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been  rigidly  demonstrated  that  the  asis  of  rotation  of  the  eartli  rela- 
tive to  the  body  itself  is  fixed,  so  that  the  poles  of  rotation  and  the 
terrestrial  equator  preserve  constantly  the  same  posiuon  in  reference 
to  the  surface;  and  that  also  the  velocity  of  rotation  ia  constant. 
Tliia  assures  us  of  the  permanency  of  ge(^Taphical  positions,  and, 
in  conoectioa  with  the  fact  that  the  change  of  the  length  of  the 
mean  solar  day  arising  from  the  variation  of  the  obliquity  of  the 
ecliptic  and  in  the  length  of  the  tropical  year,  due  to  the  action  of 
the  sun,  moon,  and  planets  upon  the  earth,  ia  absolutely  insensible, 
— amounting  to  only  a  small  fraction  of  a  second  in  a  million  of 
years, — assures  us  also  of  the  permanence  of  the  interval  which  we 
adopt  as  the  unit  of  time  in  astronomical  investigations. 

14.  Placed,  as  we  are,  on  one  of  the  bodies  of  the  system,  it  is 
only  possible  to  deduce  from  observation  the  relative  motions  of  the 
different  heavenly  bodies.  These  relative  motions  in  the  case  of  the 
comets  and  primary  planets  are  referred  to  the  centre  of  the  sun, 
since  the  centre  of  gravity  of  this  body  is  near  the  centre  of  gravity 
of  the  system,  and  its  preponderant  mass  &cilitates  the  integration 
of  the  equations  thus  obtained.  In  the  case,  however,  of  the  secondary 
systems,  the  motions  of  the  satellites  are  considered  in  reference  to 
tlie  centre  of  gravity  of  their  primaries.  We  shall,  therefore,  form 
the  equations  for  the  motion  of  the  planets  relative  to  the  centre  of 
gravity  of  the  sun ;  for  which  it  becomes  necessary  to  consider  more 
[larticularly  the  relation  between  the  heterogeneous  quantities,  space, 
time,  and  mass,  which  are  involved  in  them.  Each  denomination, 
being  divided  by  the  unit  of  its  kind,  is  expressed  by  an  abstract 
number;  and  hence  it  offers  no  difHculty  by  its  presence  in  an  equa- 
tion. For  the  unit  of  space  we  may  arbitrarily  take  the  mean  dis- 
tance of  the  earth  from  the  sun.  and  the  mean  solar  day  may  be 
taken  as  the  unit  of  time.  But,  in  order  that  when  the  apace  ia 
expressed  by  1,  and  the  time  by  1,  the  force  or  velocity  may  also  be 
expressed  by  1,  if  the  unit  of  space  is  first  adopted,  the  relation  of 
ttie  time  and  the  mass— which  determines  the  measure  of  the  force — 
wi'l  be  such  that  the  units  of  both  cannot  be  arbitrarily  chosen. 
Thus,  if  we  denote  by  /  the  acceleration  due  to  the  action  of  the 
mass  m  on  a  material  point  at  the  distance  a,  and  hjf  the  accelera- 
tion corresponding  to  another  mass  m'  acting  at  the  same  distance, 
we  have  the  relation 

/  =  -!!.. 
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and  Lence,  since  the  acceleration  is  proportional  to  the  mass,  it  may 
be  taken  as  the  measure  of  the  latter.     But  we  have,  for  the  measure 

lotegraling  this,  regarding/as  constant,  and  the  point  to  move  ironi 
a  atate  of  rest,  we  get 

B  =  ^f?.  (13) 

The  acceleration  in  the  case  of  a  variable  force  is,  at  any  instant, 
measured  by  the  velocity  which  the  force  acting  at  that  instant  would 
generate,  if  supposed  to  remain  constant  in  its  action,  during  a  unit 
of  time.     The  last  equation  gives,  when  ( =  1, 

and  hence  the  acceleration  is  also  measured  by  double  the  space  which 
would  be  described  by  a  material  point,  from  a  state  of  rest,  during 
a  unit  of  time,  the  force  being  supposed  constant  in  its  action  during 
this  time.  In  each  case  the  duration  of  the  unit  of  time  is  involved 
in  the  measure  of  the  acceleration,  and  hence  in  that  of  the  mass  on 
which  the  acceleration  depends ;  and  the  unit  of  mass,  or  of  the  force, 
will  depend  on  the  duration  which  is  chosen  for  the  unit  of  time.  In 
general,  therefore,  we  r^ard  as  the  unit  of  mass  that  which,  acting 
constantly  at  a  distance  equal  to  uni^  on  a  material  point  free  to 
move,  will  give  to  this  point,  in  a  unit  of  time,  a  velocity  which, 
if  the  force  ceased  to  act,  would  cause  it  to  describe  the  unit  of  dia- 
tanoe  in  the  unit  of  time. 

Let  the  unit  of  time  be  a  mean  solar  day;  if  the  acceleration  due 
to  the  force  exerted  by  the  mass  of  the  sun  at  the  unit  of  distance; 
and /the  aooeleration  corresponding  to  the  distance  r;  then  will 

and  }?  becomes  the  measure  of  the  mass  of  the  sun.  The  unit  of 
mass  is,  therefore,  equal  to  the  mass  of  the  sun  taken  as  many  tiraei 
as  jb*  is  contained  in  unity.  Hence,  when  we  take  the  mean  solar 
day  as  the  unit  of  time,  the  mass  of  the  sun  is  measured  by  ^;  by 
which  we  are  to  understand  that  if  the  sun  acted  during  a  mean  solar 
day,  on  a  material  point  free  to  move,  at  a  distance  constantly  equal 
to  the  mean  distance  of  the  earth  from  the  sun,  it  would,  at  the  end 
of  that  time,  have  communicated  to  the  point  a  velocity  which,  if 
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the  force  did  not  thereafter  act,  would  cause  it  to  describe,  in  a  uni. 
of  time,  the  space  expressed  by  A*. 

The  acceleration  due  to  the  action  of  the  sun  at  the  unit  of  distance 
is  designated  by  ^,  since  the  square  root  of  this  quantity  appears 
frfcqueutly  in  the  formulra  which  will  be  derived. 

If  we  take  arbitrarily  the  maas  of  the  suu  as  the  unit  of  mass,  the 
unit  of  time  must  be  determined.  Let  t  denote  the  number  of  mean 
sitlar  days  which  must  be  taken  for  the  unit  of  time  when  the  unit 
of  mass  is  the  mass  of  the  sun.  The  space  which  the  force  due  to 
this  mass,  acting  constantly  on  a  material  point  at  a  distance  equal  to 
the  mean  distance  of  the  earth  from  the  sun,  would  cause  the  point 
to  describe  in  the  time  t,  is,  according  to  equation  (13), 

|ijjs  =  -ift  .=jw. 

But,  since  t  expresses  the  number  of  mean  solar  days  in  the  unit  of 
time,  the  measure  of  the  acceleration  corresponding  to  this  unit  is  2«, 
and  this  being  the  antt  of  force,  we  have 

and  hence 


Therefore,  if  the  mass  of  the  sun  is  regarded  as  the  unit  of  mass,  the 
number  of  mean  solar  days  in  the  unit  of  time  will  be  equal  to  nnl^ 
divided  by  the  square  root  of  the  acceleration  due  to  the  force  exerted 
by  this  mass  at  the  unit  of  distance.  The  numerical  value  of  k  will 
be  subsequently  found  to  be  0.0172021,  which  gives  58.13244  mean 
solar  days  for  the  unit  of  time,  when  the  mass  of  the  son  is  taken  as 
the  unit  of  mass. 

15.  Let  x,y,zhe  the  co-ordinates  of  a  heavenly  body  referred  to 
.  the  centre  of  gravity  of  the  sun  as  the  origin  of  co-ordinate8;  *•  ite 
radius-vector^  or  distance  from  this  origin;  and  let  m  denote  the 
quotient  obtained  by  dividing  its  mass  by  that  of  the  sun;  then, 
taking  the  mean  solar  day  as  the  unit  of  time,  the  mass  of  the  sun  is 
expressed  by  ^,  and  that  of  the  planet  or  comet  by  mil?.  For  a 
second  body  let  the  co-ordinates  be  a:/,  y',  af ;  the  distance  from  the 
sun,  t';  and  the  mass,  m'}^;  and  simiUrly  for  the  other  bodies  of  the 
eystem.  Let  the  co-ordinates  of  the  centre  of  gravity  of  the  aun 
referred  to  any  fixed  point  in  space  be  f,  ly,  ^,  the  co-ordinate  planes 
being  parallel  to  those  of  x,  y,  and  z,  respectively;   then  will  the 
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acceleration  due  to  the  action  of  tn  on  the  sun  be  ezpreased  hy  —j-. 
and  the  three  components  of  this  force  in  directions  parallel  to  the 
oo-ordinate  axes,  respectively,  will  be 

mi?  £^  me^,  me-L. 

The  action  of  m'  on  the  Eun  will  be  expressed  by 

m'i-^,  ".*^,  ™*^ 

and  hence  the  acceleration  due  to  the  combined  and  simultaneotis 
action  of  the  several  bodies  of  the  f^stem  on  the  sun,  resolved  par- 
allel to  the  co-ordinate  axes,  will  be 


The  motion  of  the  centre  of  gravity  of  the  sun,  relative  to  the  fixed 
origin,  will,  therefore,  be  determined  by  the  equations 

Let  p  denote  the  distance  of  m  from  m' ;  />'  its  distance  from  m", 
adding  an  accent  for  each  successive  body  considered;  then  will  the 
action  of  the  bodies  m',  m",  &c.  on  m  be 


of  which  the  three  components  parallel  to  the  oo-ordinate  axes,  re- 
spectively, are 

p-v^,  Kwts  f-W^'. 

r  r  r 

The  action  of  the  sun  on  m,  resolved  in  the  same  manner,  is  expressed 
by 

V^  r*'  "H^ 

whidi  are  negative,  since  the  force  tends  to  diminish  the,  rewirdmat^ 
X,  y,  and  z.  The  three  components  of  the  total  action  of  the  otba 
bodice  of 'the  system  on  m  are,  therefore, 
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and,  UQce  the  oo-ordiaates  of  m  referred  to  the  fixed  ori^n  are 

the  equations  which  determine  the  absolute  motion  are 

d*f       (Px       **«  _  „_m'(i'~ir) 


dp  "^dP  ■ 


Pi^- 


the  symbol  of  summation  in  the  second  members  relatiDg  simply  to 
the  masses  and  co-ordinates  of  the  several  bodies  which  act  on  m, 
exclusive  of  the  sun.  Substituting  for  ■-^,  —,  and  -3^  their  values 
given  by  equations  (14),  we  get 


Since  x,  y,  2  are  the  co-ordinates  of  m  relative  to  the  ceutre  of  gravity 
of  the  sun,  these  equations  determine  the  motion  of  m  relative  to  that 
point  The  second  members  may  be  pat  in  another  form,  which 
greatly  facilitates  the  solution  of  some  of  the  problems  relating  to 
the  motion  of  m.     Thus,  let  us  put 

'-1  +  m\p  ,"  l+l+m\f  /■•  +■•■■*«■. 

(17) 
and  we  shall  have  for  the  partial  differential  coeffiiuent  of  this  with 
respect  to  x, 
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But,  since 

,'■=(:.?'-.)•+(»". 

vebave 

ix             p    • 

-»)■+(■■—)■, 
dx             /    ' 

and  henoe  we  derive 

(-3?)      l  +  m|    ^          r*)l   l+ml    f-         /" 

We  find,  also,  in  the  same  manner,  for  the  partial  differeatial  ooefQ- 
cients  with  respect  to  y  and  z, 


The  equations  (16),  therefore,  become 


../!(:=>  _^), 


(18) 

|  +  i.o+»)i=*-a+™)(f). 

It  will  be  observed  that  the  eeoond  members  of  equations  (16)  ex- 
press the  difference  between  the  action  of  the  bodies  m.',  m",  &x.  on 
m  and  on  the  sun,  resolved  parallel  to  the  coHDrdinate  axes  respect- 
ively. The  matnal  distances  of  the  planets  are  such  that  these  quan- 
tities are  generally  very  small,  and  we  may,  therefore,  in  a  first 
approximation  to  the  motion  of  m  relative  to  the  sun,  n^Iect  the 
second  members  of  these  equations;  and  the  integrals  which  may 
then  be  derived,  expreaa  what  is  called  the  undigturbed  motion  of  m. 
By  means  of  the  results  thus  obtained  for  the  several  bodies  succes- 
fflveiy,  the  approximate  values  of  the  second  members  of  equations 
(16)  may  be  found,  and  hence  a  still  closer  approximation  to  the 
actual  motion  of  m.  The  force  whose  components  are  expressed  by 
tie  second  members  of  these  equations  is  called  the  diatarbing  force ; 
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and,  using  the  seoond  form  of  the  equatjonn,  the  function  Q,  which 
determines  theae  componente,  is  called  the  perturbing  function.  The 
complete  solution  of  the  problem  is  &cilitated  by  an  artifice  of  the 
infinitesimal  calculus,  known  as  the  variation  of  parameters,  or  of 
constants,  according  to  which  the  complete  int^rala  of  equations  (16) 
are  of  the  same  form  as  those  obtained  by  putting  the  second  mem- 
bers equal  to  zero,  the  arbitrary  constants,  however,  of  the  latter 
integration  being  regarded  as  variables.  These  constants  of  iDtc^;ra- 
tion  are  the  eUmenta  which  determine  the  motion  of  m  relative  to  the 
sun,  and  when  the  disturbing  fort%  is  neglected  the  elements  are  pure 
constants.  The  variations  of  these,  or  of  the  co-ordinates,  arising 
from  the  action  of  the  disturbing  force  are,  in  almost  all  cases,  very 
small,  and  are  called  the  j>ert\irbcUum8,  The  problem  which  first 
presents  itself  is,  therefore,  the  determination  of  all  the  circumstances 
of  the  undisturbed  motion  of  the  heavenly  bodies,  aA«r  which  tlie 
action  of  the  disturbing  forces  may  be  considered. 

It  may  be  further  remarked  that,  in  the  formation  of  the  preceding 
equations,  we  have  supposed  the  different  bodies  to  be  free  to  move, 
and,  therefore,  subject  only  to  their  mutual  action.  There  are,  in- 
deed, &cts  derived  from  the  study  of  the  motion  of  the  comets  which 
seem  to  indicate  that  there  exists  in  space  a  resUUng  medium  which 
opposes  the  {ree  motion  of  all  the  iiodies  of  the  system.  If  such  a 
medium  actually  exists,  its  elfect  is  very  small,  so  that  it  can  be  sen- 
sible only  in  the  case  of  rare  and  attenuated  bodies  like  the  comets, 
since  the  accumulated  observations  of  the  different  planets  do  not 
exhibit  any  effect  of  such  resistance.  But,  if  we  assume  its  existence, 
it  is  evidently  necessary  only  to  add  to  the  second  members  of  equa- 
tions (16)  a  force  which  shall  represent  the  effect  of  this  resistance,^ 
which,  therefore,  becomes  a  part  of  the  disturbing  force, — and  the 
motion  of  m  will  be  completely  determined. 

IG.  When  we  consider  the  undisturbed  motion  of  a  planet  or 
comet  relative  to  the  sun,  or  simply  the  motion  of  the  body  relative 
to  the  sun  as  subject  only  to  the  redprocal  action  of  the  two  bodies, 
the  equations  (16)  become 


dP 


+  i'(l+m)5 


g  +  i>(H-m)|-  =  0,  a») 


t  +  i?(l+m)^=0. 
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The  eqnatioDS  for  the  undisturbed  motion  of  a  Batellite  relative  to  ite 
primary  are  of  the  same  form,  the  value  of  ^,  however,  being  in  thia 
case  the  acceleration  due  to  the  force  exerted  by  the  mass  of  the 
primary  at  the  unit  of  distance,  and  m  the  ratio  of  the  mass  of  the 
Batel1it«  to  tliat  of  the  primary. 

The  Integrals  of  these  equations  introduce  six  arbitrary  constants 
of  integration,  which,  when  known,  will  completely  determine  tbo 
undisturbed  motion  of  m  relative  to  the  sun. 

If  we  multiply  the  first  of  these  equations  by  y,  and  the  second  by 
z,  and  subtract  the  last  product  from  the  first,  we  shall  find,  by  inte- 
grating the  result, 

xdy  —  ydx 

e  being  an  arbitrary  coDStant 
Id  a  similar  manner,  we  obtain 

xdz  —  ztix ,  yd?  —  zdy       „     I 

^        -'^'  dt        -*'•    ' 

If  we  multiply  these  three  equations  respectively  by  z,  —  y,  and  x, 
and  «dd  the  products,  we  obtain 

«  —  c'y  +  c''a;  =  0. 

This,  being  the  equation  of  a  plane  passing  through  the  ori^n  of 
co-ordinat«s,  shows  that  the  path  of  the  body  relative  to  the  sun  is  a 
plane  curve,  and  that  the  plane  of  the  orbit  paasea  through  the  cmirf 
of  the  sun. 

Again,  if  we  multiply  the  first  of  equations  (19)  by  2dx,  the  second 
by  2dtf,  and  the  third  by  2dz,  take  the  sum  and  integrate,  we  shall 
find 

dx'+dy'+d^  ^  „p^^   ^  m)p'^''"'"^^"'""^  =  Q. 

But,  since  r*  =  a^  +  y*  +  2*,  we  shall  have,  by  differentiation,      J  f*   [ "  "    I 
rdr  =  xdx  +  ytfy  +  tdz.  t  J  r 

Therefore,  introdncing  this  value  into  the  preceding  equation,  we  obtain  " 

;^+^+^_H(lt!!!)  +  j  =  0,  (20) 

h  being  an  arbitrary  constant. 
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If  we  add  together  the  squares  of  the  expressions  for  c,  </,  and  o'^ 
and  put  (^  +  o"  +  o"*  =  if',  we  shall  have 

de  de  ~^ ' 

'^        de  de  -*■>•  ''**' 

If  we  represent  by  do  the  infinitely  small  angle  oontatned  between 
two  consecutive  radii-vectorea  r  and  r-\-dr,  since  da^  +  <iy*  +  d^  is 
the  square  of  the  element  of  path  described  by  the  body,  we  shall 
have 

di^+df+d^=dr*  +  r*dv\ 

Substituting  this  value  in  the  preceding  equation,  it  becomes 

i'dv  =  2fdt.  (22) 

The  quantity  i^dv  is  double  the  area  included  by  the  element  of  path 
described  in  the  element  of  time  dt,  and  by  the  radii-vectores  r  and 
r  +  dr;  and/,  therefore,  represents  the  areal  velocUy,  which,  being  a 
constant,  shows  that  the  radius-vector  of  a  pland  or  oomd  demriba 
equal  areas  in  equal  intervals  of  time. 

From  the  equations  (20)  and  (21)  we  find,  by  elimination, 

(23) 


|/2rA'(l+m)  — AH— 4/' 
Substituting  this  value  of  ijf  in  equation  (22),  we  get 

A=     ,  ^■^*     ,  ,  (24) 

which  gives,  in  order  to  find  the  laaximum  and  minimum  values  of  r. 


dv~  2/  -'• 

2ri-(I  +  m)  -  ir--  4/'=  a 


Therefore 

and 

"V-'W  if+^^ii^ 

i-d+m)       ^      4/'    1  i-d  +  r.^' 

are,  respectively,  the   maximum  and  minimum  values  of  r.    The 

D,.„i,.,..  „*^it.)(.WK- 
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points  of  the  orbit,  or  trajectoiy  of  the  body  relative  to  the  son,  cor- 
reeponding  to  these  values  of  r,  are  called  the  apsides;  the  former, 
the  aphdian,  and  the  httter,  the  penheUon.  If  we  represent  these 
values,  respectively,  by  a{\  +  e)  and  a(l  —  c),  we  rfiall  have 

■     *  =  *'<'  +  ■■'.■  4/'  =  .<?(l+>»)Cl-#)  =  *i.(l  +  ».), 

ill  which  p  =  a  (I— ^.  Introducing  these  valaes  into  the  equation 
(24),  it  becomes 


dv  = 


i/y* 


the  int^;nil  of  which  gives 


to  being  an  arbitrary  constant.     Therefore  we  shall  have 

i(£-i)=c<»(.-.), 

from  which  we  derive 


1  4-  e  coa  (o  —  w)' 

which  is  the  polar  equation  of  a  conic  section,  the  pole  being  at  the 
focns,  p  being  the  semi-parameter,  e  the  eccentricity,  and  v  —  «  (3ie 
angle  at  the  focns  between  the  radius-vector  and  a  fixed  line,  in  the 
plane  of  the  orbit,  .making  the  angle  to  with  the  semi-transverse 
axis  a. 

If  the  angle  v  —  u»  is  coonted  from  the  perihelion,  we  have  to  =  0, 
and 


1  +  e  cos  ii' 


(25) 


The  angle  v  is  called  the  true  anomaly. 

Hence  we  conclude  that  the  orbit  of  a  heavenly  body  revotmng 
around  the  gun  U  a  conic  geetion  wiih  ihe.  sun  in  one  of  Ike  fod. 
Observation  shows  that  the  planets  revolve  around  the  sun  in  ellipses, 
usually  of  small  eccentricity,  while  the  comets  revolve  either  in 
ellipses  of  great  eccentricity,  ip  parabolas,  or  in  hyperbolas,  a  cir- 
cumstance which,  as  we  shall  have  occasion  to  jotice  hereafter,  greatly 
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lessens  the  amount  of  labor  in  many  computationB  respecting  their 
motion. 

Introducing  into  equation  (23)  the  values  of  A  and  4J*  already- 
found,  we  obtain 


ky'l  +  m   y^a'e'  —  ia 


which  may  be  written 


iv'l+n 


v> 


*!/!  +  • 


the  int^ratioQ  of  which  gives 


t  = 


kx/l+n, 


F)-V'-( 


+  C      (26J 


In  the  perihelion,  r  =  a  {1  —  e),  and  the  int^ral  reduces  to  ('  =  C; 
therefore,  if  we  denote  the  time  from  the  perihelion  by  t^  we  shall 
have 

In  the  aphelion,  r  =  a{l  +  e);  and  therefore  we  shall  have,  for  the 
lime  in  which  the  body  passes  from  the  perihelion  to  the  aphelion. 


ky'l  4-m 

T  being  the  periodic  time,  or  time  of  one  revolution  of  the  planet 
around  the  sun,  a  the  semi-transverse  axis  of  the  orbit,  or  mean  dia- 
tance  from  the  sun,  and  tc  the  semi-circumference  of  a  circle  whose 
radius  ie  unity.     Therefore  we  shall  have 


:»;»i.-.-J  •. 


^=w„ 


(28) 
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For  a  second  planet,  we  shall  have 

i*  (1  +  m') 

and,  cx)naequeQtl7,  between  the  mean  distances  and  periodic  times  of 
any  two  planets,  we  have  the  relation 


(l  +  m')r"" 


(29) 


If  the  masses  of  the  two  planets  m  and  m'  are  very  nearly  the 
same,  we  may  take  1+  m  =  1  +  m' ;  and  hence,  in  this  case,  it  follows 
that  ihe  aguarea  of  Uv.  periodus  Hmes  are  to  eachjcAher  as  the  eiubef_tif.  ^ 
the  mean  di^anoea  from  the  »un.  The  same  result  may  be  stated  in 
another  form,  which  ia  Bometimes  more  convenient.  Thus,  since  nab 
is  the  area  of  the  ellipse,  a  and  b  representing  the  semi-axes,  we 
shall  have 

—  =:^=ftreal  velocity; 

and,  since  f  =  (^  (1  —  ^,  we  have  ' 


w>iich  becomes,  by  substituting  the  value  of  r  already  found, 


/cf^^ 


f=hWvi'^+^)-  (801 

.  In  like  manner,  for  a  second  planet,  we  have 


and,  if  the  masses  are  such  that  we  may  take  1  -|-  tn  sensibly  equal 
to  1  +  >»',  it  follows  that,  in  this  case,  the  areas  deaerihed  in  equal 
times,  in  different  orbHa,  are  proportional  to  the  aquare  roots  of  thar 


-  17.  We  shall  now  consider  the  signification  of  some  of  the  con- 
stants of  integration  alrea^ly  introduced.  Let  t  denote  the  inclination 
of  the  orbit  of  tn  to  the  plane  of  xy,  which  is  thus  taken  as  the  plane 
of  reference,  and  let  £i  be  the  angle  formed  by  the  axis  of  x  and  the 
line  of  intersection  of  the  plane  of  the  orbit  with  the  plane  of  xi/; 
then  will  the  angles  i  and  Q  determine  the  position  of  the  plane  of 
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the  orhjt  in  space.     The  constanta  c,  c',  and  c",  involved  in    the 
equation 

ex  —  c^y  +  <f'x  =  0, 

are,  respectively,  double  the  projectionB,  on  the  co-ordinate  planes, 
xy,  xz,  and  yz,  of  the  area!  velocity//  and  hence  we  ahall  have 

0  =  2/ cost. 

The  projection  of  2/  on  a  plane  paseiug  through  the  intereectlon  ol 
the  plane  of  the  orbit  with  the  plane  ot  xy,  and  perpendicular  to  tlie 
latter,  ia 

2/.ini; 

and  the  projection  of  this  on  the  plane  of  xz,  to  which  it  is  inclined 
at  an  angle  equal  to  Q,  gives 

c'  =  2/eintco8  JJ. 

Its  projection  on  the  plane  of  yz  gives 

c"  =  2/sinisin  JJ. 
Hence  we  derive 

acosi  —  y  Bint  COB  JJ  +«BiniBin  J)  =0,  (31) 

which  is  the  equation  of  the  plane  of  the  orbit;  and,  by  means  of 
the  value  of/  in  terms  of  j>,  and  the  values  of  o,  o',  o",  we  derivt^ 
also, 


a:-^  — »^  =  il/p(l  +m)  cos  (3  Hint, 
dz 


^-.^  =  t^,CH-m).ina.ini.. 

These  equations  will  enable  us  to  determine  S5,  i,  and  p,  when,  ffar 
any  instant,  the  mass  and  co-ordinates  of  m,  and  the  components  of 
its  velocity,  in  directions  parallel  lo  the  co-ordinate  axes,  are  known. 
The  constants  a  and  e  are  involved  iu  the  value  of  p,  and  hence  four 
constants,  or  demads,  are  introduced  into  these  equations,  two  of 
which,  a  and  e,  relate  to  the  form  of  the  orbit,  and  two,  JJ  and  i,  to 
the  position  of  its  plane  in  space.  If  we  measure  the  angle  v  —m 
from  the  point  in  which  the  orbit  intersects  the  plane  of  xy,  the  con- 
stant w  will  determine  the  position  of  the  orbit  in  its  own  plane. 
Finally,  the  constant  of  integration  C,  in  equation  (26),  is  the  time 
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nf  imssage  through  the  periheliou;  and  this  determines  the  poeitioii. 
of  the  body  io  its  orbit.  When  these  six  consbmta  are  known,  thu 
nndisturbed  orbit  of  the  body  is  completely  determined. 

Let  V  denote  the  velocity  of  the  body  in  its  orbit;  then  will 
equation  (20)  become 

At  the  perihelion,  r  is  a  minimum,  and  heuce,  according  to  this 
equation,  the  corresponding  value  of  V  is  a  maximnm.  At  the 
aphelion,  V  is  a  minimum. 

In  the  parabola,  a  ^  oo,  and  hence 


K=JH+m-y/|, 


which  will  determine  the  velocity  at  any  instant,  when  r  is  known. 

It  will  be  observed  that  the  velocity,  corresponding  to  the  ^me  value 

of  r,  ia  an  elliptic  orbit  is  less  than  in  a  parabolic  orbit,  and  that, 

since  a  is  negative  in  the  hyperbola,  the  velocity  in  a  hyperbolic  /] 

orbit  is  still  greater  than  in  the  case  of  the  parabola.    JFiirther.since    WiM^  ''' 

the  velocity  is  thus  found  to  be  independent  of  the  eccentricity,  the 

direction  of  the  motion  has  no  influence  on  the  species  of  conic  section 

described. 

If  the  position  of  a  heavenly  body  at  any  instant,  and  the  direction 
and  magnitude  of  its  velocity,  are  given,  the  relations  already  derived 
will  enable  us  to  determine  the  six  constant  elements  of  its  orbit. 
But  since  we  cannot  know  in  advance  the  mt^nitude  and  direction 
of  the  primitive  impulse  communicated  to  the  body,  it  is  only  by 
the  aid  of  observation  that  these  elements  can  be  derived;  and 
therefore,  before  considering  the  formulee  necessary  to  determine 
anknowo  elements  by  means  of  observed  positions,  we  will  investi- 
gate those  which  are  necessary  for  the  determination  of  the  helio- 
centric and  geocentric  places  of  the  body,  assuming  the  elements  to 
be  known.  The  results  thus  obtained  will  facilitate  the  solution  of 
the  problem  of  finding  the  unknown  elements  from  the  data  iumished 
t^  observation. 

.18.  To  determine  the  value  of  k,  which  is  a  constant  for  the  solar 
system,  we  have,  from  equation  (28),  3 

,  ^  r".  ir  — _2__ 

DigmzecDyGoOgle 
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Id  the  caseof  the  earth,  a  =  l,  and  therefore 


tv/Hm 


In  redncing  this  formula  to  uumberB  we  should  properly  use,  for  r, 
the  absolute  length  of  the  sidereal  year,  which  is  invariable.  The 
effect  of  the  action  of  the  other  bodies  of  the  system  on  the  earth  is 
to  produce  a  very  small  secuUr  change  in  its  mean  longitude  corre- 
sponding to  any  fixed  date  taken  as  the  epoch  of  the  elements;  and 
a  correction  corresponding  to  this  secular  variation  should  be  applied 
to  the  value  of  r  derived  from  observstioo.  The  effect  of  this  cor- 
rection is  slightly  to  increase  the  observed  value  of  t;  but  to  deter- 
mine it  with  precision  requires  an  exact  knowledge  of  the  masses  of 
all  the  bodies  of  the  system,  and  a  complete  theory  of  their  relative 
motions, — a  problem  which  is  yet  incompletely  solved.  Astronomical 
usage  has,  therefore,  sanctioned  the  employment  of  the  value  of  k 
found  by  means  of  the  length  of  the  sidereal  year  derived  directly 
from  observation.  This  is  virtually  adopting  as  the  unit  of  space  a 
distance  which  is  very  little  less  than  the  absolute,  invariable  mean 
distance  of  the  earth  from  the  sun;  but,  since  this  unit  may  be  arbi- 
trarily chosen,  the  accuracy  of  the  results  is  not  thereby  affected. 

The  value  of  z  from  which  the  adopted  value  of  k  has  been  com- 
puted, is  365.2563835  mean  solar  days;  and  the  value  of  the  com- 
bined mass  of  the  earth  and  moon  is 


Hence  we  have  logr  =  2.6625978148;  l(^i/l-|-ro=0.000(K)06122; 
l<^2n^  =  0.7981798684;  and,  consequently, 

log  k  =  8.2355814414.-  io 

If  we  molfjply  this  value  of  k  by  206264.81,  the  nnmber  of  seconds 
of  arc  corresponding  to  the  radius  of  a  circle,  we  shall  obtain  its 
value  expressed  in  seconds  of  arc  in  a  circle  whose  radius  is  unity,  or 
on  the  orbit  of  the  earth  supposed  to  be  circular.  The  value  of  it  in 
seconds  is,  therefore, 

log  A  =  3.6600066746. 

The  quanti^  —  expresses  the  me&n  angular  motion  of  a  planet 
in  a  mean  solar  day,  and  is  usually  designated  by  /i.  'We  Hhall, 
therdbre,  have 
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_  kVl  -t-  at 


J 


(.33) 


for  the  expression  for  the  mean  daily  motion  of  a  planet. 

Since,  in  the  case  of  the  earth,  V  1  -|-  tn  difiers  very  little  from  1, 
it  Trill  he  observed  that  h  very  nearly  expresses  the  mean  angular 
motion  of  the  earth  in  a  mean  solar  day. 

In  the  case  of  a  small  planet  or  of  a  comet,  the  mass  m  ia  so  small 
that  it  may,  without  sensible  error,  be  neglected;  and  then  Tire  shall 
liave 

/•  =  -^.  (34) 

For  the  old  planets  whose  masses  are  considerable,  the  rigoruos  ex- 
pression (33)  must  be  used. 

"  19.  Liet  us  now  resume  the  polar  equation  of  the  ellipse,  the  pole 
being  at  the  focus,  which  is 


1  +  e  cost) 

If  we  represent  by  p  the  angle  included  between  the  conjugate  axis  , 
and  a  line  drawn  from  the  extremity  of  this  axis  to  the  focus,  we 
shall  have 

sin  f  =  e; 

and,  since  a(l  —  ^  is  half  the  parameter  of  the  transverse  axis, 
which  we  have  designated  by  p,  we  have  f^ 

^  P  -      ''        j  +  ft^iT- 

1  +  sin  f  cos  V 

The  angle  f  is  called  the  angle  of  eocenirieUy. 
Again,  mao6 p  =  a{l  —  ^  =  acos'p,  we  have 

1  +  Bin  ¥>  cofl  » 

It  is  evident,  from  this  equation,  that  the  maximum  value  of  r  in  an 
elliptic  orbit  corresponds  to  p=  180°,  and  that  the  minimum  value 
of  r  corresponds  to  »  =  0.  It  therefore  increases  from  the  perilielioD 
to  tlie  aphelion,  and  then  decreases  as  the  planet  approaches  the  peri- 
helion. 
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Id  the  case  of  the  parabola,  if  ^  90°,  and  sin  ^  ^  «  =  1 ;  ooi 
qaenHy, 

r  =  —^ . 

1  +  COflV 

Bat,  since  1  +  oose  =  2ooe*)v,  if  we  pnt  g  =  ip,  we  shall  hare 

r  =  — ^ 
cob'Jv 


(36) 


in  which  y  is  the  paihelion  distaiuse.    In  this  case,  therefore,  when 
»  ^  ±  180°,  r  will  be  infinite,  and  the  comet  will  never  return,  but   ■ 
course  its  way  to  other  systems. 

.  The  angle  ^  cannot  be  applied  to  the  case  of  the  hyperbola,  since 
in  a  hyperbolic  orbit  e  b  greater  than  1 ;  and,  therefore,  the  eccen- 
tricity cannot  be  expressed  by  the  sine  of  an  arc.  If,  however,  we 
designate  by  i^  ^he  angle  which  the  asymptote  to  the  hyperbola  makes 
with  the  transverse  axis,  we  shall  have 

ecos-*  =  l- 

/     r 
Introducing  this  value  of  e  into  the  polar  equation  of  the  hyperbola. 


p  coa4 

^^  co3  V  +  cos  +' 

But,  since  cobd  +  cosi|/  =  2  co8i(«  +  i^)  o<*i{f  —  4')>  ^^  gives 

p  C0B4 


"  2  COB  i  {c +  +)  COS  i  («-+)■ 


(37) 


It  appears  from  this  formula  that  r  increases  with  v,  and  becomes  in- 
finite when  1  +c  cose  =  0,  or  00311  =  —  cost/',  in  which  cose  11=  180" 
—  4"=  consequently,  the  maximum  positive  value  of  f  is  represented 
by  180"  —  ■4',  and  the  maximum  negative  value  by  — (180°  —  i^)- 
Further,  it  is  evident  that  the  orbit  will  be  that  branch  of  the  hyper- 
bohi  which  corresponds  to  the  focus  in  which  the  sun  is  placed,  sinoe, 
under  the  operation  of  an  attractive  force,  the  path  of  tJie  body  must 
be  concave  toward  the  centre  of  attraction.  A  body  subject  to  a 
force  of  repulsion,  of  the  same  intensity,  and  varying  according  to 
the  same  law,  would  describe  the  other  branch  of  the  curve. 

The  problem  of  finding  the  position  of  a  heavenly  body  as  seen 
from  any  point  of  reference,  consists  of  two  parts;  first,  the  deter- 
mination  of  the  place  of  the  body  in  its  orbit;  and  then,  by  means 
if  this  and  of  tbe  elements  which  fix  the  position  of  the  plane  of  tbe 

L-.,.„i,.,-^  ,,v.ii.)(.n'K- 
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orbit,  aD'l  that  of  the  orbit  in  its  own  plane,  the  determination  ol 
the  position  in  space. 

In  deriving  the  formula  for  finding  the  place  of  the  body  in  its 
orbit,  we  will  consider  each  species  of  conic  section  separately,  com- 
mencing with  the  ellipse. 

*  y  ■  20,  Since  the  value  of  o  —  r  can  never  exceed  the  limits  —  ae  and 
■f-  ae,  we  may  introduce  an  auxiliary  angle  such  that  we  shall  have 

—  C08  E. 

ae 

This  auxiliary  angle  £18  called  the  eccCTiiric  anomaly;  and  its  geo 
metrical  signification  may  he  easily  known  from  its  relation  to  the 

true  anomaly.     Introducing  this  value  of  into  the  equation 

(27)  and  writing  ( —  Tin  place  of  l^  T being  the  Ume  of  perihdion 
passage,  and  ( the  time  for  which  the  place  of  the  planet  in  its  orbit 
in  to  be  computed,  we  obtain 

^^^  +  "  (f  -  r)  =  ^  -  g  flip  ^-  (38) 

a 

But i =  mean  daily  motion  of  the  planet  =  /i ;  therefiire 

a 

fi(t^T)=E-eaiiE. 

The  quantity  p{t  —  T)  represents  what  would  be  the  angular  distance 
from  the  perihelion  if  the  planet  had  moved  uniformly  in  a  circular 
orbit  whose  radius  is  a,  its  mean  distance  from  the  son.  It  is  called 
the  mean  anomaly,  and  is  usually  designated  by  M.  We  shall,  there- 
fore, have 

M=i^{t—T), 

M=E~eBinE.  (39) 

When  the  planet  or  comet  is  in  its  perihelion,  the  true  anomaly, 
mean  anomaly,  and  eccentric  anomaly  are  each  equal  to  zero.  AJl 
three  of  these  increase  from  the  perihelion  to  the  aphelion,  where 
they  are  each  equal  to  180°,  and  decrease  from  the  aphelion  to  the  peri- 
helion, provided  that  they  are  considered  n^ative.  From  the  peri- 
helion to  the  aphelion  v  is  greater  than  E,  and  E  is  greater  than  M. 
rhe  same  relation  holds  tme  irom  the  aphelion  to  the  periheliou,  if 
ire  r^ard,  in  this  case,  the  values  of  v,  E,  and  Af  as  negative. 

As  soon  as  the  auxiliary  angle  E  is  obtained  by  means  of  the  mean 
motion  and  eccentricity,  the  values  of  r  and  r  may  be  derived.     For 
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tliia  purpose  there  are  various  formulte  which   may  be  applied  in 
practice,  aud  which  we  will  now  develop. 
The  equatioD 

^coaE, 

gives 

r  =  aO.—ecoaE).  (40) 

This  also  gives 


which,  hj  meaos  of  equation  (2S),  reduoes  to 

'    r  COB  «  ^  a  COB  £  —  ae.  (411 

If  we  square  both  members  of  equations  (40)  and  (41),  and  subtract 
(he  latter  result  from  the  former^  we  get 

H  sin'  c  =  o'  (1  —  6*)  ein'  E, 

or  

r  Bin  tJ  =  o/l  —  e"  Bin £=  6  sin  £.  (42) 

Bj  means  of  the  equations  (41)  and  (42)  it  may  be  easily  shown 
that  the  auxiliary  angle  E,  or  eccentric  anomaly,  is  the  angle  at  the 
centre  of  the  ellipse  between  the  semi-transverse  axb,  and  a  line 
drawn  from  the  centre  to  the  point  where  the  prolongation  of  the 
ordinate  perpendicular  to  this  axis,  and  dravra  through  the  place  of 
the  body,  meets  the  circumference  of  the  circumscribed  circle. 

Equations  (40)  aud  (41)  give 

y(l  q:  cosv)  =o(l  ±«)  (1  q:  cos£). 

By  using  first  the  upper  sign,  and  then  the  lower  sign,  we  obtain,  by 
reduction, 

Vr  sin  ^v  =  /o(l  +  e)  sin  ^E, 

l/r  cos  Jn  =  /o(l  —  e)  cob  ^E,  (43)  '' 

which  are  convenient  for  the  calculation  of  r  and  v,  and  especially  so 
when  several  places  are  required.     By  division,  these  eq'iations  give 


i.=  Nfe' 


(44)' 
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',  we  have 


— . ,    ,     .    f=  tan' (45"  -  Jf ). 


1  — e_   1  —Ml 

Coiiseqaently, 

tBnl£=tan(45''  — »  tanif.  (46) 

vT+7=  l/l  +  Bin  JO  =  |/l  +  2  8in^9.coeift 
nhicti  maj  be  written 

l/l  ■+6-=  Vaia'  if  +  cos*  ^f  +  2  sin  jf  ooe  Jc, 
or  

In  a  Bimilar  manner  we  find 

V  1  —  «  =  —  sin  ^{0  -|~  <!(^  if  • 
From  tbeee  two  equations  we  obtain 

•1+7+  V^r=^  =  2  coe  if, 

VTT^  —  v/r^^=  2  Bin  if,  (48) 

which  are  convenient  in  many  transformations  of  equations  involving 

e  or  f. 

Equation  (42)  gives 

.     rt      rainv  p  si 

Bin£  =  — T — =  ,,,    , 


~  6  (1  +  fl  COB  •) ' 

bat  p  =  a  GO^  ^,  and  6  =  a  cos  f9,  hence 

.    ri      r  Bin  V        COB «  sin  ti 

BmE= =  :r-r- ■ 

acoBf      1  +  e  coi* 

Equation  (41)  gives 

j,_rco8ff  +  ac_        pcoap         ,   , 

oosi&  = ^— — i- \  +«t 

o  o(l  +  ecoBv)  '  ^ 

or 

_      i)cosi>  +  a«  +  ae'cDBV 

"'''-     aa  +  .L,.)    ■■ 

and,  patting  a  co^  jp  instead  of  p,  and  sin  f>  for  e,  we  get 


(47) 


COB^: 


0OBO+« 


If  vo  multiply  the   first  of  equations  (43)  by  cob}JS>  and   the 


50  THEOBETICAL  ASTBONOHT. 

second  by  siniE,  suoceseively  add  aod  subtract  tbe  prodacte,  uid 
reduce  by  means  of  the  preceding  equations,  we  obtain 

Bin  i  (v  +  £)  =  ^p  COB  if  sin  E, 

emi(v~E)  =  yj%mirBlaK  (491' 

The  perihelion  distance,  in  an  elliptic  orbit,  is'givea  by  the  eqas> 
tion' 

q  =  a(l—e). 

■  21.  The  difference  between  the  txue  and  the  mean  anomaly,  or 
V  —  M,iB  called  the  equatt4)n  of  the  oetUre,  and  is  positive  from  the 
perihelion  to  the  aphelion,  and  n^ative  from  the  aphelion  to  the 
perihelion.  When  the  body  is  in  either  apsis,  the  equation  of  the 
centre  will  be  equal  to  zero. 
We  have,  from  equation  (39), 

Expanding  this  by  Li^range's  theorem,  we  get 

Ldt  us  now  take,  equation  (40), 

F{E)  =  (1  —  e  coe  £)"'=^, 
and,  consequently, 

J'(J0  =  (1— flOOiiO"'. 

Therefore  we  shall  have 

p  =  (1  —  «  cosiC'—Se"  Bin' Jf(l  —  e  coeiO"* 

-  «•  ^  (sin' Jf (1  —  e  coa  if)  "*1  - . . . . 
Expanding  these  terms,  and  perfomuDg  tbe  operations  indicated,  w» 

+  ;{16oi»"Jf— 3e»m'Jfoc«JO  +. 
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which  reduces  to 

^=l+2«co8Jtf+|a+5cofl24r)+|ci3co83Jf+Sco(iif)+....    (51)' 
Equation  (22)  gives 


*=». 


and,  8iDce/=  yc\/p{l  +  m),  we  liave  '**  I*  '■*' 


dv^'^^'y^/dt,  (58) 


!,  and  thereibre 


By  expanding  the  &ctor  ■\/l  —  ^,  we  obtain 

vT^^i—ic"  — ;«•—..., 

and  hence 

Sabetituting  for  3  ita  value  from  equation  (51),  and  integrating,  we 
get,  since  e  =  0  when  Jf  ^  0, 

t.^3f=2eflinJf+JB'sin2if+~(13ain3Jf— 3BinJf)+...    (53) 

which  is  the  expreseion  for  the  equation  of  the  centre  to  terma  involving 
e*.  Id  the  same  manner,  thia  series  may  be  extended  to  higher  powers 
01' e. 

When  the  eccentricity  is  very  small,  this  series  convei^es  very 
rapidly ;  and  the  value  of  v  —  M  for  any  planet  may  be  arranged  iQ 
a  table  with  the  argument  M. 

For  the  purpose,  however,  of  oomputing  the  places  of  a  heavenly 
body  from  the  elements  of  ita  orbit,  it  is  preferable  to  solve  the 
equations  which  give  v  and  E  directly ;  and  when  the  eccentrioity  is 
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verjr  great,  this  mode  ia  indispensable,  since  the  series  will  not  in 
tliat  case  be  sufficiently  convei^nt. 

It  will  Ite  observed  that  the  formula  which  must  be  used  in  obtain- 
ing the  eccentric  anomaly  from  the  mean  anomaly  is  transcendental, 
and  henoc.  it  can  only  be  solved  either  by  series  or  by  trial.  But 
fortunately,  indeed,  it  so  happens  that  the  circumstances  of  the  celes- 
tial motions  render  theae  approximations  very  rapid,  the  orbits  being 
Dsoally  either  nearly  circular,  or  else  very  eccentric. 

If,  in  equation  (50),  we  put  F{E)  =  E,  and  oonsequently  F{K) 
=  M,  we  shall  have,  performing  the  operations  indicated  and  reducing,   . 

£=  Jf  +  6  sinjlf  +  Je*  sin  2if  +  Ac.  (54) 

Let  us  now  denote  the  approximate  value  of  E  computed  from  this 
equation  by  E^  then  will 

E,-\-&.E^=E, 

in  which  &E^  ia  the  correction  to  be  applied  to  the  assumed  value  of  E. 
SubetJtuting  this  in  equation  (39),  we  get 

Jtf=i;+  b.E,~  e  am  E„  —  e  COS  E^E^; 

and,  denoting  by  M^  the  value  of  M  corresponding  to  E^,  we  shall 
alao  have 

3(i  =  £,  —  fi  sin  iV 

Subtracting  this  equation  from  the  preceding  one,  we  obtain 

^ — -^0      .  p 

1  — ecosi;  *' 

It  remains,  therefore,  only  to  add  the  value  of  a£J,  found  from  this 
formula  to  the  first  assumed  value  of  E,  or  to  E^  and  then,  using 
this  for  a  new  value  of  E„  to  proceed  in  precisely  the  same  manner 
for  a  second  approximation,  and  so  on,  until  the  correct  value  of  E  is 
obtained.  When  the  values  of  E  for  a  succession  of  dates,  at  equal 
intervals,  are  to  be  computed,  the  assumed  values  of  E^  may  be  ob- 
tained BO  closely  by  interpolation  that  the  first  approximation,  in  the 
manner  Just  explained,  will  give  the  correct  value;  and  in  nearly 
every  case  two  or  three  approximations  in  this  manner  will  suffice. 

Having  thus  obtained  the  value  of  E  corresponding  to  M  for  any 
instant  of  time,  we  may  readily  deduce  from  it,  by  the  formnlm 
already  investigated,  the  corresponding  values  of  r  and  tr. 

In  the  case  of  an  ellipse  of  very  great  eccentricity,  corresponding 
to  the  orbits  of  many  of  the  oomets,  the  most  convenient  method  of 
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ooDiputing  T  and  v,  for  any  instant,  is  sumewhat  different.  The 
maaoer  of  proceeding  in  the  computation  in  such  cases  we  shall  son- 
eider  hereafter;  and  we  will  now  proceed  to  investigate  tlie  formula 
tor  determining  r  and  v,  when  the  orhit  is  a  parabola,  the  formulae 
for  elliptic  motion  not  being  applicable,  since,  in  the  parabola,  a=^<x>, 
and  e=l. 

22.  ObservatioD  shows  that  the  masses  of  the  comets  are  insensible 
in  comparison  with  that  of  the  sun;  and,  consequently,  in  this  case, 
in  =  0  and  equation  (52),  putting  for  p  its  value  2g,  becomes 

W^  dt  =  r*dv, 
or 

kV2Sdt  =  -^idv, 

'  COB*  iv 

which  may  be  written 

hdt 

J  =  J  (1  +  tan'  ^v)  sec*  ivdv  =  (1  +  tan'  ^v)  d  tan  iv. 

1/29* 

Integrating  this  expression  between  the  limits  T  and  t,  we  obtain 

^^^^=^=tanjt>+i  tan»ir,  (56) 

vbioh  is  the  expression  for  the  relation  between  the  true  anomaly 
and  the  time  from  the  perihelion,  in  a  parabolic  orbit. 

Let  us  now  represent  by  r,  the  time  of  describing  the  aro  of  a 
parabola  corresponding  to  v  ^  90° ;  tlien  we  shall  have 

V-25*      ^' 


8*  _49' 
V2~    U 

Kow,  -p^  is  constant,  and  its  l<^arithm  is  8.5621876983;  and  if  we 
tiike  9  =  1,  which  is  equivalent  to  supposing  the  comet  to  move  in 
a  parabola  whose  perihelion  distanoe  is  equal  to  the  semi-transverse 
axis  of  the  earth's  orbit,  we  find 

log  T,  *^  =  2.03987229,  or  r.  =  109.61558  days ; 
that  is,  a  comet   moving  in  a  parabola  whose   perihelion  distanoe 
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ie  equal  to  the  mean  distance  of  the  earth  from  the  sun,  requirea 
109.61558  days  to  describe  an  are  corresponding  too  —  90". 

Equation  (65)  contains  only  such  quantities  as  are  comparable  with 
each  other,  and  by  it  ( —  T,  the  time  from  the  perihelion,  may  be 
readily  found  when  the  remaining  terms  are  known;  but,  in  order 
to  find  t>  from  this  formula,  it  will  be  necesoary  to  solve  the  equation 
of  the  third  degree,  tan  Jv  being  the  unknown  quantity.  If  we  put 
e  =  tan  )«,  this  equation  becomes 

a^  +  3ar  —  o  =  0, 

in  which  a  is  the  known  quantity,  and  is  n^ative  before,  and  positive 
after,  the  perihelion  passage.  According  to  the  general  principle  in 
the  theory  of  equations  that  in  every  equation,  whether  complete  or 
incomplete,  the  number  of  positive  roots  cannot  exceed  the  number 
of  variations  of  sign,  and  that  the  number  of  n^;ative  roots  cannot 
exceed  the  number  of  variations  of  sign,  when  the  signs  of  the  terms 
containing  the  odd  powers  of  the  unknown  quantity  are  changed,  it 
follows  that  when  a  is  positive,  there  is  one  positive  root  and  no 
negative  root.  When  a  is  n^ative,  there  is  one  n^atlve  root  and 
no  positive  root;  and  hence  we  conclude  that  equation  (55)  can  have 
but  one  real  root. 

We  may  dispense  with  the  direct  solution  of  this  equation  by 
forming  a  table  of  the  values  of  v  corresponding  to  those  of  i  —  T 
in  a  parabola  whose  perihelion  distance  is  equal  to  the  mean  distance 
of  the  earth  from  the  sun.  This  table  will  give  the  time  correspond- 
ing to  the  anomaly  v  in  any  parabola,  whose  perihelion  distance  ia 
5,  by  multiplying  by  q  ,  the  time  which  corresponds  to  the  same 
anomaly  in  the  table.  We  shall  have  the  anomaly  v  corresponding 
to  the  time  t  —  T  by  dividing  ( —  T  by  j  ,  and  seeking  in  the  table 
the  anomaly  corresponding  to  the  time  resulting  from  this  di\'ision. 

A  more  convenient  method,  however,  of  finding  the  true  anomaly 
from  the  time,  and  the  reverse,  is  to  use  a  table  of  the  form  gene- 
rally known  as  Barker's  Table.  The  following  will  explwn  its  oon- 
struction : — 

Multiplying  equation  (55)  by  75,  we  obtain 

-^  (i— r)  =  76tanif +  26twi'j»r. 

Liot  as  now  put 

if  =  75  tan ;}«-{-  25  tan*  |«, 
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\ad  Co  =  — :=,  which  U  a  constant  quantity ;  then  will 
1/2 

^(l-T)  =  Af. 

'  .<■ 

The  value  of  Q  ia  {  ^  .it, '  > ^ 

log  C,  =  9.9601277069.  "    ' 

Again,  let  OB  take 

0. 

"  =  ?■ 

irhich  is  called  the  mean  daily  motion  in  the  parabola;-  then  vill 

M=  m  (t  —  T)  =  75  tan  ^v  +  25  tan'^v. 

If  we  now  oompate  the  values  of  M  corraepondtng  to  sucoessive 
valnes  of  v  irom  v  =  0°  to  t>  ^  180°,  and  arrange  them  in  a  table 
with  the  argument  v,  we  may  derive  at  once,  from  this  table,  for  tJie 
time  {t  —  T)  either  M  when  v  is  known,  or  v  when  Jtf  =  m{t  —  T) 
is  known.  It  may  also  be  observed  that  when  ( —  Tia  n^ative,  the 
value  of  t>  is  considered  as  being  negative,  and  hence  It  is  not  neces- 
sary to  pay  any  further  attention  to  the  algebraic  sign  of  t  —  3*  than 
to  give  the  same  sign  to  the  value  of  v  obtained  from  the  table. 

Table  VI.  gives  the  values  of  M  for  values  of  v  from  0°  to  180*, 
with  differences  for  interpolation,  the  application  of  which  will  be 
easily  understood. 

23.  When  v  approaches  near  to  180°,  this  table  will  t>e  extremely 
inconvenient,  since,  in  this  case,  the  differences  between  the  values  of 
M  for  a  difference  of  one  minute  in  the  value  of  v  inwease  very 
rapidly ;  and  it  will  be  very  troublesome  to  obtain  the  value  of  v 
from  the  table  with  the  requisite  degree  of  accuracy.  To  obviate 
the  necessity  of  extending  this  table,  we  proceed  in  the  fellowing 
manner: — 

Equation  (56)  may  be  written 

k{t-T)_ 


V2qi 


^tan'jt  (1  4-3cot»iti); 


and,  multiplying  and  dividing  the  second  member  by  (1  +  cot'jt)*, 
we  shall  have 


-  =  i  tan'Xl  +  oot'Jc)' 


l  +  3cot'^p 
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V     (l  +  cotHf)*' 


Now,  when  v  approaches  Dear  to  180°,  cotjc  will  be  very  small,  and 
the  second  &ctor  of  the  second  member  of  this  equation  will  nearly 
=  1.  Let  08  therefore  denote  by  w  the  value  of  v  on  the  supposition 
that  this  iactor  is  equal  to  unity,  which  will  be  strictly  true  when 
V  =  180°,  and  we  shall  have,  for  the  correct  value  of  v,  the  following 
etiuation : 

i„  being  a  very  small  quantity.     We  shall  therefore  have 

^-j^  =  3tani{w  -i-  4.)  +  tan'lCw  +  4,), 
and,  putting  tan )io  ^  d,  and  tan ^&^=^x,  we  get,  from  this  equation. 


,1+1 


*- 1  —  to  ^  (1  —  to)*" 

Multiplying  this  tiirough  by  ff"  (1  —  Sx)',  expanding  and  reducing, 
there  results  the  following  equation : 

1  + 8(P  =  3fl  (1  +  4tf' +  2*- +  fl")  :r  -  3^  (1  +  4*"  +  2**  +  9«)  a? 

Dividing  through  by  the  coefficient  of  x,  we  obtain 

. J  +  Sff*  _  ^(2  4.6tf'  +  3^  +  **)«' 

3*  (1  +  «•  +  29'  +  <?■)  -  *  -  ^^  +  -3(i  +  4<J'  +  2<?*  -f  *•>"■ 

Let  us  now  put 

l  +  Sg* 

3«  (1  +  49' +2** +  *«)"*'■■ 

then,  substituting  this  in  the  preceding  equation,  inverting  the  wnea 
and  reducing,  we  obtain  finally 


^  —  .,-1   fl.j  I  "  K.-* -r  io'T -^ -JO- -^  or)  ^,  ,    ^_ 

'  -  y + "^ + T(rT4^T2flM^fl*r  *^  "•■  * 

But  tan  jA,  =  «,  therefore 

A,  =  2!E  — ja*  + 
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SabetitQtiDg  in  this  the  value  of  x  above  feaod,  and  reducing,  we 
obtain 


3  (1  +  iff*  +  2fl*  +  *•) 

For  all  the  cases  in  -which  this  equation  is  to  be  applied,  the  third 
t«nn  of  the  second  member  will  be  insensible,  and  we  shall  have,  to 
a  sufficient  d^ree  of  approximation, 

\  =  2y  +  2/y. 

Table  VII.  gives  the  values  of  &^,  expressed  in  seconds  of  arc, 
corresponding  to  consecutive  values  of  w  from  w  =  155°  to  w  =  18*^" 
In  the  application  of  this  table,  we  have  only  to  compute  the  vaiue 
of  M  precisely  as  for  the  case  in  which  Table  VI.  is  to  be  used, 
namely, 

Jf=m(i-T); 

then  will  w  be  givsn  by  the  formula 

.^ ._       '[200 


since  we  have  already  found 


V^2?l 


'I    8g<|/2     _  '[200 
~^Zit  —  T)k~'\  if' 


Having  computed  the  value  of  to  from  this  equation,  Table  VII. 
will  famish  the  corresponding  value  of  &,;  and  then  we  shall  have, 
for  the  correct  value  of  the  true  anomaly, 

0  ^  W  -|-  A,, 

which  will  be  precisely  the  same  aa  that  obttuned  directly  from  Table 
YI.,  when  the  second  and  higher  orders  of  difTerenoes  are  taken  into 
account. 

If  V  is  g^ven  and  the  time  t  —  Tis  required,  the  table  will  give, 
by  inspection,  an  approximate  value  of  d,,  using  t>  as  argamen^  and 
then  w  is  given  by 
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The  exact  valne  of  A,  is  then  found  from  the  table,  and  hcDW  we 
derive  that  of  to;  and  finally  t  —  T  from 

Ci    sin'w 

24  The  problem  of  finding  the  time  t~T  when  the  true  anomaly 
w  given,  may  also  be  solved  conveniently/ and  especially  so  when  v  u 
small,  by  the  following  process; — 

Equation  (56)  is  easily  transformed  into 


3i((- 

-T) 
9' 

-^(- 

-2ra,'J.), 

from  which  we 

obtain, 

since 

q  =  r  cos*ip, 

3i(l- 

T), 

-MW- 

*{ 

w 

Ijfit  us  now  pat 

and  we  have 

/2 

3i(l- 
2,t 

!>=: 

=  3.in»-4.in'» 

=  nna 

-^''- 

(- 

3i, 

which  admits  of  an  accurate  and  convenient  numerical  solation.    To 
fecilitate  the  calculation  we  put 


the  values  of  which  may  be  tabulated  with  the  argument  v.  When 
0  =  0,  we  shall  have  N^  {v'%  and  when  «  =  90,  we  have  A'=  1 ; 
from  which  it  appears  that  the  value  of  ^changes  slowly  for  values 
of  t>  from  0°  to.  90°.  But  when  v  =  180°,  we  shall  have  A'^=  » 
and  hence,  when  v  exceeds  90",  it  becomes  necessary  to  introduce  an 
SQxiliarv  different  from  N.     "We  shall,  therefore,  put  in  this  case, 


=  ^  ein  v  =  sin  3x; 
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from  wliich  it  appears  that  A*'  =  1  when  v  =  90°,  and  that  N''=  JV^it 
when  V  =  180°.    Therefore  we  have,  finallj,  when  v  b  less  than  HQ°, 


and,  when  o  is  greats  than  90°, 

in  which  1(^  —  =  1.5883272995,  from  which  t~  Tie  easily  derived 
when  9  is  known. 

Table  YIII.  gives  the  values  of  iV,  with  differences  for  interpola< 
tion,  for  values  of  v  from  »  =  0°  to  »  =  90°,  and  the  valnes  of  N' 
for  those  of  v  from  r  =  90°  to  t.  =  180°. 

^  26.  We  shall  now  consider  the  case  of  the  hyperbola,  which  dififen 
from  the  elli|ffie  only  that  e  is  greater  than  1 ;  and,  consequently,  the 
formnbe  for  elliptic  and  hyperbolic  motion  will  differ  frxim  each  other 
only  that  certain  quantities  which  arc  positive  in  the  ellipse  are  ne^Br 
live  or  imt^nary  in  the  hyperbola.  We  may,  however,  introdaee 
auxiliary  quantities  which  will  serve  to  preserve  the  analogy  between 
the  two,  and  yet  to  mark  the  necessary  distinctions. 
For  this  purpose,  let  us  resume  the  equation 

j>coe4 


2co8i(e  +  +)coBj(»-+)" 

When  v=^0,  the  Actors  coaifr  +  i/-)  and  coei(«  —  i^)  ia  the  de- 
nominator will  be  equal;  and  since  the  limits  of  the  values  of  v  are 
180° — 4"  ^o^  — (180°  —  '4')j  '1-  follows  that  the  first  &ctor  will  vanish 
for  the  maximum  positiTe  valoe  of  v,  and  that  the  second  &ctor  will 
vauish  for  the  maximum  n^ative  value  of  v,  and,  therefore^  that,  in 
either  case,  r  =  ». 

In  tlie  hyperbola,  the  Bemi-transverse  axis  is  negative  and,  oonse- 
quenlly,  we  have,  in  this  case, 

p=a(fi*  —  1),  or  a  s=p  cot' 4. 

We  have,  also,  for  the  perihelion  distance,  ' 

?  =  «(«  — 1).    . 
Let  ui  now  pot  

tan  if  =  tan  jv^?-^,  (56) 

a 

U,:i,l,:«^.„'G00glc 


86  THEOBBTIOAL  ABTBONOUT. 

which  IB  an&Ijgona  to  the  formula  for  the  eooentrio  anomalj  Sin  tm 


e+1      l  +  coe4" 
aoA,  consequently, 

tanJi!'=tanictBni+.  (67) 

We  shall  now  introduce  an  auxiliary  quantity  a,  such  that 

whence  we  derive 
uid  also 


(68) 


Tliis  last  equation  shows  that  a^l  when  the  comet  ie in  its  perihe- 
lion; ff  =  00  when  ti= 180° — 4i  and  ff=0  when  v^  —  (180**—  ■4-;. 

Since  tau F== ,     ..  „i  we  shall  have 

l—tan*iF 


«  +  M 

Squaring  this  equation^  adding  1  to  both  memben,  and  ledadng  «• 
obtain 

1 
coeJ?" 


'i['  +  '-y  C61) 


R^la<di)g  a  in  this  equatjou  by  its  value  from  equation  (59),  we  get 

1     ^coe'i(p+4)  +  coa'K'  — 4) 
coeJ'         2coaJ(*  +  4)coeiCf  — 4)  ' 
or 

1 l  +  cosy  eoa4  (e  +  eoav)  coe4 

«iflJ'~2coB4Cti  +  +)ooBj(ii  — 4)~2co8iC«  +  *)«>«iC*  — 4) 
which  reduoee  to 

1    ^Kji^)^  (eJ) 
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If  we  add  T  1  to  both  members  of  this  equation,  we  shall  havf 

1  ?:  COB F_ r(e q:  1)  (1  q:  coav) 

COB  J"  p 

Taking  first  the  apper  sigo,  aod  thea  the  lower  sign,  utd  reducinf^ 
we  get 


V^cosit.  =  ^°/^~^^  coe  iF.  (63) 

vcobJ" 

These  equations  for  finding  r  and  v,  it  will  be  observed,  are  analogous 
to  those  previoasly  investigated  for  aa  elliptic  orbit.  These  equations 
give,  by  division, 


which  is  identical  with  the  equation  (56),  and  may  be  employed  to 
verify  the  computation  of  r  and  v. 

Multiplying  the  last  of  equations  (63)  by  the  first,  putting  for 
e*  —  1  its  value  tan*  •4',  and  reducing,  we  obtain 


(64) 


Further,  we  have 

pcmv  or  (e  +  cos  v) 

rcoBti==-^^^ =  ae ■ '-, 

i  +  e  cose  p 

which,  oombined  with  equation  (62),  gives 


If  we  square  these  values  of  r  sintt  and  r  oosv,  add  the  results  to- 
gether, lednoe,  and  extract  the  square  root,  we  find 

We  might  also  introduce  the  auxiliary  quantity  <r  into  the  equations 
(63);  but  such  a  transformation  is  hardly  necessary,  and,  if  at  all 
deuiable,  it  can  be  easily  effected  by  means  of  the  formula  which  we 
have  already  derived. 
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26.  Let  ns  aov  reanme  the  equation 

^  _  cofl  i  (p  —  .t) 

DifTawitiatiiig  this,  regarding  ■4'  as  coQetaat,  we  ban 
and,  dividing  this  equation  by  the  preceding  one,  we  get 


But 

P*^* 

2coflJ("  +  4)cosiCc-+)' 
consequently^ 

da r  tan^  , 

tf  P        "' 

whidi  gives 


Subetitntit^  thia  value  of  r'dv  in  equation  (22),  and  patting  instead 
of  2f  its  valne  kVp,  from  equation  (30),  the  mass  being  considered  as 
insensible  in  comparison  with  that  of  the  sun,  we  get 


Then,  substituting  for  rite  value  from  equation  (66),  and  for  p  its 
value  a  tan*  ■4',  we  have 

Integrating  this  between  the  limits  T  and  t,  we  obtain 

iV^C*— r)  =  a'tan  +  /je(ff-l)— log.«fj,  (67) 

in  which  ]i^,<r  is  the  Naperian  or  hyperbolic  logarithm  of  <r.    Sinna 
V^  =  l/o  tan  -J-,  if  we  put 

_  i 
'~7 
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in  which  »  is  the  mean  daily  moUoii;  and  if  we  also  pat 

in  which  N^  correqwnds  to  the  mean  anomaly  Jf  in  an  ellipse,  we 
thall  have,  from  equation  (67), 

jr,=  j6(*-l)-log.*.  (68) 

If  we  moltiply  both  members  of  this  eqnatioa  bjr  A  =  0.434294482, 
the  modolns  of  the  common  system  of  If^arithms,  and  pat 

JV=A",J  =  i|Cf— D, 
we  shall  have 

wherein  log>l  =  9.6377843113,  and  logAi  =  7.8733657527. 

Let  OS  now  introduce  ^into  this  formalaj  and  ibr  this  purpose  we 
have 

tanJf=j(tf  — i\, 

and  alao 

log  ff  =  log  tan  (46"  +  jf). 
Therefore  we  obtain 

^■=(atan  J"— logtan  (45"  +  ^F).  (69) 

This  equation  will  give,  directly,  the  time  I  —  Tfrom  the  perihelion,  v 
when  a,  e,  and  i^are  known;  but,  sinoe  it  is  tranacendental,  in  the 
solution  of  the  inverse  problem,  that  of  finding  the  true  anomaly 
and  radius-vector  from  the  time,  the  value  of  ^  can  only  be  found  by 
auGoessive  approximations. 

if  we  differentiate  the  last  equation,  regaiding  N  and  F  aa  vari- 
able, we  get 

dJT  = -^  (e  -  coe  f)  (IF. 

Hence,  if  we  denote  an  approximate  value  of  F  by  F„  and  the  cor- 
responding value  of  iVby  iV„  the  correction  &.F,  to  the  assumed  value 
af  F  may  be  computed  by  the  formula 

^^_(^-N.)coifF, 
'~   i(e~wtF.)  ' 
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This  corrertion  being  applied  to  F„  a  oearer  approzimatioa  to  ths 
true  valae  of  F  will  be  obtained ;  and  by  repeating  the  operaUoo 
there  resnltn  a  still  closer  approximation.  This  process  may  be  con- 
tinued until  the  ezact  value  of  i^is  found,  and,  when  several  sue- 
cesaive  places  are  required,  the  first  assumed  value  may  be  e8timat«d, 
in  advance,  bo  closely  that  a  very  few  trials  will  suffice.  In  practice, 
however,  cases  will  rarely  occur  in  which  this  formula  will  be  applied, 
since  the  probability  of  hyperbolic  motion  is  small,  and,  whenever 
any  positive  indication  of  an  eccentricity  greater  than  1  has  been 
found  to  exist,  it  has  only  been  after  a  very  accurate  series  of  observa- 
tions has  been  introduced  as  the  basis  of  the  calculation.  For  a 
majority  of  the  cases  which  do  really  occur,  the  most  accurate  and 
convenient  method  of  finding  r  and  v  will  be  explained  hereafter. 

2T-.  If  we  consider  the  equation 

we  shall  eee  that,  when  li^rithms  of  six  or  seven  decimals  are  used, 
the  error  which  may  exist  in  the  determination  of  E  when  Jf  and  e 
are  given,  will  increase  as  e  increases,  but  in  a  much  greater  ratio; 
and,  when  the  eccentricity  becomes  nearly  equal  to  that  of  the  para- 
bola, the  error  may  be  very  great.  In  the  case  of  hyperbolic  motion, 
also,  the  numerical  solution  of  equation  (69),  when  e  —  1  is  very 
small,  and  with  the  ordinary  logarithmic  tables,  becomes  very  un- 
certmo.  This  can  only  be  remedied,  when  equations  (39)  and  (69) 
are  employed,  by  using  more  extended  l<^rithmic  tables;  and  when 
the  orbit  differs  only  in  an  extremely  slight  d^jee  from  a  parabola, 
even  with  the  most  extended  logarithmic  tables  which  have  been 
constructed,  the  error  may  be  very  large.  For  this  reason  we  have 
recourse  to  other  methods,  which  will  give  the  required  accuracy 
without  introducing  inconveniences  which  are  proportionally  great 

We  shall,  therefore,  now  proceed  to  develop  the  formulce  for  find- 
ing the  true  anomaly  in  ellipses  and  hyperbolas  which  differ  but 
little  from  the  parabola,  such  that  they  will  furnish  the  required 
accuracy,  when  the  exact  solution  of  equations  (39)  or  (69)  with  the 
logarithmic  tables  in  common  use  is  impossible. 

For  this  purpose,  let  us  resume  equation  (22),  which,  by  substi- 
tuting for  2/  its  value  h\/^,  the  mass  of  the  oomet  being  n^Iect«d 
in  comparison  with  that  of  the  eun,  beoomes 
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Let  OS  now  pat  u  =  tan^,  and  we  shall  have 
1— «■     .  2<i« 

Sabetitatiag  these  values  in  the  preceding  eqoation,  and  putting 
!-•      ■ 


'•^*  =0+7?  CI +  »■)•' 

OP,  smce  J)  =  g  (1  +  e), 

2^J        ~  CI  +  iw')'  ■ 

Let  OS  now  develop  tbe  Becond  member  into  a  series.    This  may  be 
vritten  thus: 

<J«(1 +«■)(! +«*•)"■'; 

and  developing  the  last  iactor  into  a  series,  we  obtun 

a  +  *tO"'  =  1  —  2i«'  +  8tV  —  *iV  +  Ac 
Cooseqaently, 

(1  +  «•)  (1  +  «*■)-*  =  !+«•  —  2iC«*  +  «*)  +  St^Cti*  +  «^ 
_4?(u»  +  «»)  +  .... 

Mnltipljing  this  equation  through  by  du,  and  integrating  between 
the  limits  T  and  t,  the  result  is 

29* 

-4i'CK  +  K)  +  &c.  (70? 

In  the  case  of  the  parabola,  e  =  l  and  t  =  0,  and  this  equation  becomes 
identical  with  (55). 
Ijet  OB  now  put 

^Ji^in^'^u+iv.  (71) 
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and  also 

then  the  angle  FviU  not  be  the  trae  Knomaly  in  the  parabola,  but 
an  angle  derived  from  the  solatton  of  a  cabic  equation  of  the  same 
form  aa  that  for  linding  the  parabolic  anomaly ;  acd  its  value  may 
be  found  by  means  of  Table  VI.,  if  we  use  for  Jf  the  value  com- 
puted from  

Let  U  be  expanded  into  a  Beriea  of  the  form 

U=u  +  ai  +  ^^  +  p*  + , 


which  is  evidently  admissible,  a,,  ^,r, being  functions  of  u  and 

independent  of  i.  It  remains  now  to  determine  the  values  of  the 
ooefBcients  a,  ^,  ;■,  &c.,  and,  in  doing  so,  it  will  only  be  neceseary  to 
consider  terms  of  the  third  order,  or  those  involving  t*,  since,  for 
nearly  all  of  those  cases  in  which  the  eccentricity  is  such  that  terms 
of  the  order  t*  will  sensibly  afiFect  the  result,  the  general  formalse 
already  derived,  with  the  ordinary  means  of  solution,  will  pve  the 
required  aocnracy.    We  shall,  therefore,  have 

t;+it7'  =  «  +  «  +  ^t'  +  n'  +  i(w  +  «  +  /9»*'  +  n')'. 

or,  again  n^lecting  terms  of  the  order  if, 

+  t'(i*'+2«a;9  +  (l+u')r). 

But  we  have  already  found,  (70), 

+  St^CK  +  4"')  -  ii"  (*«'  +  K). 

Since  the  first  members  of  these  equations  are  identical,  it  follows,  by 
the  principle  of  indeterminate  coefficients,  that  the  coeffidents  of  the 
like  powers  of  t  are  equal,  and  we  shall,  therefore,  have 

a+«')'=-2aM'+K). 

««•  +  (1  +  «•)  ^  =  +  3  (if*  +  41''), 
From  die  first  of  these  equations  we  find 
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The  B«ooDd  eqnatioD  gives 

or,  sabetatnting  f(>raitevalaeju8t  foond,  and  redacing^ 

We  have  also 

_-4(t«'+i«»)-j.'-2w?». 
^■-  !  +  «• 

uid  heooe,  sobetitnting  the  values  of  a  and  jS  already  found,  and 
reducing}  we  obtain  finally 

,._  -«a»'+ iHK+ {jHi"" +ti!"''+mt"'+ tH.»^ 

A^ain,  we  liave 

tan"'  0'=  tan"  ■(«  +  m  +  iW  +  r*'). 

Developing  thia,  and  n^lecting  terms  of  the  order  i*,  we  get 

ian-'l7=tan-'w+j-l^/M  +  ^'-  +  rt')-^j^p^C.V+2ajS?) 

Now,  since  u  =  tan  }o  and  CT' =  tan  )F,  we  shall  have 

or 

+  (_?£ i;g^      2(..--i),.\,  „2, 

+  U  +  «'      (l  +  «')'+  (!  +  «■)■  ")'•  '■"•' 

Subatitating  in  this  equation  the  values  of  ot,  p,  and  ;■  already  found, 
and  reducing,  we  obt^u  finally 

'^-'      (!  +  «■)■'+  (1+"')' 

t"'+iiH«'+Hm''°+ffl""+WI»''+.ft!,^«".-    „8, 


TIIEOSEFIGAIi   ASTSOSOUY. 

This  equation  cbd  be  used  whenever  the  ^ue  anomaly^  in  the 
ellipse  or  hyperbola  is  given,  and  the  time  fi-om  the  perihelion  ia  to 
be  determined.  Having  found  the  valne  of  7^  we  enter  Table  VI< 
vith  the  argumeDt  yand  take  oat  the  correspondii^  value  of  if; 
and  then  we  derive  t  —  T  from 


(-2-! 


Vrq^i? 


in  which  log  q,  =  9.96012771. 

For  the  converse  of  this,  in  which  the  time  from  the  perihelion  is 
given  and  the  true  anomaly  is  required,  it  is  necesBarj  to  express  the 
difference  v  —  V  in  a  series  of  ascending  powers  of  i,  in  which  ihe 
ooefBoientB  are  functions  of  U.    Let  us,  therefore,  put 

SubstitiitiDg  this  value  of  u  in  eqnation  (70),  and  neglecting  terms 
multiplied  l^  t*  and  higher  powers  of  i,  we  get 

■iq- 

+  Va  +  IT-)  +  K+ 2K.'^+3P'-'(l +f  )-2/>'l'"(l  +  f ) 
—  4  D'.'"  —  2  Ci"  —  (  D"  —  J  t/")  i". 

But,  BiDCK  the  first  member  of  this  equation  is  equal  to  17  +  )  V^t  m 
shall  have,  bjr  the  priociple  of  indeterminate  coefficients, 

.'(l+P')-|0'-}t;'  =  0, 

/^CH-  V)+  K.''-2t7'.'(l+  [r')  +  |I7'+»!7'  =  0, 

/(!+  P")  +  J.'"+2W;S'  +  3PV(H-  V^-i^V^l+m 

-4t7'."-2W'-l!7'-4C  =  0. 

From  these  equations,  we  find 

„,_iP'  +  iP' 
1  +  v^~^ 

■    '-  (i+uy  ' 

"^  -  IX  +  V-f 

If  we  interchange  t>  and  Vm  equation  (72),  it  becomes,  writinff  a', 

^,  r"  <■«'«,  ft  r, 
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_„  V       ■   ,   I      W  i-"U      I, 

/   y        4.yg      2(P'-j)  ,\, 
■^U+p-    (1  + 17')' "^  a  +  f)'    / 

Babstituting  id  this  equation  the  above  valaee  of  o.',  ^,  and  y',  and 
reducuig,  we  oblaia,  finally, 

+  a +  (;■)•  ••  ^'" 

I^  meaoa  of  which  e  may  be  determined,  the  angle  V  being  taken 
itom  Table  YI.,  so  as  to  correspond  with  the  value  of  M  derived 

Equations  (73)  and  (74)  are  applicable,  without  any  modification, 
to  the  case  of  a  hyperbolic  orbit  which  differs  but  little  from  the 
parabola.  In  this  case,  however,  e  is  greater  than  anity,  and,  oonse- 
qaeatly,  i  ia  ne^tive. 

28,  In  order  to  render  these  formulse  convenient  in  practice,  tables 
may  be  constructed  in  the  following  manner: — ■ 
Let  a;  =  r  or  V,  and  tan  ^  =  ^,  and  let  us  put 

100(1  +  »•)•'• 

10000(1 +«■)' 
y_i«'  +  Jti»'+i'A«'+-AV". 
10000(1 +«■)' 

c    iW+  «»«•+  mj|»"  +  Hj|«"+4i<i»"+  im»". 

1000000(1  +  »*)• 

(._  ;»■  +  JifP  +  Hjti»"  +  !«»'■  +  JiJK'  +  I'AV" . 

1000000(1  4- tf*)'  ' 

wherein  8  expresses  the   number  of  aeeonds  corresponding  to  the 
length  of  arc  equal  to  the  radius  of  a  cinile,  or  log  s  =  5.314-12513. 
We  shall,  therefore,  bavo: — 
Whena!  =  V, 

t  =  T+A  (1000  +  B  (100.7  +  0(1000"; 
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and,  when  «  =  d, 

v^v—A  (1000  +  i'CiwhT — crciooi)*. 

Table  IX.  ^ves  the  Tslaee  of  A,  B,  B',  C,  and  C  for  oonsecu- 
tive  valaes  of  x  from  «  =  0°  to  «  =  149°,  with  difierenoes  for  inters 
polation. 

When  the  value  of  v  has  been  fonnd,  that  of  r  may  be  derived 
from  the  formala 

r^   g(l  +  e) 
1  +  a  cost 

Similar  expressions  arranged  in  reference  to  the  ascending  powers 
of  (1  —  e)  or  of  I  I  — -~  I  —  11  may  be  derived,  bnt  they  do  not  con- 
verge with  snfficient  rapidi^;  for,  although  1 1  t-    ■  1  —  1 1  is  leffl 

than  i,  yet  the  coefficients  are,  in  each  case,  so  much  greater  than 
those  of  the  corresponding  powers  of  i,  that  three  terms  will  not 
afford  the  same  de^^ree  of  accuracy  as  the  same  number  of  terms  in 
the  expressions  involving  i, 

29.  Equations  (73)  and  (74)  will  serve  to  determine  vovt  —  7*  in 
nearly  all  cases  in  which,  with  the  ordinary  logarithmic  tables,  the 
general  methods  fail.  However,  when  the  orbit  differs  considerably 
from  a  parabola,  and  when  v  is  of  considerable  nu^itude,  the  results 
obtained  by  means  of  these  equations  will  not  be  sufficiently  exaxA, 
and  we  must  employ  other  methods  of  approximation  in  the  case  that 
the  accurate  numerical  solution  of  the  general  formube  is  still  impofr- 
sible.  It  may  be  observed  that  when  Eot  F  exceeds  60°  or  60°,  the 
equations  (39)  and  (69)  will  furnish  accurate  results,  even  when  « 
differs  but  little  from  unity.  Still,  a  case  may  occur  in  which  the 
perihelion  distance  is  very  small  and  in  which  v  may  be  very  great 
before  the  disappearance  of  the  oomet,  sach  that  neither  the  general 
method,  nor  the  special  method  already  given,  will  enable  us  to  de- 
termine t>  or  i  —  T  with  accuracy ;  and  we  shall,  therefore,  investigate 
another  method,  which  will,  in  all  cases,  be  sufficiently  exact  when 
the  general  formulce  are  inapplicable  directly.  For  this  purpose,  1^ 
ns  resume  the  equation 
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which,  aince  g  =  a[l  —  e),  may  be  written 


k(t—T)i/l- 


If  we  put 


j(9«+smj;)  +  i.^±^(£-dn£). 


yn  Bhall  have 


'"S'6(l- 


Let  m  now  pat 
and 


mVA    ' 


then  we  have 


:tanjw  + j  tan*^. 


"When  B  ia  known,  the  value  of  w  may,  aooording  to  thia  eqnation, 
be  derived  directly  from  Table  YI.  with  the  ailment 

and  then  &om  to  we  may  find  the  value  of  A.    It  remains,  therefore, 
to  find  the  valne  of  B;  and  then  that  of  v  from  the  reenlting  value 
of^. 
Now,  we  have 

.    „         2tan*£ 
""^=l  +  t*nU£' 
and  if  we  put  tan*  \E  =  r,  we  get 

rin£=^^  =  2T*(l— t  +  t'-t'  +  Ac). 
We  have,  abo, 

£=  2  tan"'  r*=  2r*  (1  -  Jr  +  1**  -  |t*  +  Ac). 
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Therefore, 

15  (£  -  an  £)  =  2f  *  (lOr  -  V**  +  V**  -  4"^  +  *c). 
and 

9E+  Bini:=2rVlO—  yr+  yt»  -  Vt'+  Vt*  — &&). 
Hence,  by  division, 

-«illlM''+*«-; 

and,  inverting  this  series,  we  get 


found. 

Let  us  now  put 


then  the  values  of  C  m&y  be  tabulated  with  the  argament  A;  and, 
besides,  it  is  evident  that  as  long  as  A  is  small  (7*  will  not  di£fer 
much  from  1  +  ^A. 
Next,  to  find  B,  we  have 

A*=  r»  (1  _  {,  +  ^r-  _  JJ  },■  +  iVVMBiV''  -  *«0. 
and  hence 

from  which  we  easily  find 

S  =  l  +  T?,J'  +  ji^A*  +  „VbSi^*  +  *<:• 
If  we  compare  equations  (44)  and  (66),  we  get 
tan  4^=  V^^  tan  JF. 

Hence,  in  the  case  of  a  hyperbolic  orbit,  if  we  put  tan*ii^=  r',  we 
must  write  — r'  in  place  of  r  i«  the  formalie  already  derived;  and, 
from  the  series  which  gives  A  in  temui  of  r,  it  appears  that  ^  is  in 
this  case  negative.     Therefore,  if  we  distinguish  the  equations  for 
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DTperbolio  motion  inm  those  for  elliptic  motion  by  writing  A',  B', 
and  C  in  place  of  A,  B,  and  C,  respectively,  we  sliall  tare 

^.  =  V=l  +  J^'+  I?'^"-  »§»'*''+  WIM!-l"-TVTmi.I^'*+  «s^-. 
ff  =  l+  jhA"  -  j|  j^"  +  „¥bSi-4'*  -  Ac 

Table  X.  contains  the  values  of  I(^  B  and  log  C  for  the  ellipse 
and  the  hyperbola,  with  the  ailment  A,  from  ^  ^  0  to  A  =  0.3. 
For  every  case  in  which  A  exceeds  0.3,  the  general  formulse  (39) 
and  (69)  may  be  conveniently  applied,  as  already  stated. 

The  equation  

tan  in  =  */-j-^  tan  J£ 
gives 

tan'Jt.  =  ii^^C, 

or,  sabstjtutjng  the  value  of  A  in  terms  of  w, 

to  J.  =  CUin  J»  VtSt-  ^'^ 

The  last  of  equations  (43)  gives 

Henoe  we  derive 

q 

*"~(l+.4(?»)coB'Jv" 

The  equation  for  «  in  a  hyperbolic  orbit  is  of  precisely  the  same  form 
as  (76),  the  aocents  being  omitted,  and  the  value  of  A  being  computed 
from 

i=5(£-l),. 


(77) 


l  +  9e 


tan'ju;  (78) 


For  tiie  radiua-vector  in  a  hyperbolic  orbit,  we  find,  hy  means  of  the 
last  of  equations  (63), 

'"  =  (1- AC)  cos"  it."  ^^*^ 

When  t — T  is  given  and  r  and  v  are  required,  we  first  assume 
B  =  1 ,  uid  enter  Table  YI.  with  the  ailment 

^-^1 B ' 
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in  whidi  1(^  Cg^  9.96012771,  and  take  ont  Uie  ooneBpoDding  valn^ 
of  to.    Then  ve  derive  A  front  the  equation 

.      5(1— «)^    ,, 
^=  l  +  ST*^^"' 

in  the  case  of  the  ellipse,  and  from  (78)  in  Ae  case  of  a  hyperbolic 
orbit.  With  the  resalting  value  of  A,  ve  lind  from  Table  X.  the 
corresponding  value  of  logB,  and  then,  usiag  this  in  the  expression 
for  if,  we  repeat  the  operation.  The  second  result  for  A  will  not 
require  any  ftu^er  correction,  since  the  error  of  the  first  assumption 
of  £  =  1  is  very  small ;  and,  with  this  as  argument,  we  derive  the 
value  of  log  C  &om  the  table,  and  then  v  and  r  by  means  of  the 
equations  (76)  and  (77)  or  (79). 

When  the  true  anomaly  is  given,  and  the  time  t  —  T  is  required, 
we  first  compute  r  &om 

in  the  case  of  the  ellipse,  or  from 


'"i". 


e+1 


tan'^v. 


in  the  case  of  the  hyperbola.  Then,  with  the  value  of  r  as  argu- 
ment, we  enter  the  second  part  of  Table  X.  and  take  out  an  approxi- 
mate value  of  A,  and,  with  this  as  argument,  we  find  log£  and  l<^  O. 
The  equation 


will  show  whether  the  approximate  value  of  A  used  in  finding 
log  C  is  BuflSdently  exact,  and,  hence,  whether  the  latter  requires  any 
eorreotion.    Next,  to  find  u,  we  have 


^     ,        tan4i>      I  1  +  96 

*«'i"=-^-V6(r+^' 


anil,  with  to  as  argament,  we  derive  ^Irom  Taole  VL    Finally,  we 
have 

(_r= — "''^'  (80) 


irBq> 

by  means  of  which  the  time  from  the  perihelion  may  be  aoonrately 
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30.  We  have  thus  fiir  treated  of  the  motion  of  the  heovenly  bodies, 
relative  to  the  san,  without  considering  the  positions  of  their  orbits 
in  apace ;  and  the  elements  which  we  have  employed  are  the  eccen- 
tricity and  semi-transverse  axis  of  the  orbit,  and  the  mean  anomalv 
at  a  given  epoch,  or,  what  is  equivalent,  the  time  of  passing  tht 
perihelion.  These  are  the  elements  which  determine  the  position  of 
the  body  in  its  orbit  at  any  given  time.  It  remains  now  to  fix  its 
position  in  space  In  reference  to  some  other  point  in  space  irom  which 
we  conceive  it  to  be  seen.  To  accomplish  this,  the  position  of  its 
orbit  in  reference  to  a  known  plane  must  be  given;  and  the  elements 
which  determine  this  position  are  the  longitude  of  the  perihelion,  the 
longitude  of  the  ascending  node,  and  the  inclination  of  the  plane  of 
the  orbit  to  the  known  plane,  for  which  the  plane  of  the  eclipdo  ia 
usually  taken.  These  three  elements  will  enable  ue  to  determine  the 
co-ordinates  of  the  body  in  space,  when  its  position  in  its  orbit  has 
been  found  by  means  of  the  formulas  already  investigated. 

^he  UmffUude  of  the  ascending  node,  or  longitude  of  the  point 
through  which  the  body  passes  from  the  south  to  the  north  side  of 
the  ecliptic,  which  we  will  denote  by  JJ,  is  the  angular  distance  of 
tiiis  point  from  the  vernal  equinox.  The  line  of  intersection  of  the 
plane  of  the  orbit  with  the  fundamental  plane  is  called  the  Une  of 
nodes. 

The  angle  which  the  plane  of  the  orbit  makes  with  the  plane  of 
the  ecliptic,  which  we  will  denote  by  t,  is  called  the  inolinoHon  of 
the  orbit.  It  will  readily  be  seen  that,  if  we  suppose  the  plane  of 
the  orbit  to  revolve  about  the  line  of  nodes,  when  the  angle  i  exceeds 
180°,  n  ^i)l  no  longer  be  the  longitude  of  the  ascending  node,  bat 
will  become  the  longitude  of  the  descending  node,  or  of  the  point 
through  which  the  planet  passes  from  the  north  to  the  south  side  of 
the  ecliptic,  which  is  denoted  by  !3,  and  which  is  measured,  as  in  the 
case  of  SJ,  from  the  vernal  equinox. 

It  will  easily  be  understood  that,  when  seen  from  the  sun,  so  long 
as  the  inclination  of  the  orbit  is  less  than  90°,  the  motion  of  the 
body  will  be  in  the  same  direction  as  that  of  the  earth,  and  it  ia  then 
said  to  be  direct.  When  the  inclination  is  90°,  the  motion  will  be  at 
right  angles  to  that  of  the  earth ;  and  when  i  exceeds  90°,  the  motion 
in  longitude  will  be  in  a  direction  opposite  to  that  of  the  earth,  and 
it  ia  then  called  rdroffrade.  It  is  customary,  therefore,  to  extend  the 
inclination  of  the  orbit  only  to  90°,  and  if  this  angle  exceeds  a  right 
angle,  to  regard  its  supplement  as  the  inclination  of  the  orbit,  noting 
limply  the  distinction  that  the  motion  is  retrograde. 
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The  hmg&vde  of  ihe  perVielion,  which  ia  denoted  by  n,  fixes  tfa« 
position  of  the  orbit  in  its  own  plane,  and  is,  in  the  case  of  direct 
motion,  the  som  of  the  longitude  of  the  ascending  node  and  the 
anguW  distance,  measared  in  the  direction  of  the  motion,  of  the 
perihelion  from  this  node.  It  is,  therefore,  the  angular  dislaoce  of 
the  perihelion  &om  a  point  in  the  orbit  whose  angular  distance  back 
from  the  ascending  node  is  equal  to  the  longitude  of  this  node;  or 
it  may  be  meaenred  on  the  ecliptic  from  the  vernal  equinox  to  the 
ascending  node,  then  on  the  plane  of  the  orbit  from  the  node  to  the 
place  of  the  perihelion. 

In  the  case  of  retn^rade  motion,  the  longitudes  of  the  successive 
points  in  the  orbit,  in  the  direction  of  the  motion,  decrease,  and  the 
point-  in  the  orbit  from  which  these  longitudes  tn  the  orbit  are 
measured  is  taken  at  an  angular  distance  from  the  ascending  node 
equal  to  the  longitude  of  that  node,  but  taken,  fi-om  the  node,  in  the 
same  direction  as  the  motion.  Hence,  in  this  case,  the  longitude  of 
the  perihelion  ia  equal  to  the  longitude  of  the  ascending  node  dimi- 
nished by  the  angular  distance  of  the  perihelion  from  this  node. 

It  may,  perhaps,  seem  desirable  that  the  distinctions,  direct  and 
retrograde  motion,  should  be  abandoned,  and  that  the  inclination  of 
the  orbit  should  be  measured  from  0°  to  180°,  since  in  this  case 
one  set  of  formnlse  would  be  sufBcient,  while  in  the  common  form 
two  sets  are  in  part  required.  However,  the  custom  of  astronomers 
seems  to  have  sanctioned  these  distinctione,  and  they  may  be  pei^ 
petnated  or  not,  as  may  seem  advantageous. 

Further,  we  may  remark  that  in  the  case  of  direct  motion  the  snm 
of  the  tme  anomaly  and  longitude  of  the  perihelion  is  called  the 
true  lovgilvde  in  the  orbit;  and  that  the  sum  of  the  mean  anomaly 
and  longitude  of  the  perihelion  is  called  the  mean  longitude,  an  ex- 
pression which  can  occur  only  in  the  case  of  elliptic  orbits. 

In  the  cade  of  retrograde  motion  the  longitude  in  the  orbit  is  eqnal 
to  the  longitude  of  the  perihelion  minus  the  true  anomaly. 

31,  We  will  now  proceed  to  derive  the  formuhe  for  determining 
the  co-ordinates  of  a  heavenly  body  in  space,  when  its  position  in  its 
orbit  is  known. 

For  the  co-ordinates  of  the  position  of  the  body  at  the  Ume  t,  ws 
have 
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the  line  of  apsides  being  taken  as  the  azia  of  x,  and  the  origin  beiog     y)  .fi  -t 
taken  at  the  centre  of  the  sun. 

If  we  take  the  line  of  nodes  as  the  axis  of  x,  ve  shall  have  Ui  zV'*  "■' 

«  =  rco8(»  +  »),  ^=  V*T.cJ 

y  =  r  sin  (e  +  «), 

w  b^g  the  are  of  the  orbit  intercepted  between  the  place  of  the 
perihelion  and  of  the  node,  or  the  angular  distance  of  the  perihelion 
fivm  the  node. 

Ktfw,  we  have  ot  =  r  —  Q  in  the  case  of  direct  motion,  and  a  r= 
ij  —  IT  in  the  case  of  retrograde  motion ;  and  henCe  the  last  equation! 
become 

a!  =  roos(*±»^  ft) 

y  =  rHin(T±T:^  Si) 

the  apper  and  lower  signs  being  taken,  respecUvely,  acoordiog  as 
the  motion  is  direct  or  retn^rsde.  The  aroii±;ri:ft=uiB  called 
&e  argymaU  of  the  laHttuIe,  -   - 

Let  OS  now  refer  the  position  of  the  body  to  three  co-ordinate 
planes,  tiie  origin  being  at  the  centre  of  the  son,  the  ecliptic  being 
taken  as  the  plane  of  xy,  and  the  axis  of  x,  in  the  line  of  nodes. 
Then  we  shall  have 

i'=TCoe«, 

y'  =  '^rsinucoBi, 

e*  =  r  ein  u  sin  t. 

If  we  denote  the  heliocentric  latitude  and  longitude  of  the  body,  at 
the  time  t,by  b  and  I,  respectively,  we  shall  have 

x'=:rcoB^cos(I —  £1), 
y'  =  rcos6ain(i-G). 
^  ^  r  sin  6, 
and,  conaeqaendy, 

cos  11  =  cos  &  cos  ({ —  (J), 
±:sinucoB{  =  cos(«n(/  —  ft),  (81) 

8inusini  =  un&.  \^ 

From  these  ws  derive 

tany —  ft)  =  ±tanucos^  -  v. 

tanb             =d=tan»Bin(/—  ft),  (82) 

which  Borve  to  determine  I  and  b,  when  ft,  u,  and  i  are  given.  Since 
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COS  &  is  always  positive,  it  follows  that  I  —  £}  aiid  u  most  lie  iu  the 
same  quadrant  when  t  is  leas  than  90° ;  but  if  t  ia  greater  than  90°, 
or  the  motion  is  retrograde,  t  —  Q  and  360°  —  u  will  belong  to  the 
same  quadrant.  Hence  the  ambignity  which  the  determination  of 
I  —  (i  by  means  of  its  tangent  involves,  is  wholly  avoided. 

If  we  use  the  distinction  of  rttn^adey^notiifn,  andJ  consider  i 
always  less  than  90°^  I —  Si  anty  — tt^ill  Me  in /he  sanre  quadrant. 

'  ^2.  By  maltjplying  the  first  of  the  eqnattons  (8l)  by  sinu,  and 
the  second  by  costt,  and  combining  the  results,  considering  only  the 
upper  sign,  we  derive 

^  COB  6  sin  (w  —  I+SJ)^2Bin«cos«  un'  jf, 
,   or  ^-,l*i;.  ■^*^ 

cos(sm(u  — 1-\-  Q)=;Bin2uain*ji. 

In  a  similar  manner,  we  find 

coa6cos(w  — 1-\-  JJ)  =  oos*«  +  Bin'uco8t, 

which  may  be  written      ''^  '  ^    !,'• ,        1 .  .  .  1   i, '' ' 

■'  .1  ».  ^=.  V^  ( 1 ..  tif'  «•  •-  ■ 

co86coBC«-;+fi)  =  ni  +  cos2«)  +  ja7:«w2«)ooei, 

cobJcosCu— i+a)  =  i{l  +  <!MO  +  i(l— <»fl»)«»2«;  , 

and  faenoe 

cos  6  cos  (u  — 1-\-  W)  ^  cos?  ii -\-  8in*J»coa2«. 

If  we  divide  tills  equation  by  the  value  of  cos 6  sin  (u  —  1+  R) 

already  found,  we  shall  have 

,        ,  ,    „  V          tan'  it  sin  2«  ,__. 

tan(u  — /+  a)  =  .,    I  .    ... S--  (83) 

The  angle  u  —  1+  Si  is  called  the  reduoHon  to  the  ee%tHe;  and  the 
expression  for  it  may  be  arranged  in  a  series  which  convet^es  rapidly 
when  t  is  small,  as  in  the  case  of  the  planets.  In  order  to  efiect  this 
development,  let  na  first  take  the  equation 

n  sin  a; 

tan  y  =  ^—, 

"      1  +nooaar 

Differentiating  this,  regarding  y  and  n  as  variables,  and  redncing,  we 
find 

dy ring 

dn      1  +  2n  cos «  +  »/  '   1 ; 
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vbidi  gives,  I^  division,  or  by  the  metliod  of  indeterminate  coeffidei]t«| 
■-p  =:  ain  z  —  n  eiu  2x  ~i~  "*  ^ii^  3iE  —  n'  Bin  4z  4*  ^- 

Xnt^^ratiDg  this  expression,  we  get,  since  ^  =  0  when  a;  =  0, 

y=:nainx  —  Jn*Bin2x-j' jn'sinSx  —  ^a'Mn4a;  +  .,..,       (,84) 

which  is  the  general  form  of  the  development  of  the  above  expression 
for  tan  y.  The  assumed  expression  for  tan  y  corresponds  exactly  with 
the  formula  for  the  reduction  to  the  ecliptic  by  making  n  =  tan* }{ 
and  a;  ^  2u;  and  hence  we  obtain 

u  —  1+  SI  ^tan*JiBin2u  —  ^  tan*  |t  sin  4u -j-  j  tan*jtsin6ii 

—  J  tan'itain8«  +  itan"jtainlOii  — Ac.  (85)     ' 

When  the  valne  of  t  does  not  exceed  10°  or  12°,  the  first  two  terms 
of  this  development  will  be  eufScient.  To  express  « —  f,+  JJ  in 
seconds  of  arc,  the  value  derived  from  the  second  member  of  this 
equation  must  he  multiplied  hy  206264.81,  the  number  of  seconds 
corresponding  to  the  radius  of  a  circle. 
If  we  denote  by  R,  the  reduction  to  the  ecliptic,  we  shall  have 

l  =  U+ii-S.  =  V  +  n-I{,.  ^.^   V.-l*'^ 

Bat  we  have  n  =  jtf  +  the  equation  of  the  centre ;  hence      *■  ~ 

l  =  M-\-it-i-  equation  of  the  centre  —  reduction  to  the  ecliptic, 

and,  putting  X  ^  If  +  n  =  mean  longitude,  we  get 

l:=L-\-  equation  of  centre  —  reduction  to  ecliptic.  (86) 

In  the  tables  of  the  motion  of  the  planets,  the  equation  of  the 
centre  (53)  is  given  in  a  table  with  M  as  the  argument ;  and  the 
reduction  to  the  eoliptio  is  given  in  a  table  in  which  i  and  u  are  the 
trgameaU. 

33.  In  determining  the  place  of  a  heavenly  body  directly  from  ' 
the  elements  of  its  orbit,  there  will  be  no  necessity  for  computing  the 
reduction  to  the  ecliptic^  since  the  heliocentric  longitude  and  latitude 
may  be  readilj  found  by  the  formulie  (82).  When  the  heliocentric 
place  has  been  found,  we  can  easily  dedace  the  corresponding  geo- 
centric place. 

Let  x,y,zhe  the  rectangular  co-ordinates  of  the  planet  or  comet 
referred  to  the  centre  of  the  sun,  the  plane  of  xy  being  in  the  ecliptic. 
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the  poeiitve  axis  of  x  being  directed  to  the  vernal  eqatnox,  and  th« 
positive  axia  of  2  to  the  north  pole  of  the  ecliptic  Then  we  shall 
have 

z  ^  r  COS  &  COB  2, 

y^reoeb  tml, 

e  ^  r  sin  6. 

Again,  let  X,  Y,  Zhe  the  co-ordinates  of  the  centre  of  the  enn  re- 
ferred to  the  centre  of  the  earth,  the  plane  of  XY  being  in  the  eclip- 
tic, and  the  axis  of  X  being  directed  to  the  vernal  equinox;  and  let 
Q  denote  the  g«ocentric  longitude  of  the  sun,  R  its  distance  from 
the  earth,  and  2  its  latitude.    Then  we  shall  have 

X=  JJ  cos  ^  COS  O, 
y=ficosXBin0, 
Z=ReiuS. 

Let  a/,  y',  z*  be  the  co-ordinates  of  the  body  referred  to  the  centra  of 
the  earth;  and  let  i.  and  ^  denote,  respectively,  the  geocentric  lon^- 
tude  and  latitude,  and  J,  the  distance  of  the  planet  or  comet  frooL  &« 
earth.     Then  we  obtun 

a^  ^  J  cos  ^  cos  i., 

y'=iJ  eos^Ssin-i,  (87) 

a'  =  .Jsin^. 

But,  evidently,  we  also  have 

a/  =  ir-fX,  y'  =  y+r,  ^  =  s  +  Z, 

and,  consequently, 

J  coa^cosi:^rcos6  coei  +  flcoei^coflO, 

J  cos;3  sLni)  ^r  COS&  sinf  -]-  -K  cos^sinO)  (88) 

^  sin  ;3  ^  r  sin  6  -^  BeoiS. 

If  we  multiply  the  first  of  these  equations  by  cos  Oj  &nd  the  second 
by  sin  O,  and  add  the  products;  tlien  multiply  the  first  by  sin  O. 
and  the  second  by  ooe  O,  and  subtract  the  first  product  from  the 
second,  we  get 

JcoB/ScosC-l  —  O)=rco86c0B(/  —  0)-}-JJco8i', 

J  C06^  sinC-l  —  0)  =  r  cosi  sin  {I—  ©),  (89) 

J  sin  jS  =  r  sin  6  +  ii  ain  S. 

It  will  be  observed  that  this  transformation  is  equivalent  to  the  sup- 
position that  the  axis  of  x,  in  each  of  the  co-ordinate  systems,  is 
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diriicted  to  a  point  whose  longitude  ie  ©,  or  that  the  system  has  been 
revolved  about  the  axis  of  2  to  a  new  position  for  which  the  axis  of 
Abscissas  makes  the  angle  Q  with  that  of  the  primitive  system.  We 
may,  therefore,  in  general,  in  order  to  effect  such  a  transformatioQ  in 
eystems  of  equations  thus  derived,  simply  diminish  the  longitudes  by 
the  given  angle. 

The  equations  (89)  will  determine  X,  ^,  and  J  when  r.  b.  and  /  have 
been  derived  from  the  elements  of  the  orbit,  the  quantities  R,  0,  and 
£  being  furnished  by  the  solar  tables;  or,  when  J,  ^,  and  X  are  given, 
these  equations  determine  /,  b,  and  r.  The  latitude  2*  of  the  sun 
never  exceeds  +  0".9,  and,  therefore,  it  may  in  moat  cases  be  n^ 
lected,  so  that  cos  2* ^=  1  and  sin  S^O,  and  the  last  equations  become 

JcosiScosCA  —  Q)  =:  r  <xeb  cos{l  —  O)  +  B, 

J  cos  ^  Bin  (i  —  O )  =  r  COB  6  sin  (i  —  O),  (90) 

J  Bin  j9  ^  r  sin  i. 

If  we  suppose  the  axis  of  z  to  be  directed  to  a  point  whose  longi- 
tnde  is  J2,  or  to  the  ascending  node  of  the  planet  or  comet,  the  equa- 
tions (88)  become 

JcoBiScoB(i  — J1)=7-cosw-|-Bcob2cobCO  —ft), 

J  cos jJ  sin  (i  —  ft)  =  ±  r  sin  «  COB »  +  iJ  cos Z  sin  (Q  —  a),  (91) 

^  sin  j9  =       r  sin  u  sin  i  -|-  -^  sin  S, 

by  means  of  whidi  ^  and  X  may  be  found  directly  from  ft ,  t,  f*)  and  u. 
If  it  be  required  to  determine  the  geocentric  right  ascension  and 
dedioation,  denoted  respectively  by  a  and  S,  we  may  convert  the 
values  of  ^  and  X  into  tbose  of  a  and  8.  To  effect  this  transforma- 
tion, denoting  by  «  the  obliquity  of  the  ecliptic,  we  have 

CO8  ^  COB  a  =  COS  j9  cos  i, 

COB  i  sin  a  =:  cos  /?  sin  ^  cos  «  —  sin  j?  sin  r, 

tnaS  =  cos  ;9  sin  ^  sin  t  -f-  sin  j9  cos  •. 


Let  OS  now  take 


and  we  shall  have 


nsin  JV^sin^, 

n  COBiT=COS^B! 


COB  i  cos  n  ^  cos  ^  COB  'I, 

coad8in»^flcoB(JV-|-Oi 
BinJ  =nsin(JV+t). 
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Therefore,  we  obtain 

SUA  GosJy 

tan  S  ^  tan  {N  -(-  ■)  sin  a. 
We  also  have 

cos  {N  +  «) cos  ^  sin  a 

cobJV  cos  j9  sin  a 

vhich  will  serve  to  check  the  calculation  of  a  and  8.  Since  as  3  awl 
cos  ^  are  always  positive,  cos  a  and  cos  X  must  have  the  same  sign, 
and  thus  the  quadrant  in  which  a  la  to  be  takea,  is  determined. 

For  the  solution  of  the  inverse  problem,  in  which  a  and  d  are 
given  and  the  values  of  i  and  /9  are  required,  it  is  only  neoes8ar7  to 
interchange,  in  these  equations,  a  and  X,  d  and  ^,  and  to  write  —  e  in 
place  of  s. 

34.  Instead  of  pursuing  the  tedious  process,  when  several  places 
are  required,  of  computing  first  the  heliocentric  place,  then  the  geo- 
centric place  referred  to  the  ecliptic,  and,  finally,  the  geocentric  right 
ascension  and  declination,  we  may  derive  formuln  which,  when  cer- 
tun  constant  auxiliaries  have  once  been  computed,  enable  ua  to  derive 
the  geocentric  place  directly,  referred  either  to  the  ecliptic  or  to  the 
equator. 

We  will  first  consider  the  case  in  which  the  ecliptic  is  taken  as  the 
fundamental  plane.     Let  ue,  therefore,  resume  the  equstiooe 

y  =  rcosM, 

y'  =  ±  r  ain  «  cos  i, 

e*  =  r  eln  u  sin  i, 

in  which  the  axis  of  ;e  is  supposed  to  be  directed  to  the  ascending  node 
of  the  orbit  of  the  body.  If  we  now  pass  to  a  new  system  x,  y,  z, — 
the  origin  and  the  axis  of  z  remaining  the  same, — in  which  the  axis 
of  X  IB  directed  to  the  vernal  equinox,  we  shall  move  it  back,  in  a 
negative  direction,  equal  to  the  angle  Si,  and,  consequently, 

x  =  3^  COS  Si  — y*  sin  Si, 
y  =  !if  ein  SJ  +y'cos  ft. 

Therefore,  we  obtain 

x^r(cosu  COB  SI  T  sin u  cos  t  sin  £J ), 

y^r (± sinucosicos£}  -f-eosusinQ),  (93) 

s  ^  r  sin  u  sin  {, 
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which  are  the  expressioos  for  the  heliocentric  co-ordinates  of  a  planet 
or  comet  referred  to  the  ecliptic,  the  positive  axis  of  x  being  directed 
to  the  vernal   equinox.     The  upper  sign  is  to  be  used  when   the 
motion  is  direct,  and  the  lower  sign  when  it  is  retrograde. 
Let  US  now  put 

GOG  £2  '=  Bin  a  ein  ^, 
HpcosiBinS:i=einacos^, 

BinJJ=flin6BinB,  ^^^ 

±coa»coa£2  =flin6co8B, 

in  which  sin  a  and  sin  6  are  positive,  and  the  expressions  for  the  co- 
ordinates become 

a:  ^  r  sin  a  sin  (J  -|-  u), 

y  =  r  sin  6  Bin  (B  +  «),  (95) 

I  ^  r  sin  t  sin  u. 

The  auxiliary  quantities  a,  b,  A,  and  B,  it  will  be  observed,  are 
ItinctionB  of  £2  and  i,  and,  in  computing  an  ephemeris,  are  constant 
eo  long  as  these  elements  are  r^arded  as  constant.  They  are  called 
the  eontiatUgJoT  the  eeliptie. 

To  determine  them,  we  have,  &om  equations  (94), 


cot^^  +  tan  £2  coat,  cot£^  +  cot  £}  cost, 

008  £J  .    ,       Bin  £J 

Bma=^-i — T'  Bmo  =  -: — ^i 

Bin  A.  Binzi 


the  upper  sign  being  .used  when  the  motion  is  direct,  and  the  lower 
sign  when  it  is  retrograde. 

The  auxiliaries  sin  a  and  sin  6  are  always  positive,  and,  therefore, 
einA  and  cob  £i,  sin£  and  sin  Si,  respectively,  must  have  the  same 
signs.  The  quadrants  in  which  A  and  B  are  situated,  are  thus  deter- 
mined. 

From  the  equations  (94)  we  ea^y  find 

cos  o  =  Bint  sin  tl, 

co86=-sinico8ft.  (96) 

if  we  add  to  the  heliooentrio  co-ordinates  of  the  body  the  co-ordi- 
nates of  the  son  referred  to  the  earth,  for  which  the  equations  have 
already  been  ^ven,  we  shall  have 

a!-f-X=Jco8^cosi, 

y+  Y=JcoapKni,  (97) 
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whiob  suffice  to  determioe  i,  ^,  and  4.  The  values  of  a.  and  8  may 
be  derived  £rom  these  by  means  of  the  equations  (92). 

35.  We  shall  now  derive  the  formulte  for  determiniDg  a  and  9 
directly.  For  thU  purpose,  let  x"y"p"\:>s  the  heliocentric  cs-ordinates 
of  the  body  referred  to  the  equator,  the  positive  axis  of  x  being 
directed  to  the  vernal  equino:i.  To  pass  from  the  system  of  co- 
ordinates referred  to  the  ecliptic  to  those  referred  to  the  equator  as 
the  fundamental  plane,  we  must  revolve  the  system  ni^tively  around 
the  axis  of  as,  so  that  the  axes  of  z  and  y  in  the  new  system  make 
the  angle  e  with  those  of  the  primitive  system,  e  being  the  obliquity 
of  the  ecliptic     In  this  case,  we  have 

«/'  =  «, 

y"  ^  y  cos  r  —  taiat, 

*"  =  y  sin  c  +  ff  cos  t, 

Sabetituting  for  x,  y,  and  z  their  valuee  irom  equations  (93),  and 
omitting  the  aoceuts,  we  get 

x^rcoauG08(i  q:rBinucosiBio£2, 

y^r  cosusinf}  cob r -|- *■  sin «C±  cost  cos  JJ  cos* — sinisin*))     (98) 

i^r  cosusin(}  8in«-|-rsinu(±coBi  cob  (J  sine -f-slni cos*). 

These  are  the  expressions  for  the  helioceDtric  co-ordinates  of  the 
planet  or  comet  referred  to  the  equator.  To  reduce  them  to  a  caa- 
venient  form  for  numerical  calculation,  let  ua  put 

COB  A  ^  sin  a  ninA, 

qp  cost  sin  R  =8inoooB^, 

sin  A  cos  c  ^  sin  b  sin  B, 

±  COS  i  COB  {J  cos  *  —  sin  i  sin  e  =  sin  6  CM  B, 

sin  Si  sin  c  ^  siii  0  sin  C, 

±  COB  t  cos  JJ  sin  s  -|-  sin » COB  e  :^  sin  c  cos  C; 

and  the  expressions  for  the  co-ordinates  reduce  to 

X  ^  r  sin  a  sin  (A  -|-  u), 

y  =  r  sin  ft  sin  (5  +  «),  (100) 

8  ^  r  sin  c  ain  (  C  +  u). 

The  auxiliary  quantities,  a,  h,  o,  A,  B,  and  C,  are  constant  so  long 
as  Si  and  i  remain  unchanged,  and  are  called  amManta  for  tlu  eguaior. 

It  will  be  observed  that  the  equations  involving  a  and  A,  regard- 
ing the  motion  as  direct,  correspond  to  the  relations  between  the 
parts  of  a  quadrantal  triangle  of  which  the  sides  are  t  and  a,  the 


(99) 
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angle  included  between  these  sides  being  that  which  we  designate  hj 
A,  and  the  angle'  opposite  the  «de  o  being  90"  —  (1.  In  the  case 
of  b  and  B,  the  relations  are  those  of  the  parts  of  a  spherical  triangle 
of  which  the  sides  are  b,  i,  and  90°  +  a,  B  being  the  angle  included 
by  t  and  6,  and  180°  —  ft  the  angle  opposite  the  side  6.  Further, 
in  the  case  of  o  and  C,  the  relations  are  those  of  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  e,  i,  and  e,  the  angle  C  being 
that  included  by  the  sides  i  and  o,  and  180°  —  Si  that  included  by 
the  sides  t  and  f.  We  have,  therefore,  the  following  additional 
equations : 

COB  a  .^  sin  t  sin  Si, 

cos  6  =  ^ —  COS  SJ  sin  t  cos  t  —  cob  t  sin  t,  (101) 

cos  e  =  —  COS  Si  sin  *  Bin  >  -j-  cos  t  cos  *. 

In  the  case  of  retrograde  motion,  we  must  substitute   in  these 
180"  —  t  in  place  of  i. 

^The  geometrical  signification  of  the  auxiliary  constants  for  the 
equator  ia  thus  made  apparent.  The  angles  a,  b,  and  o  are  Aose 
which  a  line  drawn  from  the  origin  of  co-ordinates  perpendicular  to 
the  plane  of  the  orbit  on  the  north  side,  makes  with  the  positive  co- 
ordinate axes,  respectively ;  and  A,  B,  and  C  are  the  angles  which 
the  three  planes,  jmssing  through  this  line  and  the  co-ordinate  axes, 
make  with  a  plane  passing  through  this  line  aud  perpendicular  to  the 
line  of  nodes. 

In  order  to  &dlitate  the  computation  of  the  constants  for  the 
equator,  let  ns  introduce  another  auxiliary  quantity  E^  such  that 

sint^e,  sin^ 
±  cos i  cos  ft  =e,cofl^ 

1^  being  always  positive.     We  shall,  therefore,  have 


Since  both  <aand  sin*  are  positive,  the  angle  E,  cannot  exceed  180°; 
and  the  algebraic  sign  of  tan  E^  will  show  whether  this  angle  is  to 
be  taken  in  the  first  or  second  quadrant. 
The  first  two  of  equations  (99)  give 

coiA  ^=  +  tan  ft  cost; 
and  the  first  gives 

cosft 
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From  the  fourtli  of  equationa  (99),  introducing  e,  and  I^  we  get 
ein6cMjB  =  eoCOfl^coB«  — «^ein^Bin«  =  ^oo8(i;  +  «), 
Bia6einj5:=sin  (}  cost; 


But 

dierefore 


oft*       cofl«  tanficoei;  oos«      ' 


We  have,  alBO, 

8in£ 
In  a  eimilar  manner,  we  find 

cot  C=  ± ^ >°(-^  +  ') 

tan£2cofl£;  sint      ' 

and 

Bin  0     ' 

The  auxiliariea  ain  a,  sin  6,  and  ein  o  are  alwaya  positive,  and,  thaw- 
fbra,  Bin  J.  and  coa  Q,  ainB  and  ein  SJ,  and  also  sinC  and  sin  Q, 
moat  have  the  same  signs,  which  will  determine  the  quadrant  in 
which  each  of  the  aisles  A,  S,  and  Ob  situated. 

If  we  mnlfjply  the  last  of  equations  (99)  by  the  third,  and  the 
fifth  of  these  equ^ous  by  the  fourth,  and  subtract  the  first  prodoct 
from  the  last,  we  get,  by  reduction, 

sinisinoainCt?— B)  =  — sintain  a. 
fint 

sin  a  COB  J.  =  T  coeiun  fi; 

and  hence  we  derive 

ain(sineBin(C — B) 


aioacoaA 


:tan«^ 


which  serves  to  check  the  accuracy  of  the  numerical  oomputation  of 
the  conatejite,  einoe  the  value  of  tan  i  obtained  from  this  formala 
must  agree  exactly  with  that  used  in  the  calculation  of  the  valum  of 
these  oonatant8.(V'^  A"*"**^'  8't  6-*u^  i~Cr<0- 

Uwe  pxitA'  =  A±7i^  a,B'  =  B±it^:  a,Bxida=G±a 
7  fi,  the  upper  or  lower  sign  beiog  used  according  as  the  motion  is 
direct  or  retrograde,  we  shall  have 
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iasin{A' -i-v),       I  '  '• 

iftsinCB'  +  e),  (102) 

a  transformationi^nicli  is  perhaps  unnecessary,  buy wbich  is.con- 
venieot  when  a  series  of  places  is  to  be  computed. 

It  will  be  obeerved  that  the  formulte  for  computing  the  constants 
a,b,c.  A,  B,  and  C,  in  the  case  of  direct  motion,  are  converted  into 
those  for  the  case  in  which  the  distinction  of  retr<^rade  motion  a 
adopted,  by  simply  using  180°  —  i  instead  of  %, 

36.  When  the  heliocentric  co-ordinates  of  the  body  have  been 
fimnd,  referred  to  the  equator  as  the  fundamental  pUne,  if  we  add  to 
these  the  geocentric  co-ordinates  of  the  sun  referred  to  the  same 
iundamental  plane,  the  sum  will  be  the  geocentrio  co-ordinates  of 
the  body  refeired  also  to  the  equator. 

For  the  00  ordinates  of  the  eun  referred  to  the  centre  of  the  earth, 
we  have,  neglecting'the  latitude  of  the  sun, 

X=Bcoe0, 

Y=-Rt\n  0  COB*,. 

Z  =  Ji  Bin  O  flin  e  =  Ftan  t, 

in  which  R  represents  the  radius-vector  of  the  earth,  Q  the  sun's 
longitude,  and  e  the  obliqirity  of  the  ecliptic. 
We  shall,  therefore,  have 

a  +  X  ^  J  COB  a  cos  », 

y-f-  r=  Jcosaaina,  (103) 

X  -j-  Z=  Jeina, 

which  sufBce  to  determine  a,  $,  and  J. 

If  we  have  r^ard  to  the  latitude  of  the  sun  in  computing  its  geo- 
centric co-ordinates,  the  formulce  will  evidently  become 

X^  iJ  cos  0  COB  S, 

y^Jlsin  0  coa^coBi  —  AsinTBint,  (104} 

Z^£ain0  cos  2' sine  -{- £  sin  2  cos  t, 

in  which,  since  2"  can  never  exceed  ±  0".9,  cos  ^  ia  very  nearly 
equal  to  1,  and  sin  £=  S, 

The  longitudes  and  latitudes  of  the  sun  may  be  derived  from  a 
solar  ephemeris,  or  from  the  solar  tables.  The  principal  astronomical 
ephemerides,  anch  as  the  Berliner  AatronoTmachea  Jakrbuch,  the 
Nautieal  Abnmiaf,  and  the  American  Ephemeris  and  Nautical  Al- 
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manac,  contaia,  for  each  year  for  which  they  &re  pnbluihed,  the 
equatorial  co-ordinatea  of  the  sua,  referred  both  to  the  mean  equinox 
and  equator  of  the  begiuuing  of  the  year,  and  to  the  apparent  equinox 
of  the  date,  taking  into  account  the  latitude  of  the  Bun. 

^  37.  In  the  case  of  an  elliptic  orbit,  we  may  detonnine  the  oo- 
ordinatcs  directly  from  the  eccentric  anomaly  in  the  following 
Qianner: — 

The  eqnatiom  (102)  give,  accenting  the  letterB  a,  b,  and  c, 

ar=rcoat>BinQi'Bin^'  +  rflint'siDa'co«j4', 
j(  =  r  cose  Bin  i' sin  £*  +  r  sin  ©Bins' cosB', 
f  =:  r  COB  V  Bin  c'  Bin  C"  +  r  sin  v  sin  i/  cos  C. 

NoWfBinoe  »'ooeti  =  aco8£ — a«,and  r8in»  = 
have     *'B''^*  -'^  iwta'*"<l]'  ♦  ae*'f  »i-t 

«  =  oBina'8inj4'co8E  — iWBino'flin^'  -\-  a  cm  ip  eia  a'  cot  A'  sia  f^ 
jf  =:aiin  b'  BiaB'  cos  E  ^  ae  Biab'  BinB'  -f  ocoB7Bin6'GosJ3'siD£^ 
>  =  a  Bin  e*  sin  C"  cos  £ — ae  sin  </ sin  (T*  -|-aoosf  sin</coBC8in£ 

Let  as  now  pot  ajw  a'  .  k^ 

a  cos  {T  sin  a' cos  J.' =  ^  COB  Xg  s«^n<   ,-,j,t., 

a  Bin  a' sin  >d' =  J,  sin  ilfu 

ocoBf  Binfi'coaB'  =  -l,cOBi:^  *j*fftb'»*7 

a  Bin fc' sin 5- =  i, sin 4,  S*"'*'!>1    »^fe-^*)l 

-a«Binfi'BinB'  =  — 6l,ain4  =  ^,i         ^ 
o  COB  f  sin  e'  COB  C  =  -l,  cos  L„  *■  *  •^tl  i  *t 

aBlnc'BinC"  =  .l,sinIto  *«C'. ,«  fc.^ 

—  <i«  Bin  </  Bin  (T'  =  —  ei,  sin  X,  =  v, ; 

in  which  sin  a',  sin  6',  and  sin  e'  have  the  same  values  as  in  equattons 
(102),  the  accents  being  added  simply  to  mark  the  neoenary  dis- 
tioction  in  the  notation  employed  in  these  formulte.  We  shall, 
therefore,  have 

;r  =  ;,  sin  (i. +  -£)  +  »-., 

S  =  J,  sin  (i, +  £)  +  .„  (105) 

»  =  ^,  sin  (i.  +  E)  +  v.. 

By  means  of  these  formnlte,  the  co-ordinates  are  foond  direotly 
from  the  eccentrio  anomaly,  when  the  constants  A,,  ^  ^,  j^  Xy,  2^ 
v^  Vj^  and  v„  have  been  computed  from  those  already  found,  or  from 
a,  6,  0,  A,  B,  and  C.    This  method  is  very  convenient  when  a  great 
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number  of  geocentric  places  are  to  be  computed ;  but,  wben  00)7  a 
few  places  are  required,  the  additional  labor  of  computiag  bo  many 
auziliaiy  quantities  will  not  be  compenaatcd  by  the  &cility  afforded 
in  tbe  numerical  calculation,  when  tbese  conatantA  have  been  deter- 
mined. Further,  when  the  ephemeria  is  intended  for  the  comparison 
of  a  series  of  observations  in  order  to  determine  the  corrections  to  be 
applied  to  the  elements  by  means  of  the  differential  formulie  which 
we  Bhall  investigate  in  the  following  chapter,  it  will  always  be  ad- 
visable to-  compute  the  co-ordinates  by  means  of  the  radios-vectw 
and  tme  anomaly,  since  both  of  these  quantities  will  be  required  in 
finding  tbe  differential  coefficients. 

38.  In  the  case  of  a  hyperbolic  orbit,  the  co-ordinates  may  be  com- 
pated  directly  from  F,  since  we  have 

rcosf^aCfi  —  sec  J"), 
r  sin  tr  ^  a  tan  4  tan  F; 
and,  consequently, 

x  =^  oe  sin  a'  sin  ^'  —  a  see  f  sin  d  ain  A'  -\-a  tan  4  tan  J* sin  a'  cos^', 
jr  =  ae  Bin  6'  ein  £'  —  a  sec  J*  sin  £'  sin  f  -|-  <i  tan  4  tan  J*  sin  ^  coiS, 
x  =  aesmt!  tAnC  — a  sec  J*  sin  i/ sin  C"  -|-  a  tan  4  tan  J"  sine' cos  (?'. 

Let  us  now  pot 

oe  sin  a' sin  J.' :=  J„ 

—  a  sin  a'  sin  A'  =:  ;i„ 
a  tan  4  sin  a!  cos  A'  ^v^; 

aetmb'  aiaS  =  i-,, 

—  aein6'8in£'  =  ri„ 
a  tan  4  sin  &' cos  £*  =  V, ; 

aesiaii  svaC  =  X„ 

—  o  sin  c'  sin  C'  =^i^, 
a  tan  4  sin  c*  cos  C"  ^  v,. 

Then  we  shall  have 

^  =  i,  +  ;i,  sec  F  +  V,  tan  j; 

y  =  i,  -I-  /I,  sec  J"  +  y,  tan  J",  (IMj 

s  =  i,  -{-  /I,  Bee  J*  +  V,  tan  J". 

In  s  similar  manner  we  may  derive  expressions  for  the  co-ordinates, 
in  the  case  of  a  hyperbolic  orbit,  when  the  anxiliary  quantity  a  is 
used  instead  of  F. 

39.  If  we  denote  by  ;r',  Si,',  and  t'  the  elements  which  determine 
the  position  of  the  orbit  in  space  when  referred  to  die  equator  aa  the 
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fiindamental  plane,  md  by  a^  the  angalar  distance  between  tbe 
ascending  node  of  the  orbit  on  the  ecliptio  and  its  asceoding  node  on 
the  equator,  being  measnred  podttTely  ironi  the  eqnator  in  the 
direction  of  the  motion,  we  shall  have 

«'  =  *-£!  + £!'  +  ».. 

To  find  Q'  and  t',  we  have,  from  the  epberical  triangle  formed  by 
the  intersection  of  the  planea  of  tlie  orbit,  ecliptic,  and  equator  with 
the  celestial  vault,  ^. 

.„...::-.^;.^..,^''"  "  ...  ^ 

*■-■"  Bini'coa  Q'^coB 

Let  OS  now  put 
^sw'-iO,  nBinJf=cos*, 

I  ...     ,  ncos/r=Bintco8  £J, 


.  iijJji  -<At  *"  <uid  these  eqnatJons  reduce  to 


COS  t' =  n  sin  C?/* — Oi 
sin»*  BinSi'  =HiDtBin  £i,       xn'^' 
8in^coBii'  =  nco8(J?' — OS'kSw''- 
from  which  we  find 


W  .      »r       cot*  I  J  ,      _,  cos^ 

^  ;*.cot*'itL(jf-.)cosa'.  *tio7) 

Since  sin  »  is  always  positive,  cos  JV  and  cos  £2  tamst  have  the  same 
dgns.    To  prove  the  numerical  calculation,  we  have 

TA    sintcoeJJ  coeN 


c    sint'coe£i'       COB  (JV — «) 

die  value  of  the  second  member  of  which  must  agree  with  that  uwd 
incompDtingn'' 

In  order  to  find  ai„  we  have,  from  the  same  triangle^    . 


Binw. 

Bin 

.'  =  n»a.in.. 

00.  » 

rin 

r  =  coe>aiiii  + 

sin 

fcoa 

ooe 

a. 

Let 

08  now  take 

™9iliJf=coe., 

•nd 

we 

obtain 

mcoilf=siii< 

coe 

a; 
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cot  Jf  =  tan  t  COB  £2, 

cosJf      ,      , 
tan  at,  =  — j.^ — IT  tan  S 

■       C06  {M —  t) 

•nd,  also,  t<i  check  the  calculation, 


eoaJi'ein^CJl'  +  <u„)  — ain^Jl  co9i(t  — 0. 
cosit'  cmUSJ'  +  %)  =  coB^  Ji  coai  Ct  +  «), 
ainit'ain  j(JJ'  —  mj  =8inaQ  sin^(t  —  «). 
ainJi'coaiCQ'  — B,)  =  cc»iSiBm^(t  +  t). 


(109) 


The  quadrant  in  which  ^  £2 '  +  Oo)  or  }  ( £^  —  c«)  is  sitnated,  must  be 
BO  taken  that  eiu  )t'  and  cos  Jt'  shall  be  positive ;  and  the  i^reement 
of  the  values  of  the  latter  two  quantities,  computed  by  means  of  the 
value  of  ii'  derived  iirom  tan  Jt',  will  serve  to  check  the  accuracy  of 
the  numerical  calculation. 

For  the  case  in  which  the  motion  is  regarded  as  retrograde,  we 
most  use  180°  —  i  instead  of  t  in  these  equations,  and  we  have,  also. 

We  may  thiia  find  the  elements  n',  Q ',  and  t',  in  reference  to  the 
equator,  from  the  elements  referred  to  the  ecliptic ;  and  using  the 
elements  so  found  instead  of  tt,  £2,  and  i,  and  using  also  the  places 
of  the  sun  referred  to  the  equator,  we  may  derive  the  heliocentric 
and  geocentric  places  with  respect  to  the  equator  by  means  of  the 
tbrmulie  already  given  for  the  ecliptic  as  the  fundamental  plane. 

If  the  position  of  the  orbit  with  respect  to  the  equator  is  given, 
and  its  position  in  reference  to  the  ecliptic  is  required,  it  is  only 
necessary  to  interchange  Si  and  ft',  as  well  as  t  and  180°  —  %',  s 
]-emaiuing  uuchanged,  in  these  equations.  These  formulae  may 
also  be  used  to  determine  the  position  of  the  orbit  in  reference  to 
any  plane  in  space;  but  the  longitude  Q  must  then  be  measured 
from  the  place  of  the  descending  node  of  this  plane  on  the  ecliptic. 
The  value  of  ft,  therefore,  which  must  be  used  in  the  solution  of  the 
equations  is,  in  this  case,  eqnal  to  the  longitude  of  the  ascending 
node  of  the  orbit  on  the  ecliptio  diminished  by  the  longitude  of  tlie 
deecendiug  node  of  the  new  plane  of  reference  on  the  ecliptic.  The 
quantities  ft',  t',  and  ^o^  will  have  the  same  signiScation  in  reference 
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to  this  plane  that  they  have  in  reference  to  the  equator,  with  this  dis- 
tinction, however,  that  Si'  is  measured  from  the  descending  node  of 
thin  new  plane  of  reference  on  the  ecliptic ;  and  e  will  in  this  case 
denote  the  inclination  of  the  ecliptic  to  this  plane. 

40.  We  have  now  derived  all  the  formulae  which  can  be  required 
in  the  case  of  undisturbed  motion,  for  the  computation  of  the  helio- 
centric or  geocentric  place  of  a  heavenly  body,  referred  either  to  the 
ecliptic  or  equator,  or  to  any  other  known  plane,  when  the  elements 
of  its  orbit  are  known ;  and  the  formnls  which  have  been  derived 
are  applicable  to  every  variety  of  conic  section,  thus  including  all 
possible  forms  of  undisturbed  orbits  consistent  with  the  law  of  uni- 
versal gravitation.  The  circle  is  an  ellipse  of  which  the  eccentricily 
is  zero,  and,  consequently,  M^  p  =  w,  and  r  =  a,  for  every  point  of 
the  orbit.  There  is  no  instance  of  a  circular  orbit  yet  known ;  but 
in  the  case  of  the  discovery  of  the  asteroid  planets  between  Mars 
and  Jupiter  it  is  sometimes  thought  advisable,  in  order  to  facilitate 
the  identification  of  comparison  stars  for  a  few  days  succeeding  the 
discovery,  to  compute  circular  elements,  ajid  from  these  an  ephemeris. 

The  elements  which  determine  the  form  of  the  orbit  remain  con- 
stant so  long  as  the  system  of  elements  is  regarded  as  unchanged ; 
but  those  which  determine  the  position  of  the  orbit  in  space,  w,  (J, 
and  i,  vary  from  one  epoch  to  another  on  account  of  the  change  of 
the  relative  position  of  the  planes  to  which  they  are  referred.  Thus 
the  inclination  of  the  orbit  will  vary  slowly,  on  account  of  the  change 
of  the  position  of  the  ecliptic  in  space,  arising  fiom  the  perturbations 
of  the  earth  by  the  other  planets;  while  the  longitude  of  the  peri- 
helion and  the  longitude  of  the  ascending  node  will  vary,  both  on 
account  of  this  change  of  the  position  of  the  plane  of  the  ecliptic, 
and  also  on  account  of  precession  and  nutation.  If  n,  Q,  and  i  are 
referred  to  the  true  equinox  and  ecliptic  of  any  date,  the  resulting 
heliocentric  places  will  be  referred  to  the  same  equinox  and  ecliptic; 
and,  further,  in  the  computation  of  the  geocentric  places,  the  longi- 
tudes of  the  sun  must  be  referred  to  the  same  equinox,  so  that  the 
resulting  geocentric  longitudes  or  right  ascensions  will  also  be  re- 
ferred to  that  equinox.  It  will  appear,  therefore,  that,  on  account 
of  these  changes  in  the  values  of  tt,  fj,  and  i,  the  auxiliaries  sin  a, 
sin 6,  sine.  A,  B,  and  C,  introduced  into'  the  formulie  for  the  co- 
ordinates, will  not  be  constants  in  the  computation  of  the  places  for 
a  series  of  dates,  unless  the  elements  are  referred  constantly,  in  the 
calculation,  to  a  fixed  equinox  and  ecliptic.     It  is  customary,  there- 
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Care,  to  reduce  the  elemente  to  the  ecliptic  aod  mean  equinox  of  the 
b^lDDiDg  of  the  year  for  which  the  ephemeris  is  required,  and  then 
to  compute  the  places  of  the  planet  or  comet  referred  to  this  equinox, 
asing,  in  the  case  of  the  right  ascension  and  declination,  the  mean 
obliquity  of  the  ecliptic  for  the  date  of  the  fixed  equinox  adopted,  in 
the  computation  of  the  auxiliary  constants  and  of  the  co-ordinatcv 
of  the  sun.  The  places  thus  found  may  be  reduced  to  the  true 
equinox  of  the  date  by  the  Tvell-known  formulae  for  precession  and 
nutation.  Thus,  for  the  reduction  of  the  right  ascension  and  declina- 
tion from  the  mean  equinox  and  equator  of  the  b^inning  of  the 
year  to  tbe-oppnront  or  true  equinox  and  equator  of  any  dat«,  usually 
the  date  to  vhich  the  oo-ordinates  of  the  body  belong,  we  liave 
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for  which  the  quantities/,  g,  and  O  are  derived  from  the  data  given 
either  in  the  solar  and  lunar  tables,  or  in  astronomical  ephemeridea, 
BQch  as  have  already  been  mentioned. 

*The  problem  of  reducing  the  elements  from  the  ecliptic  of  one 
date  t  to  that  of  another  date  ('  may  be  solved  by  means  of  equations 
(109),  making,  however,  the  necessary  distinction  in  regard  to  the 
point  from  which  Si  and  Si'  are  measured.  Let  d  denote  the  longi- 
tude of  the  descending  node  of  the  ecliptic  of  f  on  that  of  (,  and 
Itit  7  denote  the  angle  which  the  planes  of  the  two  ecliptics  make 
with  each  other,  then,  in  the  equations  (109),  instead  of  £}  we  must 
write  Si — $,  and,  in  order  that  Si'  shall  be  measured  from  the 
vernal  equinox,  we  must  also  write  Si'  —  9  in  place  of  Si'.  Finally, 
we  most  write  5  instead  of  e,  and  im  for  <o„  which  is  the  vanatioo 
in  the  value  of  at  in  the  interval  t'  —  ton  account  of  the  change  of 
the  position  of  the  ecliptic;  then  the  equations  become 

cosKBinJCSi'  — *+A")=8ini(ft— '')«wj(*  — 5). 
co8K«»iC(l'-*  +  4<«)=co8i(fl-fl)oosKi  +  >j)-     ,,,,, 
smit'sinHii'-0-4«)  =  8ini(ft-ff)8ini(i-,),     ^"^' 
BinifcosiCa'  — »  — a")  =  co8i(ft-*)"'»iCi^-'/)■ 
These  equations  enable  us  fo  determine  accurately  the  values  of  Si', 
i',  and  &(ii,  which  give  the  position  of  the  orbit  in  reference  to  the 
ecliptic  corresponding  to  the  time  (',  when  6  and  ^  are  known.     The 
longitudes,  however,  will  still  be  referred  to  the  same  mean  equinox 
as  before,  which  we  suppose  to  be  t'lat  of  (;  and,  in  order  to  refer 
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them  to  the  mean  equinox  of  the  epoch  C,  the  amount  of  the  pre- 
cession in  longitude  during  the  interval  t'  —  t  must  also  be  applied. 

If  the  changes  in  the  values  of  the  elements  are  not  of  consid^- 
able  m^nitude,  it  will  be  unneceasary  to  apply  these  rigorous  formulie, 
and  we  may  derive  others  sufBciently  exact,  and  much  more  con- 
venient in  application.  Thus,  &om  the  spherical  triangle  formed  by 
the  intersection  of  the  plane  of  the  orbit  and  of  the  planes  of  the 
two  ecliptics  with  the  celestial  vault,  we  get 

sin i;  COB  (£1  — *)  =  —  COB f  sin i  +  sin t'  coaicos  aw, 

from  which  we  easily  derive 

sinC**  —  t)  =8ini)C0B(Jl  — *)  +  Ssint'cosisin'^Aai.        (112) 

We  have,  further, 

sin  Aw  sin  t"  ^  sin  ^  sin  ({}  —  9), 
or 

.»».  =  . in,  2il|^.  (113) 

We  have,  also,  from  the-  same  triangle, 

sin  Aatcosi'  =  — C08(Ji  — tf)Bin  (fl'  —  #) 

-f- si.  (ft  -  tf)  cos  (ft' -  (?)  C0B1J, 

which  givee 

Bin  (SJ'  —  SJ)  =  —  Bin  Aw  cost'  —  2  sin  (SJ  —  ff)  cos  (Si'  —  C)  sin"  J^, 

or 

sin  (  ft'  —  Jl )  =  —  sin  ^  BID  ((i  —  *)  cot  i* 
—  2  sin  (a  —  ff)  COB  (a'  —  tf)  sin'  ^7.  (114) 

Finally,  we  have 

Since  1;  is  very  small,  these  equations  ^ve,  if  we  apply  also  the  pre- 
O3ssion  in  longitude  so  as  to  reduce  the  longitudes  to  the  mean  equinox 
of  the  date  i', 
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in  which  —  is  the  annual  precession  in  longitude,  and  in  which 
s  =  206264" .8.  In  most  cases,  the  last  terms  of  the  expressions  for 
*',  £i ',  and  n",  being  of  the  second  order,  may  be  neglected. 

For  the  case  in  which  tl>e  motion  is  r^uded  as  retrograde,  we 
must  put  180°  —  i  and  180"  —  »',  instead  of  i  and  »',  respectively,  in 
the  equations  for  Aoi,  t',  and  Q,';  and  for  j:',  in  this  case,  we  have 

>t'— it  =  a'— ft— aa., 
"which  gives 

T'  =  «  +  (C-()-^-^8in{a-fl)tanit'-il'Bin2CSi-*). 

If  we  adopt  Bessel's  determination  of  the  luni-solar  preceaeion  and 
of  the  variatjon  of  the  mean  obliquity  of  the  ecliptic,  we  have,  at  the 
time  1750  +  r, 

-^  =  50".21129  +  0."0002442966r, 

^  =   0".48892  —  0."0O0006143r, 

at 

and,  consequently, 

■n  =  (0."48892  —  0."OOQ00Q143r)  (C  —  0 ; 

and  in  the  oompntation  of  the  values  of  these  quantities  we  most  put 
r  =  J(i'+()  — 1750,  t  and  t'  being  expressed  in  years. 

The  longitude  of  the  descendii^  node  of  the  ecliptic  of  the  time  ( 
on  the  ecliptic  of  1760.0  is  also  found  to  be 

361°  36'  ir  —  5".21  (( — 1750), 

which  is  measured  from  the  mean  equinox  of  the  banning  of  the  year 
1750. 

The  longitude  of  the  descending  node  of  the  ecliptic  of  t'  on  that 
of  t,  measured  from  the  same  mean  equinox,  is  equal  to  this  value 
diminished  by  the  augular  distance  between  the  descending  node  of 
the  ecliptic  of  t  on  that  of  1750  and  the  descending  node  of  the 
ediptic  of  t'  on  that  of  t,  which  distance  is,  neglecting  terms  of  the 
second  order, 

5".21(f— 1750); 
and  the  resnlt  is 

861°  36'  10"—  5".21  (( — 1750)  —  5".21(C— 1750), 
or 

861"  86'  10"  - 10".42  (t  - 1750)  -  5".21  (C  —  0. 
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To  reduce  this  longitude  to  the  mean  equinox  at  the  time  I,  we  must 
add  the  general  precesaioa  during  the  interval  t  — 1750,  op 

50".21((  — 1760), 
BO  that  we  have,  finally, 

tf  =  851  <■  86'  10"  +  39".79  (i  —  1760)  —  6".2I  if  —  ()- 

When  the  elements  j:,  $},  and  i  have  been  thus  reduced  from  tha 
ecliptic  and  mean  equinox  to  which  they  are  referred,  to  those  of  the 
date  for  which  the  heliocentric  or  geocentric  place  ia  required,  they 
may  be  referred  to  the  apparent  equinox  of  the  date  by  applying  tha 
nutation  in  longitude.  Then,  in  the  case  of  the  determination  of  the 
I'ight  ascension  and  declination,  asing  the  apparent  obliquity  of  the 
ecliptic  in  the  computation  of  the  co-ordinates,  we  directly  obtain  the 
place  of  the  body  referred  to  the  apparent  equinox.  But,  in  com- 
muting a  series  of  places,  the  changes  which  thus  take  place  in  the 
fjlenicatB  themselves  from  date  to  date  induce  corresponding  changea 
in  the  auxiliary  quantities  a,  b,  c,  A,  B,  and  C,  so  that  these  are  no 
longer  to  be  considered  as  constants,  but  as  continually  changing  their 
.  values  by  small  differences.  The  differential  formulte  for  the  com- 
putation of  these  changes,  which  are  easily  derived  from  the  equations 
(99),  will  be  given  in  the  next  chapter;  but  they  are  perhaps  unneces- 
sary, since  it  is  generally  moat  convenient,  in  the  cases  which  occur,  to 
compute  the  auxiliaries  for  the  extreme  dates  for  which  the  ephemeria 
is  required,  and  to  interpolate  their  values  for  intermediate  dates. 

It  is  advisable,  however,  to  reduce  the  elements  to  the  ecliptic  and 
mean  equinox  of  the  beginning  of  the  year  for  which  the  ephemeria 
is  required,  and  using  the  mean  obliquity  of  the  ecliptic  for  that 
epoch,  in  the  computation  of  the  auxiliary  constants  for  the  equator, 
the  resulting  geocentric  right  ascensions  and  declinations  will  be 
referred  to  the  same  equinox,  and  they  may  then  be  reduced  to  the 
apparent  equinox  of  the  date  by  applying  the  corrections  for  preces- 
sion and  nutation. 

The  places  which  thus  Tes\i[t  are  free  from  paraUca:  and  aherraUon. 
In  comparing  observations  with  an  ephemeria,  the  correction  for  par- 
allax is  applied  directly  to  the  observed  apparent  places,  since  this 
correction  varies  for  dififerent  places  on  the  earth's  surface.  The  cor- 
rection for  aberration  may  be  applied  in  two  different  modes.  We 
may  subtract  from  the  time  of  observation  the  time  in  which  the 
light  from  the  planet  or  comet  reaches  the  earth,  and  the  true  place 
for  this  reduced  time  is  identical  with  the  apparent  place  for  the  time 
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of  observation ;  or,  in  case  we  know  the  daily  or  hourly  motion  of 
the  body  in  right  ascension  and  declination,  we  may  compute  the 
motion  during  the  interval  which  is  required  for  the  light  to  pass 
from  the  body  to  the  earth,  which,  being  applied  to  the  observed 
place,  gives  the  true  place  for  the  time  of  observation. 

"We  may  also  include  the  aberration  directly  in  the  ephemeris  by 
using  the  time  t  —  497*. 78  J  in  computing  the  geocentric  places  for 
the  time  t,  or  by  subtracting  from  the  place  free  from  aberration,  com- 
puted for  the  time  t,  the  motion  in  a  and  d  during  the  interval 
497'.78J,  in  which 'expression  ^  is  the  distance  of  the  body  from  tht 
earth,  and  497.78  the  number  of  seconds  in  which  light  traverses  the 
mean  distance  of  the  earth  from  the  eun. 

It  is  customary,  however,  to  compute  the  ephemeris  free  from 
aberration  and  to  subtract  the  lime  of  aberration,  497'.78^,  from  the 
time  of  observation  when  comparing  observations  with  an  ephemeris, 
according  to  the  first  method  above  mentioned.  The  places  of  the 
sun  used  in  computing  its  co-ordinates  must  also  be  free  from  aberra- 
tion; and  if  the  longitudes  derived  from  the  solar  tables  include 
aberration,  the  proper  correction  must  be  applied,  in  order  to  obtain 
the  true  longitude  required. 

41.  Examples. — We  will  now  collect  together,  in  the  proper 
order  for  numerical  calculation,  some  of  the  principal  formula  which 
have  been  derived,  and  illustrate  them  by  numerical  examples,  com- 
mencing with  the  case  of  an  elliptic  orbit.  Let  it  be  required  to  find 
the  geocentric  right  ascension  and  declination  of  the  planet  Earynome 
®,  for  mean  midnight  at  Washington,  for  the  date  1865  Februaiy 
24,  the  elements  of  the  orbit  being  as  follows: — 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=     1"  29'  40".21 

.=   44   20^3.09-1    Ecliptic  and  Mean 
"=206   42  40  .13  V^qi,,  1864.0. 
i=     4   36  50  51 J    ^ 
<p=   11    15  61  02 
loga  =  0.3881319 
log;.  =  2.9678088 
^  =  928".5574i>     „ 

>\'hen  a  series  of  places  is  to  be  computed,  the  first  thing  to  oe 
done  is  to  compute  the  auxiliary  constants  used  in  the  expressions  for 
the  co-ordinates,  and  although  but  a  single  pi  ue  is  required  in  the 
problem  proposed,  yet  we  will  proceed  in  this  manner,  in  order  to 
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exhibit  the  application  of  the  formulse.     Since  the  elemente  ir,  U,  lO 
and  i  are  reterred  to  the  ecliptic  and  meaa  equinox  of  1864.0,  we  will 
first  reduce  them  to  the  ecliptic  and  mean  equinox  of  1865.0.     Fot 
this  reduction  we  have  t  "=  1864.0,  and  ^=  186S.0,  which  give 

~  =  60".239,  e  =  352°  61'  41",  r,  =  0".4882. 

Substituting  these  values  in  the  equations  (116),  we  obtain  y       I  • 

*'  --  i  =  Ai  =  —  0".40,  AJi  =  +  53".61,  4T  --=  -f-  50".23; 

and  hence  the  elements  whi<^  determine  tlie  position  of  the  orbit  in 
reference  to  the  ecliptic  of  1865.0  are 

*  =  44°  21'  23"^2,  a  =  206"  43'  33".74,  %  =  4'  36'  50".ll. 

For  the  same  instant  we  derive,  from  the  Amaiean  Ephemerw  and 
Nautical  Almanao,  the  value  of  the  mean  obliquity  of  the  eclipti<^ 
which  ia 

r  =  23°  27'  24".03. 

The  auxiliary  constants  for  the  equator  are  Uien  found  by  means  <A 
the  formulie    C-  »'.saj 


cot  A  =  —  tan  Q  cos  t,  tan . 

tan  3  cos^         cos* 

cotC  =  .      '"'         '"'5+'>. 
tan  $i  cos^         smc 

.!..  _       coa  Si  .    ,  _  sin  Jl  COB « 


~cosa' 


The  angle  E^^  is  always  less  than  180°,  and  the  quadrant  in  ivhioii  it  is 
to  be  taken,  is  indicated  directly  by  the  algebraic  sign  of  tan  E^  The 
values  of  sin  a,  sin  b,  and  sin  c  are  always  positive,  and,  therefore,  the 
angles  A,  B,  and  Cmust  be  so  Uken,  with  respect  to  the  quadrant  in 
which  each  is  situated,  that  ain  A  and  cos  £2,  sin  B  and  sin  £2,  and  also 
sin  Cand  sin  £2,  shall  have  the  same  signs.     From  these  we  derive 

A  =  296"  39'    5".07,  log  sin  o  =  9.9997166, 

£  =  205   55  27  .14,  log  sin  b  =  9.9748254, 

C=212   32  17.74,  log  sin  c  =  9.6222192. 

Finally,  the  calculation  of  these  constants  is  proved  by  means  of  th« 
formula 
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Bta  6  HJn  c  Bin  ( (7 — S) 
siuacoa^  ' 


whicn  giv«8  It^  tan  i  =  8.9068876,  agreeing  with  the  value  8.9068876 
derived  directly  from  i. 

Next,  to  find  r  and  «.  The  date  1865  February  24.5  mean  time 
at  WashingtOD  reduced  to  the  meridian  of  Greenwich  by  applying 
the  difference  of  longitude,  6*  8"  11'.2,  becomes  1865  February 
24.714018  mean  time  at  Greenwich.  The  interval,  therefore,  from 
the  epoch  for  which  the  mean  anomaly  ia  given  and  the  date  for 
which  the  geocentric  place  is  required,  is  420.714018  daya;  and  mul- 
tiplying the  mean  daily  motion,  928".55745,  by  thia  number,  and 
adding  the  result  to  the  given  value  of  M,  we  get  the  mean  anomaly 
for  the  required  phioe,  or 

M=  1°  29*  40".21  +  108"  Z(f  67".14  =  llO'  0'  87".35. 

The  eccentric  anomaly  E  ia  then  computed  by  meana  of  the  equation 

M=E~eBiaE,  «>  jtM  f, 

the  value  of  e  being  expressed  in  seconds  of  arc     For  Ewryruime  we 
have  1<^  sin  f  =  log  e  ^  9.2907754,  and  hence  the  value  of  e  ex- 
pressed in  seconds  ia  J^«.=  ^■'v^'7^' 
log 6  =  4.6052005.  =  ^ -i'  •*'*ii- 

By  means  of  the  equation  (64)  we  derive  an  approximate  value  of  E, 
namely, 

i;  =  119''49'24", 

the  value  of  ^  expressed  in  seconds  being  1<^^=3.895976;  and 
with  this  we  get 

JW",=  i;  — e8Ln^  =  110''6'50".  L^-^t-o'  ^ 

Then  we  have 

whidi  gives,  for  a  second  approximation  to  the  value  of  E^ 

E,  =  \l^  iSii'Z. 
This  gives  M^=  110°  0'  36".98,  and  hence 
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Therefore,  ve  bave,  for  a  third  approximation  to  the  valae  of  E, 

£=lir43'44".H 

which  requires  do  further  correction,  since  it  satisfies  the  equador 
between  JfcTsnd  E. 

To  find  r  and  v,  we  have 

Vr  Bin  Jv  =  V^(l  +  e)  ma  J£,  1^^'^^ 

v9coaJv  =  v'^(r-eXcoai£:  ^ 

The  values  of  the  first  factors  in  the  second  members  of  thesa 
equations  are:  log  1^0(1  +  e)  =  0.2328104,  and  logVa(l—e)  = 
0.1468741;  and  we  obtain 

r  =  129°  3'  50".52.  logr  =  6.4282854  , 

8ince;V  —  a=  197"  37' 49".58,  we  have 

~  u  =  v+(i^—  J^=  326"  41'  40".10.     J4jy3g.«^^V   \ 

The  heliocentric  co-ordinatee  in  reference  to  the  equator  as  the  fun- ; 
damental  plane  are  then  derived  &om  the  equations  i 

AniA  +  u),  ) 

incBin((;+«),  •^-\^<.<^ll»y  .        . 

which  give,  for  Eurynome,  ■ — '         *' 

x  =  —  2.6611270,           y  =  +  0.3250277,  «  =  +  0.0119486. 

The  Amerwan  Nautical  Alma-naa  gives,  for  the  equatorial  co-ordi- 
nates of  the  sun  for  1865  February  24.5  mean  time  at  Washington, 
referred  to  the  mean  equinox  and  equator  of  the  beginning  of  the 
year, 

X=  -H  0.9094557,  Y=  —  0.3599298,  Z=  —  0.1661751. 


Finally,  the  geocentric  right  ascension,  declination,  and  distance  ara 
given  by  the  equations 

y+F        ^      .      zJfZ  .  z+Z  .8-l-Z 

s  +  X  y+Y  x-f-X        '  sma' 

the   first  form  of  the  equation  for  tan  8  being  used  when  sin  a  is 
greater  than  cos  a. 

The  value  of  J  must  always  be  positive;   and  i  cannot  exoeed 
d:  90°,  the  minus  s^  indicating  south  declination..  Thus,  we  obtain 


t'O^ 


•  =  181"  8'  29".29,        a  =  —  4°  42*  21".56,        log  A  =  0.2450054. 

To  reduce  a  and  d  to  the  true  equinox  and  equator  of  February 
24.5,  we  have,  irom  the  Ndviieal  Almanac, 

/=  +  16".80,  ■  logy=1.016a,'  0  =  46"  16'; 

and,  substituting  these  values  in  equations  (110),  the  result  is 

i»  =  +  17".42,  ia  =  —  7".17. 

Hence  the  geocentric  place,  referred  to  the  true  equinox  and  equator 
of  the  date,  is 

•  =  181°  8'  46".71,  a  =  —  4°  42'  28".73,  log  ^  =  0.2450054. 

When  only  a  single  plaoe  is  required,  it  is  a  little  more  expeditious 
to  compute  r  from  />   \ 

r  =  aCl— «co8£),  (*V - 

and  then  v  —  JF  Jrom 

Bin^*  — ■£)  =  %/- sin  Jy  Bin  K         (4^J_ 
Thus,  in  the  case  of  the  required  place  of  Eurynome,  we  get 

l(«r  =  0.4282852,  v  —  E^  9°  20*  5".92, 

B  =  129<'3'50".56, 

agreeing  with  the  values  previously  determined.     The   calculation 
may  be  proved  by  means  of  the  formula 


n\{v  +  £)  =  yj-cmif  BinE.       ^*T) 


In  the  case  of  the  values  just  found,  we  have 

K"  +  -E)  =  124°  23'  47".60,  log  sin  j  (»  +  £)  =  9.9165316. 

while  the  second  member  of  this  equation  gives 

log  sin  .1  (v+E)  =  9.9165316 

[d  the  calculation  of  a  single  place,  it  is  also  very  little  shorter  tn 
compute  first  the  heliocentric  longitude  and  latitude  by  means  of  the 
equations  (82),  then  the  geocentric  latitude  and  longitude  by  mcang 
of  (89)  or  (90),  and  finally  convert  these  into  right  ascension  and 
declination  by  means  of  (92).  When  a  large  number  of  places  are 
u>  be  computed,  it  b  often  advantageous  to  compute  the  heliocentrio 
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co-ordinates  directly  from  the  eocentric  aDom&ly  by  means  of  the 
equations  (105). 

The  calculation  of  the  geocentric  plaoe  in  reference  to  tlie  eclipdc 
is,  in  all  respects,  similar  to  that  in  which  the  equator  is  taken  as  the 
fundamental  plane,  and  does  not  require  nay  fiirther  illustration. 

The  deteFmlnation  of  the  geocentric  or  helioceDtric  place  in  the 
cases  of  parabolic  and  hyperbolic  motion  differs  from  the  prooees 
indicated  in  the  preceding  example  only  in  the  calculation  of  r  and  v. 
To  illustrate  the  Case  of  parabolic  motion,  let  t  —  2*^  76.364  days; 
1<^  g  =  S.9650486 ;  and  let  it  be  required  to  find  r  and  v. 

First,  we  compute  m  from  ^  » 

jl  £ 

ID  which  log  q,=  9.9601277,  and  the  result  ia 

log  m  =  0.0126648. 
TheD  we  find  if  from  ,  •^ 

which  gives 

log  Jf=  1.8897187. 
From  this  value  of  log  jtf  we  derive,  by  means  of  Table  VI., 

tj  =  79'*55'57".26. 
Finally,  r  is  found  from 

whidi  gives 

logr  =  0.1961120. 

For  the  case  of  hyperbolic  motion,  let  there  be  given  t  —  T= 
65.41236  days;  1^  =  37°  36' 0".0,  or  logs  =  0.1010188;  and  logo 
=  0.6020600,  to  find  r  and  v.     First,  we  compute  N  from 


ilipi]) 


j,=  »(,_D.  ^P.^J 


in  which  log>t  =  9.6377843,  and  we  obtain 

logJf  =  8.7859356;  N=  0.06108614.- 

The  value  of  F  must  now  be  found  from  the  equation 
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If  we  assDme  f  ^30°,  a  more  approximate  value  ma;  be  derived 

ei. 

which  gives  F,  =  28"  40'  23",  and  henoe  N,  =  0.072678.  Then  we 
compute  the  correction  to  be  applied  to  this  valne  of  F,  hy  means  of 
the  equation 

^„  _  (N~N.) cos' F, 
'~    Xie  —  DoaF,}   ^ 

wherein  «  =  206264".8 ;  and  the  result  is 

A j;  =  4.6097  (JV- JT,) «  =  -  3°  3' 43".0. 

Hence,  for  a  second  approximation  to  the  value  of  F,  we  have 

J',  =  25<"36'40".0. 

The  correBponding  value  of  iVis  JV,  =  0,0617653,  and  hence 

a j;  =  5.199 (JV— JT,) «  =  — 12"  9".4. 

The  third  approximation,  therefore,  givea  F,^25°  24'  30". 6,  and, 
repeating  the  operation,  we  get 


which  requires  no  itirtber  correction. 
To  find  r,.we  have 

which  gives 

logr  =  0.2008544. 
Then,  v  is  derived  from 

tan  Ju  =  cot  J+  tan  jJ", 
and  we  find 

«  =  67''8'0".0. 

When  several  places  are  required,  it  is  convenient  to  oompnte  « 
and  T  by  means  of  the  equations 


V'cmF 
KcosJ" 
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Fi>r  the^yen  valaea  of  a  and  e  we  Jiave  log  V'a{e+  1)  =  0.4782649, 
log Va{e—1)  =  0.0100829,  and  hence  we  derive 

t.  =  67"  2"  69".92,  log  r  =  0.2008545. 

It  remains  ;et  to  illastrate  the  calculation  of  v  and  r  for  elliptic 
and  hyperbolic  orbits  in  which  the  eccentricity  differs  but  little  from 
unity.  First,  in  the  case  of  elliptic  motion,  let  ( —  T=  68.25  days; 
e  =  0.9675212j  and  log  3  =  9.7668134.     We  compute  if  from 


,=(,_r)A^i±i, 


wherein  log  0,=  9.9601277,  whicb  gives 
It 

log  Jf=  2.1404660. 

Witli  Uiis  as  argument  we  get,  from  Table  VI., 

r=  101°  38'  3".74, 

and  then  with  thia  value  of  Faa  argument  we  find,  from  Table  IS., 

,1  =  1640".08,  £  =  9".606,  C=0".062. 


Then  we  have  log  »  =  log  ^         ==8.217680,  and  from  the  equation 
we  get 


»l  +  e 
=  K+  ^  (1000  +  B  (lOOi)"  +  O(100.T, 


«  =  r+  42"  22".28  +  25".90  +  0".28  =  102°  20'  62".20. 

The  value  of  r  is  then  found  irom 

,_   ?(l  +  «) 
1  +  e  COB  1^ 
namely, 

log  r  =  0.1614051. 

We  may  alao  determine  r  and  v  by  meana  of  Table  X.     Thus,  we 
first  compute  M  from  ^_____ 


Assaming  £  =  1,  we  get  log  M  =  2.13757,  and,  entering  Table  TT. 
with  this  as  argument,  we  find  u>=  101°  25'.  Then  we  compute  A 
from 

l  +  9e  *'*' 


D,:„1,zec.y  Google 


NUUEBICAI.  BZAUPLEa.  ]]] 

wliich  ^vea  A  =  0.024985.     "With  this  value  of  ^  as  argument,  we 
dDd,  from  Table  X.,    ' 

log  5  =  0.0000047. 

The  exact  value  of  Jf  is  then  fonnd  to  be 

log  Jf=  2.1376636, 

which,  hy  means  of  Table  Yl.,  gives 

10  =  101°  24' 36".26. 

By  meana  of  tbia  we  derive 

A  =  0.02497944, 

and  hence,  from  Table  X., 

log  (7=0.0043771. 


Then  we  have 
which  gives 


r  =  102°20'52".20, 
agreeing  exactly  with  the  value  already  found.   Finally,  r  is  given  by 

-_ 3 . 

H+AC)coa'iv' 
from  which  we  get 

logr  =  0.1614052. 

Before  the  time  of  perihelion  pasB^;e,  t  —  T  is  negative;  but  the 
value  of  V  is  computed  as  if  this  were  positive,  and  is  then  considered 
as  n^ative. 

In  the  case  of  hyperbolic  motion,  t  is  n^ative,  and,  with  this  dis- 
tinction, the  process  when  Table  IX.  is  used  is  precisely  the  same 
as  for  elliptic  motion;  but  when  table  X.  is  used,  the  value  of  A 
must  be  found  from 

and  that  of  r  from 


il~AC')coB'iv' 

the  values  of  1(^  B  and  log  C  being  taken  from  the  columns  of  the 
table  which  belong  to  hyperbolic  motion. 
Id  the  calculation  of  the  position  of  a  comet  in  apace,  if  the  motion 
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is  retri^rade  and  the  inclinatioD  is  r^arded  as  less  than  90°,  the  diM 
Unctions  indicated  in  the  formulte  must  be  car^uUy  noted. 

42,  When  we  have  thus  computed  the  places  of  a  planet  or  comet 
for  a  series  of  dates  equidistaut,  we  maj  readily  interpolate  the  places  . 
for  intermediate  dates  by  the  usual  formulffi  for  interpolation.  The 
interval  between  the  dates  for  which  the  direct  computation  is  made 
should  also  be  small  enough  to  permit  ua  to  neglect  the  eflect  of  the 
fonrth  di£Ferences  in  the  process  of  interpolation.  This,  however,  is 
not  absolutely  necessary,  provided  that  a  very  extended  series  of 
places  is  to  he  computed,  so  that  the  higher  orders  of  difierences  may 
be  taken  into  account.  To  find  a  convenient  formula  for  this  inter- 
polation, let  ua  denote  any  date,  or  argument  of  the  function,  by  . 
a  +  na>,  and  the  corresponding  value  of  the  conardinafe,  or  of  the 
function,  for  which  the  interpolation  is  to  be  made,  by/ (a -)- no)). 
Jf  we  have  computed  the  values  of  the  function  for  the  dates,  or 
arguments,  a  —  to,  a,  a-\-  oi,  a  +  2n),  &c.,  we  may  assume  that  an 
expression  for  the  function  which  exactly  satisfies  these  values  will 
also  give  the  exact  values  corresponding  to  any  intermediate  value 
of  the  argument.  If  we  rt^rd  n  as  variable,  we  may  expand  the 
function  into  the  series 

/Co  +  jw.)  =/(a)  +  An  +  fin'  +  CVi'  +  Ac.  (116) 

and  if  we  regard  the  fourth  differenoes  as  vanishing,  it  is  only  neces- 
sary to  consider  terms  involving  n*  in  the  determination  of  the 
unknown  coefficients  A,  B,  and  C.  If  we  put  n  snccessively  equal 
to  —  1,  0,  1,  and  2,  and  then  take  the  successive  diderences  of  these 
values,  we  get 

I.  Diff.  n.  Diffi     ni.  DiE 

/Ca-»)   =/Co)-J   +B  -C 

/(a)       =/(«)  a  +  bXc    2^  er 

/(a-l- 2«.)  =/(o)  +  24  +  45  +  a C  ^  + ''^  +  "" 
If  we  symbolize,  generally,  the  difference  /  (a  +  nw)  ^f{a  +  (n  —  I)  iw) 
by/(a  +  (n-i)w),  thedifference/{a  +  (n  +  l)^)~-/(«  +  {i-i)«>) 
by/"  (a  +  mu),  and  similarly  for  the  successive  orders  of  differences, 
these  may  be  arranged  as  follows : — ■ 

Argument,  Function.  I.  Diff.  II.  Diffi  III.  DiC 

o  +  2»        /(«  +  2«.)       f^^  +  i") 
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Compariog  these  expressions  for  the  difiereaoee  vitli  the  above,  we 
get 

which,  irom  the  manner  in  which  the  differences  are  formed,  give 

c=i  (/"(«+")-/'(»».       ■B=jrw. 
J  =/(• + -)  -/(a)  -  if  w  -  i  (/'  c« + ")  -r  (•)). 

To  find  the  value  of  the  function  corresponding  to  the  argument 
a  -|-  )c,  we  have  n  ^  i,  and,  from  (116), 

/(«  +  i»)  =/(«)  +  1 J  +  |B  +  I G 

Substituting  in  this  the  values  of  A,  B,  and  C,  last  found,  and  re- 
ducing, we  get 

J  (a  +  ^<.)  =  J  (/Ca  +  ")  +  /(a))  -  J  Ci  Cr  (=  + '-)  +/'  («))), 

in  which  oalj  fourth  differeuoes  are  neglected,  and,  since  the  place 
of  the  aigument  for  n  ^  0  is  arbitrar3r,  we  have,  therefore,  generally, 

/(«  +  («  +  »•)  =  !  (/t«  +  ("  +  !)  •)  +/(«  +  "»» 

-»(!(/'(»  +  (»  + 1)  ")  +/'(»  +  ~)»-  (117) 

Hence,  to  interpolate  the  value  of  the  function  corresponding  to  a 
date  midway  between  two  dates,  or  yalues  of  the  ai^ument,  for  which 
the  values  are  known,  we  take  the  arithmetical  mean  of  these  two 
known  values,  and  from  this  we  subtract  one-eighth  of  the  arith- 
metical mean  of  the  second  differences  which  are  found  on  the  same 
horizontal  line  as  the  two  given  values  of  the  function. 

By  extending  the  analytical  process  here  indicated  so  as  to  include 
the  fourth  and  fifth  differences,  the  additional  term  to  be  added  to 
equation  (117)  is  ibund  to  be 

+  T3H(icr(<»+c«+i)<")+/"('»+"<-))j. 

and  the  correction  corresponding  to  this  being  applied,  only  sixth 
difierencGs  will  be  neglected. 

It  is  customary  in  the  case  of  the  comets  which  do  not  move  too 
rapidly,  to  adopt  an  interval  of  four  days,  and  in  the  case  of  the 
asteroid  pUnets,  either  four  or  eight  days,  between  the  dates  for  which 
the  direct  calculation  is  made.  Then,  by  interpolating,  in  the  case  of 
an  interval  o>,  equal  to  four  days,  for  the  intermediate  dat«s,  we 
obtun  a  series  of  places  at  intervals  of  two  days ;  and,  finally,  inter- 
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]>Dlat!ng  for  the  dates  interniedjate  to  these,  ire  derive  the  places  at 
intervals  of  one  day.  Wheo  a  series  of  places  has  been  computed, 
the  use  of  diSerencee  will  serve  as  a  check  upon  the  accuracy  of  the 
calculation,  and  will  serve  to  detect  at  once  the  place  which  is  not 
correct,  when  any  discrepam^  is  apparent.  The  greatest  discordance 
will  be  shown  in  the  differences  on  the  same  horizontal  line  as  the 
erroneous  value  of  the  function ;  and  the  discordance  will  be  greater 
and  greater  as  we  proceed  successively  to  fake  higher  orders  of  dif- 
ferences. In  order  to  provide  against  the  contingency  of  systematic 
error,  duplicate  calculation  should  be  made  of  those  quantities  in 
which  such  an  error  is  likely  to  occur. 

•i  The  ephemerides  of  the  planets,  to  be  used  for  the  comparison  of 
observations,  are  usually  computed  for  a  period  of  a  few  weeks  before 
and  after  the  time  of  opposition  to  the  sun;  and  the  time  of  the 
opposition  may  be  found  in  advance  of  the  calculation  of  the  entire 
ephemeris.  Thus,  we  find  first  the  date  for  which  the  mean  longitude 
of  the  planet  is  equal  to  the  longitude  of  the  sun  increased  by  180°  ; 
then  we  compute  the  equation  of  the  centre  at  this  time  by  means  of 
the  equation  (53),  using,  in  most  cases,  only  the  first  term  of  the 
development,  or 

V  —  Jf  =  2e  sin  JIf, 

e  being  expressed  in  seconds.  Kext,  re^;arding  this  value  as  con- 
stant, we  find  the  date  for  which 

L  -\-  equation  of  the  centre 

is  equal  to  the  longitude  of  the  sun  increased  by  180° ;  and  for  this 
date,  and  also  for  another  at  an  interval  of  a  few  days,  we  compute 
u,  and  hence  the  heliocentric  longitudes  by  means  of  the  equation 

ten(f —  JJ)  ^  tan  «  cost. 

Let  these  longitudes  be  denoted  by  I  and  I',  the  times  to  which  they    - 
correspond  by  t  and  (',  and  the  longitudes  of  the  son  for  the  same 
times  by  O  and  Q' ;  then  for  the  time  t^,  for  which  the  heliocentric 
longitudes  of  the  planet  and  the  earth  are  the  same,  we  have 

t-f  I        f-18Q°-0 

«  (118) 

tlie  fint  of  these  equations  being  used  when  t —  180°  —  O  is  lc0 
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than  V  — 180°  —  0'.  If  the  time  i,  differs  considerably  from  (  or 
iff  it  may  be  Decessary,  in  order  to  obtain  an  aocnrate  result,  to  repeat 
the  latter  part  of  the  calculation,  using  ^  for  t,  and  taking  t'  at  a 
small  interval  from  this,  and  so  that  the  true  time  of  opposition  shall 
&11  between  t  and  t'.  The  longitudes  of  the  planet  and  of  the  sua 
must  be  measured  from  the  same  equinox. 

When  the  eccentricity  is  considerable,  it  will  &cilitate  the  calcula- 
tion to  use  two  terms  of  equation  (63)  in  finding  the  equation  of  the 
centre,  and,  if  e  is  expressed  in  seconds,  this  gives 


t  being  the  number  of  seconds  corresponding  to  a  length  of  arc  equal 
to  the  radius,  or  206264".8;  and  the  value  o!  v  —  M  will  then  be 
expressed  in  seconds  of  arc.  In  all  cases  in  which  circular  arcs  are 
involved  in  an  equation,  great  care  must  be  taken,  in  the  numerical 
application,  in  reference  to  the  homogenei^  of  the  di^rent  terms. 
If  the  arcs  are  expressed  by  an  abstract  number,  or  by  the  length  of 
arc  expressed  in  parts  of  the  radius  taken  as  the  unit,  to  express  them 
in  seconds  we  must  multiply  by  the  number  206264.8 ;  but  if  the 
arcs  are  expressed  in  seconds,  each  term  of  the  equation  must  c6ntain 
only  one  concrete  fiictor,  the  other  concrete  &ctors,  if  there  be  any, 
being  reduced  to  abstract  numbers  by  dividing  each  by  a  the  number 
of  seconds  in  an  arc  equal  to  the  radios. 

43.  It  is  unnecessary  to  illustrate  further  the  numerical  application 
of  the  various  formula  which  have  been  derived,  since  by  reference 
to  the  formulee  themselves  the  course  of  procedure  is  obvious.  It 
may  be  remarked,  however,  that  in  many  cases  in  which  auxiliary 
angles  have  been  introduced  so  as  to  render  the  equations  convenient 
for  logarithmic  calculation,  by  the  use  of  tables  which  determine  the 
logarithraa  of  the  sum  or  di£Ference  of  two  numbers  when  the  loga- 
rithms of  these  numbers  are  given,  the  calculation  is  abbreviated, 
and  is  often  even  more  accurately  performed  than  by  the  aid  of  the 
auxiliary  angles. 

The  logarithm  of  the  sum  of  two  numbers  may  he  found  by  means 
of  the  tables  of  common  logarithms.     Thus,  we  have 

log(a  +  6)  =  loga(l  +  ^)=logft(l  +  ?| 

If  we  put 

log  tan  »  =  J  (log  6  —  log  a). 
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we  shall  have 

log  (a  +  6)  =  log  a  —  2  log  cotx, 
or 

log  (o  +  fr)  =  log  ^  —  2  log  sin  X. 

The  first  ferm  ia  used  ^rhen  cos  x  is  greater  than  bid  x,  and  the  aecond 
Torm  when  cobz  is  less  than  sin  a;. 

It  should  also  be  observed  that  in  the  solution  of  equations  of  the 
forui  of  (89),  after  tan  {•!  —  O ) — using  the  notation  of  t^is  particular 
case — has  been  found  by  dividing  the  second  equation  by  the  first, 
the  second  iDerabers  of  these  equations  being  divided  by  cos  (>  —  O  ) 
and  sin  {>l  —  O ),  respectively,  give  two  values  of  J  cos  ^9,  which  should 
agree  within  the  limits  of  the  unavoidable  errors  of  the  l<^arithmio 
tables ;  but,  in  order  that  the  errors  of  these  tables  shall  have  the 
least  influence,  the  value  derived  from  the  first  equation  is  to  be  pre- 
ferred when  cos  (A  —  ©}  is  greater  than  sin  (A —  O),  and  that  derived 
from  the  second  equation  when  cos  (i  —  O)  is  less  than  sin  {X  —  ©)• 
The  value  of  ^,  if  the  greatest  accuracy  possible  is  required,  should 
be  derived  from  Jcos^  when  j9  is  less  than  45°,  audfrom  J  an^ 
when  ^  is  greater  than  45°.  "" 

In  the  application  of  nambers  to  equations  (109),  when  the  values 
of  the  second  members  have  been  computed,  we  first,  by  division, 
find  tanJ(a'  +  «»,)  and  tan J{J1'  — «»„);  then,  if  Bini{Si'  +  w,)  is 
greater  than  cos](Q'-1- oij,  we  find  cos Jt' from  the  first  equation; 
bat  if  ein|(Ji'+  w^)  is  less  than  cos  J  (S3 '+  w,),  we  find  cosji'  from 
the  second  equation.  The  same  principle  is  applied  in  finding  sin  Jt' 
by  means  of  the  third  and  fourth  equations.  Finally,  from  sin  li' 
and  cos  Ji'  we  get  tan  Ji',  and  hence  t'.  The  check  obtained  by  the 
i^reement  of  the  values  of  sini*'  and  oosi*',  with  those  computed 
from  the  value  of  i'  derived  from  tan  \i',  does  not  absolutely  prove 
the  calculation.  This  proof,  however,  may  be  obtained  by  means  of 
the  equation 

Bint' sin  {J' =  sin  tain  £1, 
or  by 

Binfsinw,  ^sinisinQ. 

In  all  cases,  care  should  be  taken  in  determining  the  quadrant  in 
which  the  angles  sought  are  situated,  the  criteria  for  which  are  fixed 
either  by  the  nature  of  the  problem  directly,  or  by  the  relation  of  the 
algebraic  signs  of  the  trigonometrical  functions  involved. 
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CHAPTER    II. 


BfTxaTioATioR  or  tkb  DiFPEKxirnAii  foowula  which  bxfsesb  the  bkutiok 

BETWEKH    THX    OBOCXHTBIC    OB    HELIOCEKTBJC    FIiACEa  OF   A  HEA.YEin.T  BODY 
AKD  THB  yABIATIOH  OT  THE  ELXlCEirK  OF   US   OBBIT. 

44.  In  numy  calcnlatioos  relating  to  the  motioD  of  a  heavenly 
bodj^,  it  becomes  neceasaiy  to  determine  the  variations  which  small 
increments  applied  to  the  values  of  the  elements  of  ita  orbit  will  pro- 
duoe  in  ita  geoceDtric  or  heliocentric  place.  The  form,  however,  in 
which  the  problem  most  frequently  presents  itself  is  that  in  which 
approximate  elements  are  to  be  corrected  by  means  of  the  diflTerencefi 
between  Uie  places  derived  from  computation  and  those  derived  from 
observation.  In  this  case  it  is  required  to  find  the  variations  of  the 
elements  such  that  they  will  cause  the  diSerences  between  calcnlatioQ 
and  observation  to  vanish ;  and,  since  there  are  six  elements,  it  follows  Xifi*^"*^ ' 
that  six  separate  equations,  involving  the  variations  of  the  elements 
as  the  unknown  quantities,  must  be  formed.  Each  longitude  or  right 
ascension,  and  each  latitude  or  declination,  derived  from  observation, 
will  furnish  one  equation ;  and  hence  at  least  three  complete  observa^ 
dons  will  be  required  for  the  solution  of  the  problem.  When  more 
than  three  observations  are  employed,  and  the  number  of  equations 
exceeds  the  number  of  unknown  quantities,  the  equations  of  condi- 
tion which  are  obtained  must  be  reduced  to  six  final  equations,  from 
which,  by  elimination,  the  corrections  to  be  applied  to  the  elements 
may  be  determined. 

If  we  suppose  the  corrections  which  must  be  applied  to  the  cle- 
ments,  in  order  to  satisfy  the  data  furnished  by  observation,  to  be  so 
small  that  their  squares  and  higher  powers  may  be  neglected,  the 
variations  of  those  elements  which  involve  angular  measure  being 
expressed  in  parts  of  the'  radius  as  unity,  the  relations  sought  may  ou<i  CaJ^_ 
be  determined  by  dlSerentiatlng  tbe  various  formube  which  determine 
the  position  of  tbe  body.  Thus,  if  we  represent  by  9  any  co-ordi- 
Date  of  tbe  place  of  tbe  body  computed  from  the  assumed  elements 
{tf  the  orbit,  we  shall  have,  in  the  case  of  an  elliptic  orbit, 

*=/(',  ft  ■*,¥>,  iC"). 
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iff,  being  the  mean  anomaly  at  the  epoch  T.  Let  8'  denote  the  valae 
of  this  co-ordinate  as  derived  directly  or  indirectly  from  observation; 
then,  if  we  represent  the  variations  of  the  elements  by  ax,  aQ,  &i, 
&x.,  and  if  we  suppose  these  variations  to  be  so  small  tbftt  their 
squares  and  higher  powers  may  be  neglected,  we  shall  have 

The  difTerential  coefficients  -r—,  -^ — ■  &c.  must  now  be  derived  from 
the  equations  which  determine  the  place  of  the  body  when  the  el» 
ments  are  known. 

We  shall  first  take  the  equator  as  the  plane  to  which  tlie  positions 
of  the  body  are  referred,  and  find  the  differential  coefficients  of  the 
geocentric  right  ascension  and  declination  with  respect  to  the  elements 
of  the  orbit,  these  elements  being  referred  to  the  ecliptic  as  the  fun- 
damental plane.  Let  x,y,z  be  the  heliocentric  co-ordinates  of  the 
body  in  reference  to  the  equator,  and  we  have 

or 


Hence  we  obtain 


d3F 


dx  "  (iff       dy    d"      de'  dt' 


(2) 


and  similarly  for  the  differential  coefficients  of  0  with  respect  to  the 
other  ^elements.  We  must,  therefore,  find  the  pJHial  differential  co* 
efficients  of  6  with  respect  to  x,  y,  and  z,  and  then  the  partial  differen- 
tinl  coefficients  of  these  co-ordinates  with  respect  to  the  elements.  In 
the  case  of  the  right  ascension  we  put  d=^a,,  and  in  the  case  of  tha 
declination  we  put  6  =  5. 

45.  If  we  differentiate  the  eqtiatioas 

a:  + X^  J  coaicoao,  , 

y  -\-  Y^  J  cos  d  sin  n,  / 

t-\-Z  =  Jsina,  / 

regarding  X,  Y,  and  2' as  constant,  we  find  / 

-*-^-fc,<.d^,  .ie^Jriw.  D^„..  ,V,uoylL■ 
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(£c  ^  COS  «  C09  ^  <f  J  ~  J  siaacoai  da  —  A  coeaamS  d8, 
dy^BuiacoaS  dJ  +  .i  coa »  cos 9  da  —  J  aiaasiaS  di, 
■^       dz^smi  d^  +  J  coe  J  d*. 

/'    From  these  equations,  by  elimination,  we  obtain 

,  J               Bin  a  J      .COBB  J  ,„, 

cos  a  da  = -J-  dx  +  —^  dy,  (3) 

dS  = ^ dx~         ^        dy  +  -^dz. 

Therefore,  the  partial  differential  coefficients  of  a  and  9  with  respect 
to  the  heliocentric  oo-ordinatea  are 


.da           Bin  o 

d>           cos.rinJ 

<U           sii.smJ 
dy                 A      ' 

c»i^  =  0, 

dl        CM« 
d^^     A   ' 

Kezt,  to  find  the  partial  differential  coefficients  of  the  co-ordinates 
as,  y,  a,  with  respect  to  the  elements,  if  we  differentiate  the  equations 
(100)i,  observing'  that  sin  a,  sin  6,  ein  o,  A,  B,  0,  are  functions  of  SI 
and  i,  we  get 

(ir  =  '  dr  -[-  s  cot  U  +  «)  du  +  ^  d  ft  +  ^  dt, 
dy  =  ?dr  +  ycot{B  +  «)dw-|-^dJi+^dt, 


dr  +  scot(C  +  «)du  + 


d(i'  dT 


dSl"**^^" 


x  =  rcoeucosQ  —  rBinueiiiEi  cos*, 

}'  =  r  COB  u  sin  Q  cos  t  +  **  Bin  u  cos  £2  cos  i  cos  t  —  r  sin  u  Bin  »  sin  «, 

t=T  cos  u  sin  £2  sin  t  -f-  r  sin  u  cos  £i  cos  t  sin  *  +  r  SLQ  u  sill  i  cos  (. 

which  give,  by  differentiation, 

dz  .  .  „        . 

■j^  :=  —  r  coBusm  Q  — r  sinuoos  Q  cost. 

-,^  =  r  COB  u  cos  £i  cos  «  —  r  sin  u  sin  £}  cos  i  cos  c, 


ogle 


da" 


di 
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fl{i  eiii(  — rBuiusmQ  cost  sin*. 


=  ruiiu8m{i  tiai. 


—p-  =  —  rsiDucoeSi  sin t  con*  —  rBiDUCostsiot, 

-vr  ^  —  r  BID  U  COB  £2  SUl  t  BID  t  -{-  r  Bin  U  COS  t  COB  «. 

The  fint  three  of  theee  equations  immediately  reduce  to 


dx 

- 

"^''    sk^""'- 

dz 
35 

=  a!flin*;  (b) 

and  since 

cos  a 

= 

sin  Si  Bint, 

cos  6 

= 

~  cos  SJ  sin  t  COB  «  —  COB 

Bin*, 

cose 

= 

-  cos  a  sin  i  Bin.  +  COB 

cost, 

we  have,  also, 

dx 

-ji-  =  f  sinucoso, 

■^  =  rsini.coBS, 

dt 
-di 

=  rflin«co«c. 

Further,  we  have 

d^  =  d,  +  d.-da, 

and  hence,  finally, 

dx  =^  ~ dr  -\- z  aot{A -\- vt) dv  -\- X  cati_A -\- «)  o« 

-|-( — 3;cot(^  +  «)  — y  COB*  —  sBint)d£2  +  r  ain «  cos  a  d*.' 

dy  =  ?dr +  ycotC£  +  «)d«'  +  ycot(£  +  u)<i« 

+  ( —  y  cot  (B  +  «)  +  «  COB  0  dQ  +  r  sin  «  cos  b  di, 

dt  =  -dr  +  teotiC+v)dv  +  zcotliC+ii)dK 
+  C~scot(,C+ii)  +  ZBia«)d(i  +  r  sin «  cos c  d*. 

These  equations  give,  for  the  partial  differential  coefficients  of  the 
heliocentric  co-ordinates  with  respect  to  the  elements, 

^  =  -|  =  .c..U  +  .),  f  =  ^=,oo.(£  +  .,. 
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^=-»»olU+.)-yco. 

( — EBini 

cotC5+w)+»oo«», 

-«oot(C+«)  +  a:Bin€; 

-      % 

^roin 

""•».         ^ 

=  rBin«co«o; 

(7) 

ir 

_y 

A- 

"~r 

When  the  direct  mclioatioB  is  greater  tlian  90°,  if  we  introduce  the 

difltinotion  of  retrograde  motion,  we  have 

andlienoe 

iu 

=dp— 

*.+da, 

-»ootU  +  l<), 

-*cot(£7+«); 

=  — ycot(B  +  «), 
(8) 

■  — asint, 

sl= 

4+'- 

d^     d2  .    . 

The  expreaeions 
have,  also. 

for  ^, 

dr 

*    and 
dr 

^  remain  unolianged;  and 

we 

^  =  -rrin.co..^    1^  = 

=  -reii 

.«coe6,    |-  = 

— rsiniicoBC. 

(9) 

It  is  advisable,  in  order  to  avoid  the  use  of  two  sets  of  formulas,  in 
part,  to  r^iard  the  motion  as  direct  and  the  inclination  as  aosceptible 
of  any  value  from  0°  to  180°.  If  the  elementa  which  are  given  are 
for  retrograde  motion,  we  take  the  supplement  of  t  instead  of  t;  and 
if  we  designate  the  longitude  of  the  perihelion,  when  the  motion  is 
considered  as  being  retrc^rade,  by  (;r),  we  shall  have 

If  we  introduce,  as  one  of  the  elements  of  the  orbit,  the  distance 
of  the  perihelion  from  the  ascending  node,  we  have 

du  =:  dff  -|-  du, 
and,  hence, 

^  =  ^  =  .co.(^+.),  ^=*=,oot(5  +  .). 

^  =  -^  =  .cot(C+«).  (TO) 
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The  values  of  ,„,  ,„,  c«iu  ,  -  ^ 

of  the  eqaations  (5). 

By  means  of  these  expressions  for  the  diCfereatial  coefficients  of  the 
C0H3idiiiates  x,  y,  z,  with  respect  to  the  various  elements,  and  those 
given  by  (4),  we  may  derive  the  differential  coefficients  of  the  geo- 
centric right  ascension  and  declination  with  respect  to  the  elements 
£i,  (,  and  7Z  or  tu,  and  also  with  respect  to  r  and  v,  by  writing  suc- 
cessively a  and  5  in  place  of  d,  and  Si,  i,  &c.,  in  place  of  3t  in  the 
equation  (2).  The  quantities  r  and  v,  however,  are  functions  of  the 
renuuning  elements  ^,  M^  and  p ;  and  we  have 

Therefore,  the  partial  differential  coefficients  of  x,  with  respect  to 
the  elements  f,  M^  and  ft,  are 

da:  (fa      dr    ,    dx      dv 

df        dr      df        dv     d^ 

dx   ^_      dr         dx      dv  -- 

dM^~  dr  'dM,  "*"  dv  'dM^  ^    ' 

dx  dx      dr        dx      dv 

dii        dr      d/i        dv      d/» ' 

The  expressions  for  the  partial  differential  coefficients  in  the  case  of 

the  co-ordinates  y  and  2  are  of  precisely  the  same  form,  and  are  oI>- 

taioed  by  writing,  successively,  y  and  z  in  place  of  x.    The  values  oi 

dx     dx     dv     dy     dx        ,  dz  .        ,     .,  .•        /^\ 

-—  -T",  —r~>  —r-'  —ri  and  -r-  are  inven  by  the  equations  (7},  and 

dr     dv     dr     dv     dr  dv  °  '  ^ 

dr    dv     dr      dv     dr 

dip  df  diff  dMg  dn 
found,  the  partial  differential  coefficients  of  the  heliocentric  co-ordi 
nates  with  respect  to  the  elements  ip,  M^  and  /i  will  be  completely 
determined,  and  hence,  by  means  of  (2),  making  the  necessary 
changes,  the  differential  coefficients  of  a  and  S  with  respect  to  thesn 
elements. 

46.  If  we  differentiate  the  equation 

M=E~eKaE, 
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WQ  shall  have 

Bat,  einoe  1  — e  ooaM  =  -,  and  cosw  sm^^-sinf,  this  redncra  to 
a  '  o 

dM=-dE — -aiav  df, 
or 

dE  =  -dM -\-amv  df. 

If  we  take  the  l(^;ar!thiiis  of  both  members  of  the  equation 

tan  Jv  =  tan  Jj;  tan  (45°  +  jy), 

and  differeotiate,  we  find 

dv dE^ d9 

2 sin  4«  cos ^«  ~  2  wn  J£coB i£  "•"  2  Bin  (45"  +  ^?i)  C08  (45°  +  ^"^ 

which  reduces  to 

Introducing  into  this  equation  the  value  of  dE,  already  found,  and 

t 

ainn/ncoaV 
coap  \      r 

But  since  a(x>^f=p,  and  -  =  1  +  Bin^p  cose,  this  becomes 

dv  =  — -j-^  dM  + 1 h  tan  tp  COB  V I  sin  V  df,  (12) 

If  we  differentiate  the  equation 

r  =  oCl  —  ecoD^), 
we  ehall  have 

dr=-da  +  oetiaEdE  —  acMfcoaEdf, 

and  Bobstitating  for  dE  its  value  in  tenns  uf  dJfsad  cUp,  the  result 
ia 
dr=-(Ia+atan7einv(Iif+(a«un£einv — a  cos f  cos  £)  (if.     (13) 
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XT         ■         -Ti      sinticoefl'        ,        -,      ooau  +  e  .,,  . 

Mow,  since  am  ii  = —- ,  and  ooa  Jv= j— .  we  shall  hava 

l+flcoBv  1-i-eooav 

.    _  .  ^      aeootr  Bin*  v      a  cos  «>  (cob  v  +  e) 

1  +ocoav  1  +  eco8» 

which  redaoes  to 

aeniaEmiv  —  acOB7COB£=  —  a  cob  jv  cob  v. 

Hence,  the  expression  for  dr  becomes 

dr^-  da-\-a  tan  ;>  sin  v  dM —  a  cos  7  cob  v  df,  (l4) 

Further,  we  have 

T  being  the  epoch  for  which  the  mean  anomaly  a  iJ^  and 

_kv'l  +  m 
at 

Differentiating  these  expressions,  we  get 

dM=dM^+(t—T)dp, 


and  substituting  these  valaes  in  the  expressions  for  dr  and  d«,  we 
have,  finally, 

dr=ialaji<ffaavdM^  -|-(  atanjvsiov((  —  T)  —  5-)'''* 

—  a  COB  f  cos  V  d<p,  (16) 


From  these  equations  for  dr  and  dv  we  obtain  the  following  valoM 
of  the  partial  differential  coeffidenba : — 

dr 

-;— =  —  acosvcoev.  -, . r 

a  jp  df     \ixmf 

dr       ■  ^         .  dv       o'cosy  ,--. 
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It  will  be  observed  that  in  the  lost  term  of  the  ezpreaaioo  for  3-  we 

have  supposed  fi  to  he  expressed  id  seconds  of  arc,  and  hence  the 
&ctor  206264.8  is  introduced  in  order  to  render  the  equation  homo- 
geneous. 

47.  The  formulie  already  derived  are  sufficient  to  find  the  vana- 
tioDS  of  the  right  ascension  and  declination  corresponding  to  the 
variations  of  the  elements  in  the  case  of  the  elliptic  orbit  of  a  planet; 
bat  in  the  case  of  ellipses  of  great  eccentricity,  and  also  in  the  cases 
of  parabolic  and  hyperbolic  motion,  these  formulie  for  the  differential 
coefficients  require  some  modification,  which  we  now  proceed  to 
develop. 

First,  then,  in  the  case  of  parabolic  motion,  sin  fp  ^  1,  and  Instead 
of  Jfg  and  ft  we  shall  introduoe  the  elements  T  and  q,  the  differential 
coefficients  relating  to  n,  {J,  and  i  remaining  unchanged  from  their 
fbrm  as  already  derived. 

If  we  differentiate  the  equation 

Ht- 


V2 
regarding  T,  q,  and  v  as  variable,  we  atiall  liave 

or,  flince  I'^'f  sec*  \v, 
kdT 


2o* 
Multiplying  through  by  -^>  and  reducing,  we  get 


Instead  of  q,  we  may  use  logf,  and  the  eqaation  will,  Oierefore, 
become 

in  which  if  is  the  modulus  of  the  system  of  It^rithus. 


ogle 
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If  we  take  the  logarithms  of  both  members  of  the  equation 

"  cos'  JB 

Bod  differentiate,  we  find 

dr  =  -  dq  +  rtaaiv  dv. 

Introducing  into  this  equation  the  value  of  dv  from  (17),  we  get 

Now,  since  — j^=-  =  q  (tan  iv  +  Jton*  ie),  and  g  =  r  cos*  ir,  we  have 
V  2g 

1      U(t—T)taniv      1  „    ,   ,     , ,         ,   .  . ,  -.....■» 

i y^—^~  =  -il  +  taa'iy  —  Zan'iv  —  am'ivtast'iv) 

1  I'Viq  r  a  a/ 

COBff 

r 
We  also  have 

hViq        ,        iy^coB'ivtaniv      Aaine 

=<  tan  jv  = 3 ± *-  =     —  . 

r  ^  9  1/2^ 

Therefore,  equation  (19)  reduces  to 

dr  =  coBvdq-^^dT.  (20) 

rf  we  introduce  d\ogq  instead  of  dg,  this  equation  becomes 

^j.  =  l^dheq-^^.dT.  (21) 

^  F  2g 

From  the  equations  (17),  (18),  (20),  and  (21),  we  derive 

*■       __  tainp  do       _       kVlq 

dT      ~       i/2^'  dT      -  7»    • 

^       -  cos  V  <^''       -  _  S^'"'-^        f  221 

dq  dq  Hy^ 

_dr_  _£COBe  do    _      Zk(t—T)V^2q^ 

d\ogq         X,    '  dlogq  2i^r'  ' 

and  then  we  have,  for  the  differential  coefSdeuta  of  x  with  respect  to 
T  and  g  or  log  q. 
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dx dx    dr       dx     dv  dx_ dx    dr      dx    dv 

dT~d^'df'^'di"dT  dq~d^'d^'^'d^"d^ 

dx     dx        dr     ^^dx        dv 

d  log  9       dr  '  d  log  q      dv'  d  log  g' 

and  similarljr  for  the  dififerential  coefficieDts  of  y  and  z  with  respect 
to  these  elementB.  The  expressions  for  the  partial  differential  co- 
efficients of  X,  y,  and  z,  respectively,  with  respect  to  r  and  e  are  the 
same  as  already  fonnd  in  the  case  of  elliptic  motion.  We  shall  thos 
obtain  the  equations  which  express  the  relation  between  the  variations 
of  the  geocentric  places  of  a  comet  and  the  variation  of  the  parabotir 
elements  of  its  orbit,  and  which  may  be  employed  either  to  correct 
the  approximate  elements  by  means  of  equations  of  condition  fnr- 
nifthed  by  comparison  of  the  computed  place  with  the  observed  place, 
or  to  determine  the  change  in  the  geocentric  right  asoension  and 
declination  corresponding  to  given  increments  assigned  to  the  ele- 
ments. 

48.  We  may  also,  in  the  case  of  an  elliptic  orbit,  introdnce  T,  g, 
and  e  instead  of  the  elements  f,  M^  and  ft.  If  we  diflerentiate  the 
expression 

,  =  aCl-.), 
we  shall  have 

We  have,  also, 


*•  = 


ilf=il/l  + mo"!  ((—!'), 
in  vhich  T  is  the  time  of  perihelion  passage,  and 

djf  =  —  tv/r+iiarl  dT— jilT+S  a-!  (1  —  T)  (id. 
Hence  we  derive 

SubstitatJDg  this  value  of  dJif  in  equation  (12),  replacing  tanfhje, 
and  reducing,  we  get 


_(,te^^ffi+3r,-T)_(?+''i).in.)jApd.     (28, 
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In  a  similar  manner,  by  substituting  tbe  values  of  da  and  dM  in 
equation  (14),  and  reducing,  we  find 

rfr  =  - -^i^S^  e  sin  e  dr 
Vp 

,lr        ivT+^(t—T)     r~2~     .      \, 

+li-^ — Vi? — ^Vr+i— )^ 

+  (p(^-cosv)-iAl/p(l+m)C(-r)l^jj-Lp<fe.   (24) 

These  equations,  (23)  and  (24),  will  furnish  the  expreeaions  for  the 
dv  dv  dv  dr  dr 
^dT''dq'de'dT''d^'' 
required  in  finding  the  differential  coefficients  of  the  heliocentric  co- 
ordinates with  respect  to  the  elements  T,  q,  and  e,  these  quantities 
being  substituted  for  M^,  /i,  and  f,  respectively,  in  the  equations  (11). 

49.  When  the  orbit  is  a  hyperbola,  we  introduce,  in  place  of  M„ 
ft,  and  ^,  the  elements  T,  q,  and  i^. 
If  we  differentiate  the  equation 

a;  =  c  tan  J"  —  log.  tan  (45°  +  iF\ 
■we  shall  have 

dN,  =  i-^  — 1\-^  + tun  Foa. 
•      \cobF         J  cobF^  ^ 

which  is  easily  transformed  into 

'      o    cobJ^  cob  4 


amF~r  tan F 


^'^t-Z'TZrv'^- 


Let  ns  now  take  the  logarithms  of  both  members  of  the  equation 

tan  IF=:  tan  J«  tan  ^4, 
and  differentiate,  and  we  shall  have 

"      ^'^''sini^       sin  4    *" 
Introducing  into  this  equation  the  value  of  -■  ■  -p  already  found,  we 

rtanf      '      \     r        co8+  ^  sin*  /^ 
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Bat,  since  r  Biav  =  ataa-<i/ ianF,  and p  =  a  tan'i^,  this  redaces  to 

*=^y'pijf.-(|  +  i)^,j».  (25) 

If  we  differentiate  the  equation 

we  get 

dr=-da+aetan'F—. 

SafaetitutiDg  in  this  equation  the  valae  of  -: — ^  we  obt»n 

a       '         r  •      \        r  maFf  oob+  ^' 

wliich  is  easily  rednoed  to 

a      ^      Bin^       •^  r^coaJ*      coa'F^     /Bin* 
But,  noce 

r  ae  a 

COB  J*      coo'  J"      coTF 
this  redaces  to 

d       '    8m4       •  '    r  \         coeJ'/8m4 


dr=:-da  +  a 


Now,  sinoe  q  ^  o(e  —  1),  we  have 


P-ET" 


4.  =  ?*,_?l!5j4. 
q   '      gcofl4> 
We  have,  also, 

Jf^  —  ka-i{t—T), 
and  benoe 

dJf,  =  —  i<rldT- ji»-f  (( —  D  <*»• 
By  nibatitating  the  valne  of  da,  this  beoomee 
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Saljfititatiiig  tbis  value  of  dN^  in  equation  (25),  and  reducing,  m 
obtain' 

In  a  umilar  manner,  substitating  in  equation  (26)  the  values  of 
da  and  dN„  and  reduciog,  we  get 


V5     C08+  \?  1^23*       cosi+j/cos*/ 

(PviOLrJQ.  «ii_(:_e„..U   *L.        (28) 

The  equations  (27)  and  (28)  will  furnish  the  ezpressions  for  tbe 
partial  difierential  coefficients  of  r  and  v  with  respect  to  the  elements 
T,  q,  and  i)/,  required  in  forming  the  equations  for  cor  d  da  and  d8. 
It  will  be  observed  that  theae  equations  are  ana]<^ou9  to  the  equa- 
tionfl  (23)  and  (24),  and  that  by  introducing  the  relation  between  e 
and  t^r  '^^  Delecting  the  mass,  they  become  identical  with  them. 
We  might,  indeed,  have  derived  the  equations  (27)  and  (28)  directly 
irom  (23)  and  (24)  by  substituting  for  e  its  value  in  terms  of  ^;  but 
the  differential  formulie  which  have  resulted  in  deriving  them  directly 
from  the  equations  for  hyperbolic  motion,  will  not  be  superfluous. 

60.  It  is  evident,  from  an  inspection  of  the  terms  of  equations  (23), 
(24),  (27),  and  (28)  which  contain  de  and  d'^,  that  when  the  value  of 
e  is  very  nearly  equal  to  unity,  the  coefGcients  for  these  differentials 
become  indeterminate.  It  becomes  necessary,  therefore,  to  develop 
the  corresponding  expressions  ibr  the  case  in  which  these  equations 
are  insufficient.     For  this  purpose,  let  as  resume  the  equation 

'""I'l""'""'  =  «  +  i''  -  ZKi"-  +  K)  +  3>'(K  +  *»')  -  *o. 


- ,    .    •    Then,  since 
1  +fl  ' 
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-D 


=«  +  K+(l«-K-K)a-0 


+  CA«  - 1^«^  +  AwO  (1  - »)'  +  Ac.  (29) 

If  it  IB  required  to  find  the  ezpreBBion  for  -r-  in  the  cttse  of  the 
vamtion  of  the  elements  of  paraholic  motion,  or  when  1  —  e  is  very 
small,  we  may  r^ard  the  coefGcient  of  1  —  e  as  constant,  and  neglect 
terms  maltiplied  by  the  square  and  higher  powen  of  1  —  e.  By 
differentiating  the  equation  (29)  according  to  these  conditions,  and 
regarding  u  and  e  as  variable,  we  get 

and,  ^ce  du  =  l{l  + 1^)  do,  this  ^vee 

The  values  of  the  second  member,  corresponding  to  different  values 
of  r,  may  be  tabulated  with  the  argument  v;  but  a  table  of  this  kind 
is  by  no  means  indispensable,  since  the  expression  for  -t~  may  be 
changed  to  another  form  which  iumishes  a  direct  solution  with  the 
same  fiioility.    Thus,  by  division,  we  have 

and  since,  in  the  case  of  parabolic  motion, 
this  becomes 

^  =  Ai^'v^-»t."i».  (81) 

If  we  differentiate  the  equation 

l  +  eC085 

r^jfiiding  r,  v,  and  e  as  variables,  we  shall  have 

dr 2)^  fin*  J»       Hgainr     dv  ■  j.-.-. 

d^-q(l+e)'-^q(.l  +  eyde-  ^"^'^ 
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Id  the  case  of  parabolic  motion,  e  =  1,  and  thiB  equation  ia  eaail; 
transfca^ned  into 

^  =  JrtoJ.(ta«Ji.  +  2^),  (33) 

BubfltitutiDg  for  -r-  its  valae  from  (31),  and  redactng,  ve  get 

^  =  A*^^^'«"  +  A'-t~.'J..  (84) 

The  equations  (31)  and  (34)  fumisli  the  values  of  -z-  and  -3-  to  be 
used  in  forming  the  expressions  for  the  variation  of  the  place  of  the 
body  when  the  parabolic  eccentricity  is  changed  to  the  value  1  +  de. 
When  the  eccentricity  ta  which  the  increment  is  assigned  differs  but 
little  from  unity,  we  may  compute  the  value  of  -r-  directly  from 
equation  (30).  A  still  closer  approximation  would  be  obtained  by 
using  an  additional  term  of  (29)  in  finding  the  expression  for  y-;  hut 
a  more  convenient  formula  may  be  derived,  of  which  the  nnmerical 
application  is  &cilitated  by  the  use  of  Table  IX.  Thus,  if  we  differ- 
entiate the  equation 

v=V+A  (1000  +  5(1000'  +  CdOOQ', 

regarding  the  coefficients  A,  B,  and  C  as  constant,  and  introduciiig 
the  value  of  i  in  terms  of  e,  we  have 

dv      dV       200^  400B    .,„„         600(7    ,,.„.,, 

■J-  =  -3 Tf—, — SI T,-  ,     --..ClOOt) 7i-|     si(100tj', 

de       de      «(!  +  «)'      «(l+e)'^       '      8(1+*) 

in  which  a  =  206264.8,  the  values  of  A,  B,  and  C,  as  derived  firom 
the  table,  being  expressed  in  seconds.     To  find  -r-,  we  have 

*"-'•' |l"^+"'  =  UniF+iU.,-iF, 

2g4 

which  gives,  by  diff^entiation, 

k{t~T)        de      ^     ^y    . 

and  if  we  introduce  the  expression  for  the  value  of  3£  used  as  the 
argument  in  finding  V  by  means  of  Table  YI.,  the  result  is 
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dVMco^iV 
de       76a  +  6)* 
Hraoe  we  have 

d.   if«.-ir     200^       400B  mo 

1;^  means  of  which  the  value  of  -r  is  readily  found. 

When  the  eccentricity  differs  so  much  from  that  of  the  parabola 
that  the  terms  of  the  last  equation  are  not  suflicieatly  convergent, 
the  expreasion  for  -r-,  which  will  furnish  the  required  accuracy,  may 
be  derived  &om  the  equations  (75)^  and  (76),.  If  we  differentiate  the 
first  of  these  equations  with  respect  to  e,  since  S  may  evidently  be 
regarded  as  constant,  we  get 

dw  _  .  hjt  —  T)  coe'JM  ,«.. 

If  we  take  the  logarithms  of  both  members  of  equation  (76)^  and 
4iS'a«ntiate,  we  get 

dv  _dC  .    dw  4de  ,.„ 

smi."  0  "'"sinw      (l -|- e)  (l  +  9e)"  '■'"•' 

To  find  the  difieiential  coefficient  of  C  with  respect  to  e,  it  will  be 
raffident  to  take 


which  gives 
The  equation 
pves 


^=i-<^. 


'-§=tc-^- 


=^rfeS-»- 


(l  +  9e)'        *  taniwcoB'Jw 

and  hence  we  obtain 

Bnhstitating  this  value  in  equation  (37),  we  get 

dv  2I)C      -      ■    ,1      ,   Csinif   dw  4(dnv 

di  =  -(T+foji™'*"^«'+-dK^-d^-(H.«)(l  +  9»)' 

L-.,.„i,.,-^  „*-lOOJ^IL' 
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ftod  sabetitating,  finally,  the  value  of  -p,  we  obtain 
^  — JL     *C<  — r)  g'BJntr  CM'jW  20C       .  ,. 


cn-«)a+9«)' 

wbich,  by  means  of  (76)y  redaces  to 

rft_        t(f— 70  C'aing  cot*  jig 

<fe~^'     V'23*    '5v^^Cl  +  9fl>"t«ni«~a  +  e)(l  +  9«y 

If  Tre  introduce  tbe  qoantity  Jf  wbich  is  used  as  tbe  aigament  in 
finding  w  by  means  of  Table  YI.,  tbis  equation  becomes 

dv 9  Jfcoa'jtp  _,  .  Stan jy  ,._- 

d^~2a  +  9e)*75taniw*'  "°*'      (l  +  e)(l  +  9e)-        ^^"^ 

This  equation  remains  unchanged  in  the  case  of  hyperbolic  motioD, 
tbe  value  of  C  being  taken  from  the  column  of  tbe  table  which  cor- 
responds to  this  case-;  and  it  will  iumish  the  correct  value  of  -j-  in 
all  cases  in  which  the  last  term  of  equation  (23)  is  not  conveniently 
applicable.     The  value  of  —  is  then  given  by  the  equation  (32). 

When  the  eccentricity  differs  very  little  from  unity,  we  may  pitl 
5  =  1,  and 


tan  i«  =  tan  it.  v/^  (1  +  96). 

coa'ito=  C*coe,*iv. 

Then^ 

ve  shall  have 

JWco8'4«^-.__     2i(i-r)..^,„ 
TStanim"                   y''2qi 

The  equation 

?=a  +  ^C')co8'it.  =  (l  +  i^)cM'i«, 

gives 

^  =  a  +  U)  cw*  *«■  =  Ccoe*  iw. 

Hence 

we  derive 

75  tan  i^^"''"                r-           "VcCl  +  .y 

ogle 
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[f  we  BnfastitDte  this  value  in  equation  (I 
veget 

dv_        9  I'^p,, 


^it-T)- 


13S 

I,  and  put  C*(l  +e)  =  2, 
Stanjp 


(40) 


'2Cl  +  9«)      r"    ^  '      a+«)Cl  +  9e) 

and  when  e  =  1,  this  heoomes  identical  with  equation  (31). 

61.  Examples — We  will  now  illustrate,  by  numerical  ezamplea, 
the  formnllB  for  the  calculation  of  the  variations  of  the  geocentrio 
right  ascension  and  declination  arising  from  small  increments  assigned 
to  the  elemente.  Let  it  be  required  to  find  for  the  date  1865  Feb- 
ruary 24.5  mean  time  at  Washington,  the  differential  coefficients  of 
the  right  ascension  and  declination  of  the  planet  Eurynome  @  with 
respect  to  the  elements  of  its  orbit,  using  the  data  and  results  given 
in  Art.  41.     Thus  we  have 

•  =  181*8'29".29,     i  =  — 4'>42'21".56,     log  J  =  0.2450054, 
logr  =  0.428286,  »  =  129'' 3' 60".5,  «  =  326°  41' 40".l, 

J  =  296"39'6".0,      B  =  205°55'27".l,  C=  212°  32' ir.7, 

log  sin  a  =  9.999716,        log  sin  6  =  9.974825,         log  sin  c  =  9.522219, 

logx  =  0.425066„  logy  =  9.511920,  log  a  =  8.077315, 

.  =  23°27'24''.0,  I— 7=420.714018. 

Firat,  by  means  of  the  equations  (4),  we  compute  the  foUowiag 
values; — 


logcoa«.g  = 


log  J 


"iy  - 

log  ^  =  9.753529. 

Then  we  find  the  diSerential  coefficients  of  the  heliocentric  OMndi- 
nates,  with  respect  to  ji,  {3,  t,  e,  and  r,  Irom  the  fbrmnlte  (7),  which 
give 


I«g^ 


'da 
log -^  =  8.726364, 


'  A" 

7.876553,     log 
log 


=  log^ 

da 

_*_ 
di 


=  9.960466„ 


=  8.830941, 
=  9.687577, 
=  9.083635, 


log 


^da ' 

di    ' 

d, 

cJr  ' 


i9.222898„ 
:0.142443,j 
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En  oompatiDg  the  values  of  -jti  -^i  and  -rr.  those  of  ooso,  coei, 

ud  coe  0  may  generally  be  obtained  with  sufficient  aocoracy  from 
Bin  a,  sin&,  and  siao.  Their  algebraic  signs,  hovrever,  must  be 
strictly  attended  to.  The  quantities  sin  a,  sin  b,  and  sin  o  are  always 
positive;  and  the  algebraic  signs  of  cos  a,  cos  b,  and  cos  o  ore  indicated 
at  once  by  the  equations  (lOl)i,  from  which,  also,  their  numerical 
values  may  be  derived.  In  the  case  of  the  example  proposed,  it  will 
be  observed  that  cos  a  and  cos  b  are  n^;ative,  and  that  ooe  6  is  positive. 

To  find  the  values  of  cos  d  -;-  and  t-i  we  have,  aooordine  to  equa- 
tio-  (2),  ■*"         ''' 

.do  ,da    dx   ,         ,da    dy  ,.,, 

C0fli^  =  C0fla-j-.-^  +  C08a-j---^,  (41) 


S  =  ""S' 

S  +  ""*- 

1' 

dl         it 

in             dx 

dx  ,          d> 

i,       JJ    d. 

which  g^ve 

o»«^  =  c«.J-^=  +  1.42345.  ^  =  4^  =  -0.48900. 

ax  dv  OK       dv 

In  the  case  of  Si,  i,  and  r,  we  write  these  qoantities  succesuvely  in 
place  of  ?r  in  the  equations  (41),  and  beace  we  derive 


ooe  J  .^  =  -0.03846, 

^  =  -0.09533, 

co«»-^=  — 0.27641, 

-^  =  -0.78993, 

CO!«-^  =  -0.08020, 

-^  =  +  0.04873 

Stsit,  &om  (16),  we  oompate  the  followicg  values:^ 

g|  =  0.179166,          log^_  = 

.9.577453,          log  ^  =  2.376581^ 

g*=0.17m9,          log^  = 

.9.911247,          log —  =  2.636234. 
dit 

log.^ 

We  may  now  find  -j— .  -tjj,,  &c.  by  means  of  the  eqoations  (11), 

and  thence  the  values  of  cos  8  ^— >  -^,  &c. ;  but  it  is  most  convenient 
a<p    df 

to  derive  these  values  directly  from  cosd-p)  cosd-j-i  -3-,  and  -j-. 

in  conaectioQ  with  the  numerical  valaes  last  found,  according  to  the 


COB  o  — = —  ^  -|-  i.aa*uv, 

-if 

<!0.4^  =  + 1.13004, 

dH. 

CM  a -^  =  +607.264, 

dl 

Sir' 
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equations  which  result  from  the  analytical  substltation  of  the  expres- 

Sx    dv    dz  t 

eiouB  for  -j-i  -j— i  -3—.  &c.,  in  equation  (2),  writing  auccesaivelj  p,  3f„ 

uktl  p  in  place  of  ir.    Thus,  we  have 

coao-i-  =  coeo-j 1 — \-cMt-r---r-, 

df  dr    df  dv    df 

ii=^   iL+^  iE  (■421 

dtp       dr    d^      dv    dip 

Aod  aimilarly  for  M^  and  fi,  which  give 

""  =  —  0.65307, 
=  —  0.38023, 
=  —  179.315. 

Therefore,  according  to  (1),  we  shall  have 

oos«A»=  +  1.423454K— 0.03845aJJ  — 0.2764l4t    +1.99400a^ 

+  1.13004aJ^  +  507.264i/., 

Aa=— 0.489004S— 0.095S3a(l— 0.78993At    —0.653074? 

— 0.380234J4— 178.3154JK. 

To  prove  tlie  calcolatioa  of  the  coeffidentB  in  these  equations,  we 
assign  to  the  elements  the  increments 

«j(;=  +  ir,       4»  =  -20",       »a  =  -io",       »i=  +  ir, 

Af  =  +  10",  w  =  +  0".01. 

ao  that  Uiey  become 

Epoch  ^  1864  Jan.  1.0  Greenwich  mean  time. 
J(;=     1''29'H)".21 
1=   44   20  13.09) 

a  =206  42  30  .13  \  Mean  Equinox  1864.0 
i=     4   87    0.51  J 
f  =   11    16    1  .02 
log  a  =  0.3881288 
/.  =  928".6e746 

With  these  elementa  we  compute  the  geocentric  place  for  1865  Feb* 
tnary  24.5  mean  time  at  Washington ;  and  the  result  is 

.  =  181°8'34".81,        J=  -4°42'30".68,        log  ^  =  0.2460284, 
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which  are  referred  to  the  mean  equioox  and  equator  of  1865.0.  The 
difference  between  these  values  of  a  and  3  and  those  already  given,  as 
derived  from  the  unchanged  elements,  ^ves 

a»  =  +  5".62,  coe  i  4a  =  +  6".50,  4*  =  —  9".02, 

and  the  direct  subetitution  of  the  assumed  values  of  bji,  4£i,  &t,  &0, 
in  the  equations  for  cos  d  Aa  and  ^8,  gives 

coa  a  4a  =  +  5".  46,  at=—  9".29. 

The  agreement  of  these  results  is  sufficiently  close  to  show  that  the 
computation  of  the  difierential  coefficients  has  been  correctly  per- 
formed,  the  difierenoe  being  due  chiefly  to  terms  of  the  second  order. 

When  the  differential  coefficients  are  required  for  several  dates,  if 
we  compute  their  values  for  successive  dates  at  equal  intervals,  tho 
use  of  differences  will  serve  to  check  the  accuracy  of  the  calculation; 
but,  to  provide  against  the  possibility  of  a  systematic  error,  it  may  be 
advisable  to  calculate  at  least  one  place  directly  from  the  changed 
elements.  Throughout  the  calculation  of  the  various  differential 
coefficients,  great  care  must  be  taken  in  regard  to  the  algebraic  signs 
involved  in  the  successive  numerical  substitutions.  In  the  example 
given,  we  have  employed  I<^arithmB  of  six  decimal  places;  but  it 
would  have  been  sufficient  if  logarithms  of  five  decimals  had  been 
used ;  and  such  is  generally  the  case. 

It  will  be  observed  that  the  calculation  of  the  coefficients  of  4;r, 
&£},  and  41  is  independent  of  the  form  of  the  orbit,  depending 
simply  on  the  position  of  the  plane  of  the  orbit  and  on  the  position 
of  the  orbit  in  this  plane.  Hence,  in  the  case  of  parabolic  and 
hyperbolic  orbits,  the  only  deviation  from  the  process  already  illus- 
trated is  in  the  computation  of  the  coefficients  of  the  variations  of 
the  elements  which  determine  the  magnitude  and  form  of  the  orbit 
and  the  position  of  the  body  in  its  orbit  at  a  given  epoch.  In  all 
da  rf3 
dr    dv 

already  exemplified.  If  we  introduce  the  elements  T,  g,  and  e,  we 
shall  have 

,  d«  ,  do     dr    ,  ,dadv 

°°"dt=°°"ih-dT+'°"-s;-dT 

dl  _^    dr       d^    dv 

dT~  dr'dT'*'  dv"M'  ^    ' 

aod  eimilarlj  for  the  difiereDtia]  coefficieotB  wiUi  respect  to  q  and  e. 
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The  mode  of  caloulatbg  the  values  of  -7=.  -j=  -,-<  -t'  -t'  and  t- 
depends  on  the  nature  of  the  orbit. 

In  the  case  of  passing  from  one  system  of  parabolic  elements  to 
•notber  fiystem  of  parabolic  elements,  the  coefficients  of  Ae  vanish. 
To  illustrate  the  calculation  of  -j=  -j™'  &c-  in  the  case  of  parabolic 
motion,  let  ua  resume  the  values  t — 7^76.364  days,  and  logj 
^  9.9650486,  from  wbicb  we  have  found 


logr  = 

.0.1961120, 

v  =  79»66'67".26. 

Then. 

,  by  means  of  the  equations  (22), 

we  find 

=  8.095802, 

,     dr 
"«5  = 

-.  9.242547, 

,     dt 

=  7.976397,, 

,     d. 

:  0.064602.. 

If,  insteMl  of  dq,  we  introduce  d 

log* 

we  shall  have 

1        * 
'■^.ilog,- 

=  9.669812, 

"'d^i 

=  0.391867.. 

JEVom  these,  by  meauB  of  (43),  we  obtain  the  differential  coefScients 
of  a  and  3  with  respect  to  Taod  g  or  log  9.  The  same  values  are 
also  used  when  the  variation  of  the  parabolic  eccentricity  ia  taken 
into  account.     But  in  this  case  we  compute  aUo  -7-  from  equation 

(31)  and  ^  from  (33)  or  (34),  which  give,  for  v  =  79"'  66'  57".3, 

log  ^  =  8.147367^  log  ~  =  9.726869. 

in  the  case  of  very  eccentric  orbita,  the  values  of  'j=f  -j=f  Slc  arA 
fitandfrom 

dv  kV%  dr  k       .  ,,,. 

dq  '    jr"    '  "ij       5      '     ?•, 

dr      r  ,  r*«Buni   dn 
3f "  J  p      'di 

the  mass  being  neglected. 
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To  illustrate  the  application  of  these  formule,  let  as  remune  the 
valaea,  (~r=68.25  days,  e  =  0.9676212,  and  log 3  =  9.766813^ 
from  which  we  have  fonnd  (Art.  41) 


»  =  102 

20'  62".20, 

logr  = 

0.1614062. 

Heooe 
•nd 

we  derive 

log}>  = 

=  0.0607828, 

'°4;= 

7.943137^ 

1      *• 

=  8.180711, 

0.186S17„ 

=  0.186617, 

If  we  wish  to  obt^o  the  diSereolial  coefEdents  of  «  and  r  with 
respect  to  log  q  iDstead  of  q,  we  have 

dv    5    ^  dr    5    dr 

dlogq      i^   dq  dlogq      \  dq 

in  which  )^  is  the  modulus  of  the  system  of  logarithms. 

Then  we  compute  the  value  of  -j-  by  means  of  the  eqnation  (30). 
(35),  (39),  or  (40).    The  correct  value  as  derived  from  (39)  is 


The  values  derived  &om  (35),  omitting  the  last  term,  from  (40)  and 
from  (30),  are,  respectively,  —  0.24440,  —  0.24291,  and  ~  0.23631. 
The  close  agreement  of  the  value  derived  from  (40)  with  the  oorrect 
value  is  accidental,  and  arises  from  the  particular  value  of  c,  which 
is  here  such  as  to  make  the  asaumptions,  according  to  which  equation 
(40)  is  derived  from  (39),  almost  exact 

Finally,  the  value  of  -j-  may  be  found  by  means  of  (32),  whicb 
gives 

^  =  +  0.70855. 

d«       ' 

When,  in  addition  to  the  difi^ential  coefficients  which  depend  on 
the  elements  T,  q,  and  e,  those  which  depend  on  the  position  of  the 
orbit  in  space  have  been  found,  the  expressions  for  the  variation  of 
the  geocentric  right  ascension  and  declination  become 
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>  t^"  1  .  <^       -,     ■  .  (?' 

coaeA^^eoae  —  AJi-j-coBe  - —  a  J)  +  coa  a  - 

+  c(«3|A5  +  coe^^A«, 

If  we  introduce  log  9  instead  of  q,  the  terms  ooDtaining  q  become 
respectively  cos  d  -j-. —  a  log  q    and    j-j — -  a  log  q.     It  shoald   be 

observed  that  if  &ir,  A£i,  and  ai  are  expressed  in  seconds,  in  order 
that  these  equatioos  may  be  homogeneous,  the  terms  containing  aT, 
Ag,  and  as  must  be  multiplied  by  206264.8 ;  but  if  &71,  a£%,  and  ai 
are  expressed  in  parts  of  the  radius  as  unity,  the  resulting  values  of 
cosd  Aa  and  aJ  must  be  multiplied  by  206264.8  in  order  to  express 
them  in  seconds  of  arc 

The  most  general  application  of  the  equations  for  cos  3  Aa  and  a^ 
in  terms  of  the  variations  of  the  elements  is  for  the  cases  in  which 
the  values  of  cos  3  Aa  and  of  a^  are  already  known  by  comparison 
of  the  computed  place  of  the  body  with  the  observed  place,  and  in 
which  it  is  required  to  find  the  values  of  A;r,  a£J,  ai,  &c,  which, 
being  applied  to  the  elements,  will  make  the  computed  and  the 
observed  places  agree.  When  the  variations  of  all  the  elements  of 
the  orbit  are  taken  into  account,  at  least  six  equations  thus  derived 
are  necessary,  and,  if  more  than  six  equations  are  employed,  they 
must  first  be  reduced  to  six  final  equations,  from  which,  by  elimina- 
tion, the  values  of  the  unknown  quantities  aw,  aJJ,  &c.  may  be 
found.  In  all  such  cases,  the  values  of  Aa  and  a^,  as  derived  from 
the  comparison  of  the  computed  with  the  observed  plao^  are  ex- 
pressed in  seconds  of  arc;  and  if  the  elements  involved  are  expressed 
in  seconds  of  arc,  the  coefBcients  of  the  several  terms  of  the  equations 
must  he  abstract  oumberB.  But  if  some  of  the  elements  are  not 
expressed  in  seconds,  as  in  the  case  of  T,  3,  and  «,  the  equations 
formed  must  be  rendered  homogeneous.  For  this  purpose  we  mul- 
tiply the  coefficients  of  the  variations  of  those  elements  which  are 
not  expressed  in  seconds  of  arc  by  206264.8.  Farther,  it  is  gene- 
rally inconvenient  to  express  the  variations  ^T,  &q,  and  as  in  parts 
of  the  units  of  T,  q,  and  e,  respectively ;  and,  to  avoid  this  incon- 
venience, we  may  express  these  variations  in  terms  of  certun  parts 
of  the  actual  units.  Thus,  in  the  case  of  T,  we  may  adopt  as  the 
niit  of  aT  the  nth  part  of  a  mean  solar  day,  and  the  coefficients 
of  the  terms  of  the  equations  for  cosd  Aa  and  a^  which  involve  a7 
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most  evidently  be  divided  by  n.  In  the  same  manner,  it  appnais 
that  if  we  adopt  as  the  unit  of  Lq  the  unit  of  the  mth  decimal 
place  of  its  value  expressed  in  parte  of  the  unit  of  q,  we  must  divide 
its  coefficient  by  10",  and  aimilarly  in  the  ease  of  m,  so  that  the 


~,da  ,  da     ^    ,         .do    ,  ,  <        ,da     _ 

9&»  =  ciyai~Ait  +  coBi^-z-ii.Q  +cos^— ai  + -coaa^^^ar 

.      d*         .     di      ^    ,   dS     .      »     d3     „  ,      g    d3 


tn  which  8  =  206264.8.  When  log  q  is  introduced  in  place  of  q,  the 
coefficiente  of  a  log  q  are  multiplied  by  the  same  Jactor  as  in  the  case 
of  Aq,  the  unit  of  &logq  being  the  unit  of  the  tnth  decimal  place 
of  the  logarithms.  The  equations  are  thus  rendered  bomt^eneoua, 
and  also  coDvenient  for  the  numerical  solution  in  finding  the  values 
of  the  unknown  quantities  A;r,  a£J,  At,  aT,  &c  When  &T,  nq,  and 
ae  have  been  found  by  means  of  the  equations  thus  formed,  the 
coirections  to  be  applied  to  the  -corresponding  elements  are  — ,  -r^, 


quantity,  instead  of  the  actual  variation  of  any  one  of  the  elements 
of  the  orbit,  n  times  that  variation,  in  which  case  its  coefficient  in 
the  equations  must  be  divided  by  n. 

The  value  of  aa,  derived  by  taking  the  difference  between  the 
Wimpnted  and  the  observed  place,  is  affected  by  the  uncertainty 
necessarily  incident  to  the  determination  of  a  by  observation.  The 
unavoidable  error  of  observation  being  supposed  the  same  in  the  case 
of  a  as  in  the  case  of  d,  when  expressed  in  parts  of  the  same  uni^ 
it  is  evident  that  an  error  of  a  given  magnitude  will  produce  a 
greater  apparent  error  in  a  than  in  d,  since  in  the  case  of  a  it  is 
measured  on  a  small  circle,  of  which  the  radius  is  cos  H ;  and  hence, 
in  order  that  the  difference  between  computation  and  observation  in 
a  and  3  msy  have  the  same  influence  in  the  determination  of  the 
corrections  to  be  applied  to  the  elemeuts,  we  introduce  cos^aA 
instead  of  Aa.  The  same  principle  is  applied  in  the  case  of  the 
longitude  and  of  all  corresponding  spherical  co-ordinates. 
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1>2.  The  formulse  already  given  will  determine  also  the  yariatioos 
of  the  geocentric  longitude  and  latitude  oorrespondiug  to  small  in- 
crementa  assigned  to  the  elements  of  the  orbit  of  a  heavenly  body. 
Id  this  case  we  put  e  =  0,  and  compute  the  values  of  A,  B,  sin  a, 
and  sinb  by  means  of  the  equations  (94),.  We  have  also  C=0, 
sin  c  =  sin  >,  and,  in  place  of  a  and  d,  respectively,  we  write  >1  and  ^. 
But  when  the  elements  are  referred  to  the  same  fundamental  plane 
as  the  geocentric  places  of  the  body,  the  formuln  which  depend  on 
the  position  of  the  plane  of  the  orbit  may  be  put  in  a  form  which  is 
more  convenient  for  numerical  application. 

If  we  differentiate  the  equations 

a:*  =  T  co8«  COB  Jl  — r  dnusin  JJ  cost, 
jf'=rcoBUBui$J  +rBin«cOBjl  coat, 
^  =r8inusuit, 
we  obtain 

d3f:=  —  dr  —  r(suiu  cos  fj  -|-  cos  u  sin  fj  cos  0  <^ 

—  r(coeu8inS2  +Bi°u  cob  SI  tMai)dSi  -|-r  sinusin  £2  tiai^, 


J.i 


rCsintt  ain  Jl  —  coeu  cos  £}  coeOi^u 


-f-  r(coeucoB£J  —  sinusin  £J  cost) ({£2  — rsinucoa  £2  sintdi,  (46) 
d/  =  -  dr  -{-  r  COB  «  sin  i  rfi*  +  r  Bin  u  COB  i  (it, 

in  which  a;',  y',  2'  are  the  heliocentric  co-ordinates  of  the  body  in 
reference  to  the  ecliptic,  the  positive  axia  of  x  being  directed  to  the 
vernal  equinox.  Let  us  now  suppose  the  place  of  the  body  to  be 
referred  to  a  system  of  co-ordinates  in  which  the  ecliptic  remains  as 
the  plane  of  sey,  but  in  which  the  positive  axis  of  x  is  directed  to  the 
point  whose  longitude  is  £2 ;  then  we  shall  have 

(ic  ^  d/  COB  £i  +  rf^  sin  £1, 
(fy  =  —  da'  ain  £2  -j-  dy"  cos  n, 
<fa=(b', 

ftod  the  preceding  equations  give 

dx  =  - dr  —  r  tanu  du  —  rainwcost  ifj, 

(Jy  =  r:dr-|-r  coBU  c(»i  du-j-r  cosud£2  — r  sinusint  di,    (47) 

ds  =  -  dr  -(-  r  cos  u  sin  i  du  +  r  sin  «  COB  i  di, 
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This  transformation,  it  will  be  observed,  is  eqaivaleot  to  diminisbing 
the  longitudes  in  the  eqnatioDS  (46)  bj  the  aogle  Q  through  which 
the  axis  of  x  has  been  moved. 

Let  X„  Y„  Z,  denote  the  heliocentric  co-ordinates  of  the  earth 
referred  to  the  same  eystem  of  oo-ordinates,  and  we  have 

9!  +  X,=  J  COB(9c08{i  — (JX 

y+  y,=  J  ooaj9ein(i—  Q), 
«  +  Z,  =  J  Bin  ft 

in  which  X  ia  the  geocentric  longitude  and  ^  the  geocentric  latitude. 
In  differentiating  these  equations  so  as  to  find  the  relation  betwerai 
the  variations  of  the  heliocentric  co-ordinates  and  the  geocentric  lon- 
gitude and  latitude,  we  most  regard  £i  as  constant,  since  it  indicates 
here  the  position  of  the  axis  of  x  in  reference  to  the  vernal  equinox, 
and  this  position  is  supposed  to  be  fixed.     Therefore,  we  shall  have 

rf* = cos /9  coa C-I — SJ ) d J — il  sin  ^  cos (i — ft ) d;9 — /J  cos j9 sin (.i — Q) (41, 
dy=oosjJ8tn(i— (J)dJ  — JsiniSsinCi— SJ)d;S-|- Joos^co«(-l— fi)iil, 
da=Binj?tIJ  +  ilco8|8dft 

from  which,  bj  elimination,  we  find 

cofl^ai  = 2 ***"! J "y- 


These  equations  give 

^   -<«_      Binq-ii)  dp  _      3in^coe(J-ii) 

dx  a        '  dx  J 

__„(«       cofl(J  — n)  dp  ain;8Bin(^— g)    .     . 

«»^^  =  — J — ■  -^  = j -tw) 

«"^^='^'  -d^--r- 

If  we  introduce  the  distance  w  between  the  ascending  node  and  the 
place  of  the  perihelion  as  one  of  the  elements  of  the  orbit,  we  have 

du^dv  -{-  dia, 

and  the  equations  (47)  give 

dx       X  dy      y       .  .        dz       t        .        .    . 

dr        r  dr       r  dr       r 

dx       dx  .         dy       dy  .    d*        dt 

-T— =  ,-= — rsmu,  -/-=  ,-=rcos«coe»,  — s— =T-=rco8wain», 
m      dia  dv       da  dv       dm 
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^=-rri..co.i,  ^='C"..  ^=0;  (40) 

dx       n  dv  .        .    .        dg  . 

^p-^O,  —.—= — 1*  Bint*  Bint,      ^r^=raiii«  coei. 

at  dt  at 

If  we  introduce  ;r,  the  longitade  of  the  perihelion,  we  h&ve 

dit  =  dv  -\-  dx  —  dQ, 

and  hence  the  expressions  for  the  partial  differential  ooeffioienta  of 
the  heliocentric  co-ordinates  with  respect  to  tv  and  £J  become 

dx  .  dy  .  dz  .    . 

— ; —  =  —  r  sin  u,  — =^-  ^  r  cos  «  coa  t,         -^ —  =  r  cos  u  sin  t ; 

t  ?  I  w 

^---  =  2r  smti  Bin'jt,    -5^  =  2r  coa «  sin' Jt,    -}^  =  — r  cos u  Bin h 

When  the  direct  iaclinatjon  exceeds  90°  and  the  motion  ia  r^rdetl 
as  heing  retrograde,  we  find,  b^  making  the  necessary  distinctions  in 
r^ard  to  the  algebraic  signs  in  the  general  equations, 

dx      n         dy  .        .    .         dt  .  .        ,_,, 

«=».        f  =  r»B««n.,        -3f  =  -r.m.coe,;      (61) 

and  the  expressions  for  -3-1  -j->  -rpri  -y-,  Ac.  are  derived  directly 

from  (49)  by  writing  180°  —  i  in  place  of  t.     If  we  introduoe  the 
longitude  of  the  perihelion,  we  have,  in  this  case, 

du  =  di)  —  dit  +  dSi, 


and  hence 

dz                                   d) 

=  rcoauaxi, 

d. 

^  =  -2,.i.«.i..!<,  #«- 

=  2rcofl«Bm*Ji, 

di 

(52) 
r  Gosusint. 

But,  to  prevent  confusion  and  the  necessity  of  using  so  many  for- 
mulie,  it  is  best  to  regard  t  ns  admitting  any  value  from  0°  to  ISO", 
and  to  transform  the  elements  which  are  given  with  the  distinction 
of  retrograde  motion  into  those  of  the  general  case  by  taking 
180°  —  i  instead  of  i,  and  2Si  —  t  instead  of  ff,  the  other  elements 
remaining  the  same  in  both  cases. 

53.  The  equations  already  denved  enable  us  to  form  those  for  the 
di{lfe]:«ntial  coefficients  of  i  and  ^  with  respect  to  r,  v,  £i,  t,  and  a>  or 
IT,  by  writing  successively  X  and  j9  in  place  of  9,  and  Q,  i,  &c.  in 
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plaoe  of  It  in  equation  (2).  The  expressions  for  the  differential  coeffi- 
cients of  r  and  t>,  with  respect  to  the  elementfl  which  determine  the 
form  of  the  orbit  and  the  position  of  the  bodj  in  its  orbit,  being 
independent  of  the  poeition  of  the  plane  of  the  orbit,  ate  the  same  as 
those  already  given ;  and  hence,  aocording  to  (42)  and  (43),  we  may 
derive  the  values  of  the  partial  differential  coefficients  of  X  and  ^ 
with  respect  to  these  elements.  The  nnmerical  application,  however, 
in  &(ulitated  by  the  introduction  of  certain  auxiliary  quantitaea. 
Thus,  if  we  substitute  the  values  given  by  (48)  and  (49)  in  the 

.dl  -  («  Ac  ,    a^     dy 


dv  dx    dv  ay    dv 

dv       dx     dv       dy    dv       da    d« 


and  put 

COB  t  cos  (J —  ^)  =  .ioBin^, 

sin*  =  n8UiA;  ^'^^ 

—  8in(i  —  SJ)  COS i  ^  n  COS  Jf, 

in  which  A,,  and  n  are  always  positive,  they  become 

_(M  n    d^  ^      A         •       r   1      .  \ 

cos  p  -j-  =  COS  p  J—  =  -J  j1,  am  ( J  +  «), 

■j-=         j^=^imaficoe{i  —  Osinu  +noo6«sin(Jf +^9)). 
Let  us  also  put 


(54) 


n8in(^+^=5,sinB, 

sin  j9  cos  (.1  —  ft  )  =  B,  CM  B, 

and  we  have 

.di  ^di.       t   .     .    , .   , 

co8i8-y-^coBj9-Y-^  — J.  smfJ  +  «', 

■*•       *.   3  •    ^  -^  ■■  ^^j 

The  expressions  fiir  oos  ^  -j-  and  -p  give,  by  means  of  the  same 
auxiliary  quantities, 


In  the  same  manner,  if  we  put 
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f67) 


eosC-l  — a)=<i8mC, 
coetBinCA—  Sl)  =  CcoBC; 
ooe  «  =  i>.  Bin  i>, 
■in  fi  —  a)  sin  *  =  X),  cos  D; 


co«^^  =  =^CiBiii«7+«), 


if 

3a 

=  -'.^ 

im;9co«U  +  «); 

CM 

^4 

=  -> 

irai«c<«y-a), 

if 

=  -I),.iii«.iiiCi)  +  W- 

fwe 

Bubstitnte  the  eipwesiona 

(M)  and  (66)  in  the  eqnnKonj 

cos 

'f= 

%^-'l-% 

* 

3?  = 

ir    ,if    in 

if  +  S-if 

put 

dr 

=/«. 

iP-aco 

99<MV, 

'3? 

=/co«Ji'=(^ +tan,  006»jr«m., 

we  get 

it  =  {B.i^(.B  +  F  +  ,). 
Xo  ft  flimilar  manner,  if  we  put 


3^="'""'-    """'"" 

V, 

dX,      '                     ' 

^  =  K.mH=-[.^„ 

m.(i- 

T)- 

2r 

^  =  K«,H='l^,i- 

n, 
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we  obtain 


=  jA^BiaiA  +  S+u), 


(62) 


The  quadrants  in  which  the  auxiliary  angles  miiBt  be  taken  are 
determined  by  the  condition  that  A„  £„  ^mft  9i  ^"^  ^  ^^  always 
positive. 

64.  If  the  elements  T,  q,  and  e  are  introduced  in  pUce  of  M^,  p^ 
and  f,  we  must  put 


/»°^=-3j.        /' 


dt' 


!,cO=T^  (68) 


and  the  equations  become 


--!,B,m<,B+a  +  vy, 


(M) 


co.^^  =  -|^.«mU  +  ^+«), 

In  the  numerical  application  of  these  formulee,  the  values  of  the 
second  members  of  tbe  equations  (63)  are  found  as  already  exem- 
plified iiir  the  cases  of  parabolic  orbits  and  of  elliptic  and  hyperbolic 
orbits  in  which  the  eccentrici^  differs  but  little  from  unity.  In  the 
same  manner,  the  differential  coefBcients  of  jt  and  )?  with  respect  to 
any  other  elements  which  determine  the  form  of  the  orbit  may  be 
computed. 
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Iq  the  case  of  a  parabolic  orbit,  if  the  parabolic  eocentricity  13 
eup]>osed  to  be  invariable,  the  terma  involving  e  vaniah.  Further, 
in  the  case  of  panbolic  elements,  we  have 


,.m8-      jr-^j^          "•^i'jr 

rhich  give 

taa  0  =  —  tan  ^«. 
Hence  there  resalts  0  =  180" — Jv,  and  g  =  k-\~,  which  is  the 
expression  for  the  linear  velocity  of  a  comet  moving  is  a  parabola. 
Theitifore, 

.dk  ki/2 


~-A,aixiiA  +  v  —  JvJ, 


(65) 


For  the  case  in  which  the  motion  is  considered  ae  being  retn^rade, 
180°  — i  must  be  used  instead  of  t  in  computing  the  values  of  A„ 
A,  n,  If,  Op,  and  C,  and  the  equations  (55),  (56),  and  the  first  two 
of  (58),  remain  unchanged.  But,  for  the  differential  coefficients  with 
respect  to  i,  the  values  of  iJ,  and  D  must  be  found  from  the  last  two 
of  equations  (57),  using  the  given  value  of  i  directly;  and  then  we 
■hall  have 

cos^-^^-2BintBint(coe(il  —  ft), 

^  =  —  I  i>,  sin  «  Bin  (iJ  +  iS). 

65.  Examples. — The  equations  thus  derived  for  the  diflerential 
coeffidents  of  X  and  p  with  respect  to  the  elements  of  the  orbit, 
referred  to  the  ecliptic  as  the  fundamental  plane,  are  applicable  wben 
any  other  plane  is  taken  as  the  fundamental  plane,  if  we  consider  X 
and  fi  as  having  Uie  same  signification  in  reference  to  the  new  plane 
that  they  have  in  reference  to  the  ecliptic,  the  longitudes,  however, 
being  measured  fix>m  the  place  of  the  descending  node  of  this  plane 
on  the  ecliptic.  To  illustrate  their  numerical  application,  let  it  be 
required  to  find  the  differential  coefficients  of  the  geocentric  right 
ascension  and  declination  of  Eurynome  @  with  respect  to  the  ele- 
ments of  its  orbit  referred  to  the  equator,  for  the  date  1666  Febroary 
24.6  mean  time  at  Washington,  using  the  data  given  in  Art.  41. 
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In  the  first  place,  the  elements  which  are  referred  to  the  ecliptiG 
miist  be  referred  to  the  equator  u  the  fundamental  plane ;  and,  by 
meftDS  of  the  equations  (109),,  we  obtain 

JJ'=  353"  45'  36".87,        »'  =  19"  26'  25".76,        »,  =  212°  32*  IT".?!, 

and 

«/  =  »  +  «„  =  60°10'7''.29, 

which  are  the  elements  which  determine  the  position  of  the  orbit  in 
space  when  the  equator  is  taken  as  the  fundamental  plane.  These 
elements  are  referred  to  the  mean  equinox  and  equator  of  1865.0. 
Writing  a  and  Sin  place  of  i  and  ^,  and  Si',  *',  o^  in  place  of  Q,,  ^ 
and  to,  respeotivelj,  we  have 

J,cosJ  =  ein(«  — Jl'); 

n  oofljr=  —  cosfsinC* — flOf 

£,  COB  £^  Bind  COB  («  —  O! 

C(|COflC^flin{* —  £2')  cost"; 

i),C0Bi)=8in  t'sin  (a  —  QO; 

COB  p  cos  v, 

2  \     . 

-f-  tan f> cost)  IrBmv; 


tan¥>8Jn«(.(  — D  — - 


The  values  of  ^„  to,  5„  (^  -Ow/*  9i  *nd  ft  must  always  be  positive, 
thus  determining  the  quadrants  in  which  the  angles  A,  B,  &g.  mnsl 
be  taken ;  and  these  equations  give 

log^=-  9.97497,  A  =  262"  lO*  40", 

logBe=  9-52100,  B=   76   48  85  , 

log  Co  =  9.99961,  C  =  263     2    6, 

logD,  =  9.97497,  D=   92   35  47  , 

log/  =0.62946,  J"  =  339   14    0, 

logff  =0.34693,  e  =  360   11  16, 

log  h  =  2.97759,  fl"=   14   80  48  , 
«'  =  e  +  <«'  =  179'>13'68". 
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SuLetituting  these  values  in  the  equations  (55),  (58),  (60),  anil  (€2), 
aad  vriting  a  and  3  instead  of  X  and  p,  aud  u'  in  place  of  u,  we  find 

COS  »~  =  +  1.4285,  -^  =  —  0.4890, 


"•'w=+'-'°''' 

^  =  +  0.0176, 

co«J-^  =  + 0.0067, 

-^  =  +0.0193, 

.      COi»4^  =  +  I.9940, 

.^  =  -0.6630, 

<!0.J-^  =  + 607.25, 
1  hen« 
(VM  a  &•  =  +  1.4235  &<,/  +  1.6098 

-|-  =  -179.34| 
la'  +  0.0067  a.'  +  1.9940  if 

+  1.18004^/;  + 507.26  4/i, 
aJ  =  —  0.4890  4"'  +  0.0176  4  fl'  +  0.0198  4»'  —  0.6630  &r 
—  0.3802  4jtf,  — 179.34  Ap. 
If  we  put 

A."  =  —  6".64,  4  ft'  =  — 14".12,  4r'  =  —  8".86, 

4,.  =  +  10",  4if,  =  +  10",  4f»  =  +  0".01, 

we  get 

CM  *  4«  =  +  5".47,  4a  =  —  9".29 ; 

and  the  values  calculated  directly  irom  the  elements  corresponding  to 
tlte  incrementa  thus  assigned,  are 

COB  a  4a  =  +  5".50,  4*  =  —  9".02. 

The  agreement  of  these  results  is  sufficiently  close  to  prove  the  oal- 
cuUtion  of  the  coefficients  in  the  equations  for  cos  ^  4a  aud  a3. 

When  the  values  of  4<u',  4£i',  and  &i'  are  small,  the  eoirespond- 
ing  values  of  401,  4£i,  and  4i  may  be  determined  by  means  of 
differential  formulte.  From  the  spherical  triangle  formed  by  the 
intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with  the 
celestial  vault,  we  have 

cos  «  =:co8t'coe*-f' sint'sintcos  Q', 
sin  t  COS  £i  =  —  cos  t*  sin  (  -|-  sin  t'  cos  t  COB  JJ', 
Binisiu  £i  =  sin  1*  sin  Q',  (67) 

sin  i  sin  w,  =Biu  EJ'sint, 
sin  t  cos  (Of  ^  COS  ( sin  1*  —  sio  t  cos  i*  cos  JJ', 
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from  which  the  values  of  £2,  i,  and  ot,  may  be  found  fix>m  those  of 
Q '  and  i'.  If  we  difra*entiate  the  first  of  these  equatlonB,  r^acding 
t  as  couBtant,  aud  reduce  hj  means  of  the  other  givea  relatjoos,  we 
get 

di  =  dwm^di!  +  wna^emi dSi  .  (68) 

Tnterchan^ng  i  and  180^  —  t',  and  also  St  and  Q ',  we  obtun 

d!  :=  cos  ii>,di  —  sin  u,  am  t  tf  Q . 

Elimmsting  di  from  these  equations,  and  introducing  the  value 

sin  t" sin  JJ 

Bin*  "flinft" 


If  we  difierentiate  the  expression  for  cos  m^  derived  from  the  same 
spherical  triangle,  and  reduce,  we  find 

dia,  =  COB  1  dft  —  cos  r  dfl'. 

Substituting  for  djj  ita  value  given  by  the  preceding  equation,  and 
reducing  by  means  of 

sin  fj'  cos  t"  ^  sin  £2  coe  w,  cos  t  —  cos  fj  sin  o^ 
we  get 

da..=  -'i?^cosadft'-^cosidi'.  (7«J 

Bin  iJ  sm  t 

The  equations  (68),  (69),  and  (70)  give  the  partial  differential  oo- 
efficiente  of  Q ,  t,  and  fu,  with  t&syi^t  to  Si '  and  i',-  and  if  we  sup- 
pose the  variations  of  the  elements,  expressed  in  parts  of  the  radius 
as  nnity,  to  be  so  small  that  their  squares  may  be  n^lected,  we  Bhall 
have 


'"• "  SFa'  "•**"*'  — 7^  "* 

M' 

.«=i;^co.,.«.-^.,. 

at  =  ein  Of,  sin  i' 4  jl' -|- COB »,  ai'. 

If  we  apply  these  formulse  to  the  case  of  Eurynome,  the  result  is 

au.,  =  —  4.420AEJ'  +  6.665m'', 

a  JJ  =  _  3.488a  JJ'  +  6.686at', 

ai  =  —  0.179aa'  —  0.843ai' ; 
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tni  if  -we  asaigo  the  values 

ajj'  =  — 14".12,  a»'  =  —  8".86,  a™'  =  —  6".64, 

we  get 

4»,=  +  3".36,      An=-ir.O,      ai  = +10^.0,      4<<.  =  -10".0, 

and,  hence,  the  elemente  which  determine  the  positioD  of  the  orbit  in 
reference  to  the  ecliptic 

The  elemente  o/,  Q',  and  i'  may  also  be  changed  into  those  for 
which  the  ecliptic  is  the  fundamental  plane,  by  means  of  equations 
which  may  be  derived  from  (109),  by  interchanging  ii  and  fj'  and 
180"  — i' and*. 

66.  If  we  refer  the  geocentric  places  of  the  body  to  a  plane  whose 
inclination  to  the  plane  of  the  ecliptic  is  t,  and  the  longitude  of  whose 
asoendiiig  node  on  the  ecliptic  is  Si, — which  is  equivalent  to  taking 
the  plane  of  the  orbit  correeponding  to  the  unchtuiged  elements  as 
the  fdndamental  plane, — ^the  equations  are  still  further  simplified. 
Let  t/,  y',  z'  be  the  heliocentric  co-ordinates  of  the  body  referred  to 
a  system  of  co-ordinates  for  which  the  plane  of  the  unchanged  orbit 
is  the  plane  of  an/,  the  positive  axis  of  x  being  directed  to  the  as- 
cending node  of  this  plane  on  the  ecliptic;  and  let  a;,  y,  s  be  the 
heliocentric  co-ordinates  referred  to  a  system  in  which  the  plane  of 
xg  is  the  plane  of  the  ecliptic,  the  positive  axis  of  x  being  directed 
tn  the  point  whose  longitude  is  U.    Then  we  shall  have 

daf  =  d3i, 

d^  =  —  dysini-^dz  cos i. 

Sabetituting  for  dx,  dy,  and  ds  their  values  given  by  the  equations 
(47),  we  get 

dxf^—dr  —  rsinudu  —  r  sin u  cost  dQ, 

d^  ^  —  dr  +  T  coau  du  +  r  ooBu  coei  dii. 


It  will  be  observed  that  we  have,  so  long  as  the  elements  remain 
onchanged. 


y'  =  rsinu, 
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and  tkJDCC,  omitting  the  aocente,  so  that  x,  y,  t  will  refer  to  the  plane 
of  the  anohanged  orbit  as  the  plane  of  xy,  the  preceding  equations 
give 

(iF=^COS«dr  — rsinu  du  —  r  sinu  cost  (f£2, 
dy  =  sm^  dr  -^  r  <X3au  du  -\-  r  coBUCfxi  dQ,, 
dz  =  —  r  cos u  Bin i  dQ  -i-  r  imu  di. 

The  value  of  w  is  Bubject  to  two  distinct  changes,  the  one  arising 
fiom  the  variation  of  the  poeitiou  of  the  orbit  in  its  own  plan^  and 
the  other,  from  the  variation  of  the  poeltion  of  the  plane  of  the  orbit. 
Let  UB  lake  a  fixed  line  in  the  plane  of  the  orbit  and  directed  from 
the  centre  of  the  sun  to  a  point  the  angular  distance  of  which,  back 
from  the  place  of  the  ascending  node  on  the  ecliptic,  we  shall  desig- 
nate by  a;  and  let  the  angle  between  this  fixed  line  and  the  semi- 
transverse  axis  be  designated  by  ^.     Then  we  have 

^  =  "'  +  '. 
Thti  fixed  line  thus  taken  is  supposed  to  be  so  situated  that,  so  long 
as  the  position  of  the  plane  of  the  orbit  remains  unchanged,  we  have 


But  if  the  elements  which  fix  the  position  of  the  plane  of  the  orbit 
are  supposed  to  vary,  we  have  the  relations 

do  =coBidSi, 

da  =  dx  —  cost  dJJ,  (72) 

dK  =  dx-\-{\—  COB  i)  da  =  d^  +  2  sin' Jt  dft. 

Now,  Binte  tt  =  t)  +  a»,  we  have 

«  =  «>  +  JT  —  «. 
and 

du  =  dv  -}-  iJ;  —  da^dv-\-  dx  —  ooflt  d ft. 

Substituting  this  value  of  du  in  the  equations  for  dx,  dy,  dz,  they 
reduce  to 

dx  ^  cos  udr  —  r  sin  «  du  —  r  sin  tt  dx, 

dy  ^  sin  t*  dr  -|-  r  cos  u  dv  +  r  cob  t(  dx,  (73) 

da  ^  —  r  coBu  Biui  dEi  +  r  sinu  di. 

The  inclination  is  here  supposed  to  be  susceptible  of  any  value  from 
0°  to  180°,  and  if  the  elements  are  given  with  the  distinction  of 
retrograde  motion  we  must  use  ISO**  — t  instead  of  t. 

Let  us  now  denote  by  0  the  geocentric  longitude  of  the  body  mea- 
sured in  the  phine  of  the  unchanged  orbit  (which  is  here  taken  as  the 
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fitnclamenta]  plane)  frnm  the  aacendiDg  node  of  this  plaoe  on  the 
eoliplJG,  and  let  the  geocentric  latitude  in  reference  to  the  same  plane 
be  denoted  b^  7.     Then  we  shall  have 

X  +  X^  J  cos  ^  cos  tf, 
y  +  y^  J  COB  ^  Bin  B, 
e  -f<  Z  ^  J  sin  ij, 

in  which  X,  F,  ^  are  the  geocentric  co-ordinates  of  the  sun  referred 
to  the  same  sTstem  of  co-ordinatea  as  x,  y,  and  z.  These  eqaatjons 
give,  by  differentiation, 

dx^cMi)  COOB  d^  —  ^  tiH-ij  caaS  dii  —  £  kokij  tiiaB  dO, 
d^  =  COB  ij  Bin  0  (f  J  —  J  sin  1;  Bin  9  (ji;  4-  ^  009^  cm  9  d6, 
ds  =zsaiij  dii  +  ^  coai)  dt; 


and  hence  we  obtain 

™,d»  =  -"-°-V  +  ??^iy, 

J,           ««^J».»i.       .i«,^.i..^^^c»,^ 

The«egiT« 

de           mas                 ds       coaS 

""51  =  — J-'      «""''d,  =  -j' 

dij            BinijcoaC         dti            BiDijsin* 

e..4  =  0; 

/                 (74) 

dx                  a        •        dy                  J        ' 

dz ~' 

and  from  (73)  we  get 

dx                                      dy 
-j-  =  co9«.                     -^=am«, 

■t  ">: 

^-«.       4=«.       -^='"- 

Substitating  the  values  thus  found,  in  the  equations 

d9               dl    dx    ,           dt 

ds 
dv 

in       drj     dx       dii     dy       d^ 
dv       di '  dv '^  ds  '  dv '^  d. 

d. 
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we  get 

„  d'  __ 

-'""da'-l 


cos :) -5^  =  ooe  5  ^  =  ^  CO.  (»  —  «), 

at) 


In  a  simUar  manner,  we  derive 

«»i?^o'  =  "'  ^^  =  — ^coa^Binicoau,  (77) 

If  we  introduce  the  elemente  ^,  Jf^  and  ft,  which  determine  r  and  v, 
we  have,  from 

de  do    dr    ,  (19    dv 

coe,^  =  co8,^. ^+008,-^-5^ 

dij dij     dr       dij    dv 

df       dr    dip       dv    df 

if  we  introduce  also  the  auxiliary  quantities /and  F,  as  determined 
hj  means  of  the  equations  (69), 


's^^^^C'-**--^)-  %=--"" 


C0S?T-  =  ^C08C9— «  — f),     ;.-  =  — ^sinijBinCfl  — w  — JO-     (7») 


Finally,  iising  the  auxiliaries  ^,  A,  Q,  and  if,  according  to  the  equur 
tions  (61),  we  get 

de      k       .  „,         d,  A  .       .   ,,  '^'v 

COB  7  —7—  ;=  -J  COB  (fl  —  «  —  H),         -5—  =  —  -^  Bin  :j  Bin  (fl  —  u  —  H). 

If  we  express  r  and  c  in  terms  of  the  elements  T,  q,  and  «,  the 
values  of  the  auxiliaries  /,  g,  k,  F,  &c.  must  be  found  by  means  of 
(64);  and,  in  the  same  manner,  any  other  elements  which  determine 
the  form  of  the  orbit  and  the  position  of  the  body  in  its  orbit,  may 
be  introduced. 

The  partial  difierential  coefficients  with  respect  to  the  elements 
having  been  found,  we  have 

<^         ,  ''*         , 

COB  1;  &tf  ^  cos  17 -j— Aj;  +  COBIJ-J— 4?'  +  COB)! 


dv^^  dM^ 


.4J^f.  +  ^A;^ 
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fVom  which  it  appears  that,  by  the  introdactioa  of  ]^  as  one  of  th« 
eletnente  of  the  orbit,  when  the  geooentric  places  are  t«ferred  directly 
to  the  plane  of  the  unchanged  orbit  as  the  fundamental  plane,  the 
variation  of  the  geocentric  longitude  in  reference  to  this  plane  depends 
on  only  four  elements. 

57.  It  remains  now  to  derive  the  formulae  for  finding  the  values 
of  ^  and  6  from  tliose  of  i  and  j9.  Let  x„  y„  z^  be  the  geooentrio  co- 
ordinates of  the  body  referred  to  a  system  in  which  the  ecUptio  is 
the  plane  of  xy,  the  positive  axis  of  x  being  directed  to  the  point 
whose  longitude  is  Si ;  and  let  x/,  y^',  z^'  be  the  geocentric  oo-ordi- 
nates  of  the  body  referred  to  a  system  in  which  the  axis  of  x  remains 
the  same,  hut  in  which  the  plane  of  the  unchanged  orbit  is  the  piano 
of  xj/s  then  we  shall  have 

a^  ^  J  COB  |9  cos  (i  —  fl),  xj=  J  COS  i;  cos  9, 

y,  ^  J  cos  ;9  sin  (<t  —  JJ ),  y,'  ^  J  cos  ^  sin  tf, 


x;  =  x^ 

y.'  =  y,cost  +  ^iin*, 
<  =  — yafflnt  +  ficosi. 
Henoe  we  obtain 

COB  ^  COB  9^  cos  P  COB  (X  —  Q), 

cos^sintf  =:coej9dn(^ —  £3)coa{  +  Bini9un^  (80i 

sinij  =  —  COS ;J sin  (J —  JJ)Bini  +  sin^coei 

These  equations  correspond  to  the  relations  between  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  i,  90°  —  tj,  and  90°  —  ft 
the  angles  opposite  to  90°  —  7  and  90°  —  ^  being  respectively 
90°  +  (-)  —  ft)  and  90°  —  d.  Let  the  other  angle  of  the  triangle  be 
denoted  by  ;■,  and  we  have 


COB  ij  sin )-  =  sin  t  COS  (i  —  JJ ), 

COS  1)  COB  r  =  Bin  t  ein  (i  —  {J )  sin  ^  +  coa  t  cos  ^. 


(81) 


The  equations  thus  obtained  enable  us  to  determine  ^,  8,  and  x  from 
1  and  j9.  Their  numerical  application  is  ^cilitated  by  the  intro- 
duction of  auxiliary  angles.    Thus,  if  we  put 

«MnJV=BinA 

ncoBJV=eosPBinCi-(l),  ^"' 
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ID  which  n  is  always  poeitive,  we  get 

C08 5  COB S  =  COB |S  COB  (i  —  Q), 

COB  ^  BID  ti  =  n  C08  (Jf —  t),  (88) 

Binij  =nein(Jf — t), 

from  which  ^  aod  0  may  be  readily  found.     If  we  also  pat 

B'Bin^  =  OOBt, 

n'co8jr  =  Bin*8in(-l— a),  ^°*^ 

we  shall  have 

cotN'=--U.aiam{i  —  (J), 

If  }*  ia  small,  it  may  be  foand  from  die  equadon 

'  OOS^  ^      ' 

The  quadrants  in  which  the  angles  soaght  mast  be  taken,  are  easily 
detennined  by  the  relations  of  the  quantities  involved  ;  and  th3 
accuracy  of  the  numerical  calculation  may  be  checked  as  already 
illustrated  for  similar  cases. 

If  we  apply  Gauss's  analt^ies  to  the  same  spherical  triangle,  we  get 

sin  C46'  -  J,)  Bin  (45'  -  J  (ff  +  r))  = 

cos (45°  +  i  (-l  -  SI))  sin  C45»  -  j  (^  +  i)J, 
sin  (45°  -  iv)  cos  (45"  -  J  (e  +  r))  = 

Bin(46<'  +  j(^-a))8in(45»-J0»-O). 
cos(45''-i,)Bin(45»-Kff-r))=  (87) 

COB  (45°  +  i  (^  -  « ))  CM  (45°  -  i  (/J  +  •■)), 
008(46°  —  Ji)) 008(45°  ~^{a  —  r))  = 

sin(45°  +  ^(;-n))coB(45°-i(^-»)), 

tcom  which  we  may  derive  ij,  d,  and  ;■. 

When  the  problem  is  to  determine  the  corrections  to  be  applied  to 
the  elements  of  the  orbit  of  a  heavenly  body,  in  order  to  satisfy 
given  observed  places,  it  is  necessary  to  find  the  expressions  lor 
cosTj  &$  and  &^  in  terms  of  cos^  a<)  and  &^.  If  we  differentiate  the 
first  and  second  of  equations  (80),  r^arding  $}  and  i  (which  here 
determine  the  position  of  the  fundamental  plane  adopted)  aa  cod- 
stant,  eliminate  the  terms  containing  d^  from  the  resulting  equations, 
and  reduce  by  means  of  the  relations  of  the  parts  of  the  spheri(«] 
triangl^  we  get 
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coeyj  de  =  coBr  ooB  fi  di  +  eanj-  dfi. 

Differentiatiag  the  last  of  equations  (80),  and  reducing,  we  find 

di}^^  —  Bin  r  COB  ;9  (W  +  COB  )■  d;9. 

The  equations  thus  derived  give  the  values  of  the  differential  oo- 
eEGcients  of  S  and  i;  with  respect  to  X  and  ^;  and  if  the  differenoea 
aX  and  a^  are  small,  we  shall  have 


coa^&0  =  cosrcos;9&^H-  einr  ^A 
47  ^  —  sin  r  COS  ^  4i  +  coa  J-  4j9^ 


CW) 


The  value  of  ;•  required  in  the  application  of  numbers  to  these 
equations  may  generally  be  derived  with  sufficient  accura<7  from 
(86),  the  algebraic  sign  of  cos;-  being  indicated  by  the  second  of 
equations  (81) ;  and  the  values  of  i^  and  6  required  in  the  calculation 
of  the  differential  coefficients  of  these  quantities  with  respect  to  the 
elements  of  the  orbit,  need  not  be  determined  with  extreme  accuracy. 

68.  Example. — Since  the  spherical  co-ordinates  which  are  fur- 
nished directly  by  observation  are  the  right  ascension  and  declina- 
tion, the  formulffi  will  be  most  frequently  required  in  the  form  for 
finding  ij  and  ff  from  a  and  S.  For  this  purpose,  it  is  only  necessary 
to  write  a  and  3  in  plaoe  of  X  and  ^,  respectively,  and  also  Si',  i', 
w',  ^',  and  u'  in  place  of  Si,  *',  <",  Xi  '^^^  '"■> '°  ^^  equations  which 
have  been  derived  for  the  determination  of  i;  and  d,  and  for  the 
differential  coefficients  of  these  quantities  with  respect  to  the  elements 
of  the  orbit. 

To  illustrate  this  clearly,  let  it  be  required  to  find  the  expressions 
for  coai;  ^d  and  &yj  in  terms  of  the  variations  of  the  elements  in  the 
case  of  the  example  already  given ;  for  which  we  have 

»'  =  60°  W  7".29,        n'=  353"  45'  35".87,        t'  =  19°  26'  25".76. 

These  are  the  elements  which  determine  the  position  of  the  orbit  of 
'Euryname  @,  referred  to  the  mead  equinox  and  equator  of  1865.0. 
We  have,  further, 


g/=  0.62946, 

log  J  =  0.34693, 

logi  =  2.97769, 

J'=339n4'0", 

8  =  350"  11' 16", 
«'  =  179°13'6S". 

£=  14"  30"  41 

In  the  first  place,  we  compute  ^,  8,  and  ;■  by  means  of  the  formubs 
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(83)  and  (85),  or  by  means  of  (87),  writing  a,  S,  (J',  and  »'  instead 
of  X,  0f  Q,  and  i,  respectively.     Hence  we  obtain 

a  =  188°  31'  9",  ij  =  —  1°  59-  28",  r  =  — 19°  17'  7". 

Since  the  equator  is  here  considered  as  the  fundamental  plane,  the 
longitude  S  is  measured  on  the  equator  from  the  place  of  the  ascend- 
ing node  of  the  orbit  on  this  plane.  The  values  of  the  difierentjal 
(vtefficieuts  are  then  found  by  means  of  the  formulte 


»»,^=o, 
".,4-=.o, 

dW 

=  —  2  COS  ^  Bin  f  COS  «*, 

co.,^  =  ^eo.C.-^), 

dl 
W 

=  -^. in,  sin  (»-«'), 

>M,-~^=ico,(t-«'-n, 

d, 
df 

=  -^nin5>in(»-»'— f). 

d, 
do 

dn 

=  -|Bn,.in(»-„'-0). 
=  -^.in,«n(.-«'-H), 

iphich  give 

j^  =  + 0.6072, 
-^  =  +  0.0204, 

cx»,-^  =  + 1.6061, 

-^  =  +  0.0086, 

C0.5 -J?- =  +  2.0978, 

-i-  =  +  0.0422. 

«"iS^'  =  -^i-l^. 

aT =  +  »•"«■ 

CM  5 —-  =  +  638,00, 

^^  =  — 

Therefore,  the  eqnationa  for  coa  ^  &d  and  ai;  become 

COB  1!  iC  =  +  1.5051  a/  +  2.0978  if  +  1.1922  ClM,  +  538.00  Aj», 

Ai;  =  +  0.0086  4/  +  0.0422  if  +  0.0143  aif,  — 1.71  &n 

+  0.5072  aa'  +  0.0204  ai*. 

If  wc  assign  to  the  elements  of  the  orbit  the  variatiomi 

L.,.„i,.,.  ,A_iOOgle 
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4b.'  =  -  6".64,  aQ'  =  — 14".12,  ai'  =  —  8".86, 

4p  =  +  10",  A^  =  +  10",  4/1  =  +  0".OI, 

ire  have 

4/=  Aw'  +  coat'  4a'=  — 19".96; 

and  thf  preceding  equations  give 

COS ))  4fl  =  +  8".24,  41)  =  —  6" .96. 

With  the  same  values  of  4(u',  4  £i ',  <&&,  we  have  already  found 

cofl  a  4«  =  +  5".47,  4^  =  —  9".29, 

which,  by  meaas  of  the  eqaatioDS  (88),  writing  a  and  8  in  place  of 
il  and  ^,  give 

cos  9  4#  =  +  8".23,  4^  =  —  6".96. 

59.  In  special  cases,  in  which  the  differences  between  the  calctt- 
lated  and  the  observed  valaes  of  two  spherical  co-ordinates  are  given, 
and  the  corrections  to  be  applied  to  the  aaaumed  elements  are  Bought, 
it  may  become  necessaty,  on  account  of  difficulties  to  be  encountered 
in  the  solution  of  the  equations  of  condition,  to  introduce  other  ele- 
ments of  the  orbit  of  the  body.  The  relation  of  the  elements  chosen 
to  thoee  commonly  need  will  serve,  without  presenting  any  difficulty, 
for  the  transformation  of  the  equations  into  a  form  adapted  to  the 
special  case.  Thus,  in  the  case  of  the  elements  which  determine  the 
form  of  the  orbit,  we  may  use  a  or  \oga  instead  of  ft,  and  the 
equation 

gives 

*.  =  -|^da  =  -|^<floga.  (89) 

in  which  ^  is  the  modulus  of  the  system  of  It^rithms.  Therefore, 
the  coefficient  of  4/i  is  transformed  into  that  of  4  \o^a  by  multiply- 
ing it  by  —  Jt-;  and  if  the  unit  of  the  rath  decimal  place  of  the  loga- 
rithms is  taken  as  the  unit  of  4  log  a,  the  coefficient  must  be  also 
multiplied  by  10".  The  homogeneity  of  the  equation  is  not  disturbed, 
since  /t  is  here  supposed  to  be  expressed  in  seconds. 

If  we  introduce  logp  as  one  of  the  elements,  from  the  equation 

f  =  ocosV 
11 
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d  logp  =  —  I  -?  d^  —  2i,  tan  p  dp, 
or 

dfi=  —  \td\ogp  —  Zfttaiif  dp.  (90) 

HeDce  it  appears  that  the  coefficients  of  &  logp  are  the  same  as  those 
pf  A  log  a,  but  since  p  is  also  a  iunction  of  f,  the  coefficieDts  of  Af 

are  changed;  and  if  we  denote  by  cos^l -j— jaod  I -r— I  the  valaes  of 

the  partial  differential  coefficients  when  the  element  /i  is  need  in  con- 
nection with  <p,  we  shall  have,  for  the  case  under  consideration, 


dfi' 

^=         I  — ^  — S^tan    — 
df!  \dp  /        »  d/x' 

in  which  g  =  206264".8.     If  the  values  of  the  differential  coefficienta 
with  respect  to  ft  and  f  have  not  already  been  found,  it  will  be  ad- 
,         ,  .  dr    dv       dr  ,      d»      , 

vantaeeous  to  compute  the  values  of  -j— >  -;— .    , ,        .  and  -3-. ■  by 

^  r  df   dp    a  logp  a  logp    ■' 

means  of  the  expressions  which  may  be  derived  by  substituting  in 
the  eqnatiouB  (15)  the  value  of  d/i  given  by  (90),  and  then  we  may 

compute  directly  the  values  of  coa^^— ,  cos^-r-; ,  -3—1  and  -n 

r  J  dv  d  logp   dip  d  logp 

In  place  of  M„  it  is  often  convenient  to  introduce  X^  the  mean 
longitude  for  the  epoch ;  and  since 

we  have 

di,  =  dJ/,  +  dir  =  dJf,  +  dftf  +  dSJ, 

and,  when  x  is  used, 

di,  —  dJf,  +  d/  +  (1  —  CM  i)  dft . 

Instead  of  the  elements  £2  and  i  which  indicate  the  position  of  th^ 
plane  of  the  orbit,  we  may  use 

i^dniainfi,  0  =  Bin»co8Si, 

and  the  expressions  for  the  relations  between  the  differentials  of  6 
and  0  and  those  of  i  and  J!  are  easily  derived.  The  cosines  of  the 
angles  which  the  line  of  apsides  or  any  other  line  in  the  orbit  makes 
with  the  three  co-ordinate  axes,  may  also  be  taken  as  elements  of  the 
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orbit  in  the  formation  of  the  eajuatiouB  for  the  variation  of  the  geo- 
centric place. 

60.  The  equations  (48),  hj  writing  I  and  b  in  place  of  i  and  ^, 
respectively,  will  give  the  values  of  the  diSerential  coefficients  of 
the  heliocentric  lon^tude  and  latitude  with  respect  to  x,  y,  and  z. 
Combining  these  with  the  expressions  for  the  diSerential  coefficients 
of  the  heliocentric  co-ordinates  with  respect  to  the  elements  of  the 
orbit,  we  obtain  the  values  of  ore  6  \l  and  ab  in  terms  of  the  vari^ 
dons  of  the  elements. 

The  equations  for  dx,  dy,  and  dz  in  terms  of  da,  dH,  and  di,  ma,y 
also  be  used  to  determine  the  corrections  to  be  applied  to  the  co-or- 
dinates in  order  to  reduce  them  from  the  ecliptic  and  mean  equinox 
of  one  epoch  to  those  of  another,  or  to  the  apparent  equinox  of  the 
date.    In  this  case,  we  have 

du  =  d^  —  dQ. 

When  the  auxiliary  constants  A,  B,  a,  b,  &G.  are  introduced,  to 
And  the  variations  of  these  arising  from  the  variations  assigned  to 
the  elem^its,  we  have,  from  the  equations  (99),, 

cot  ^  =  —  tan  $1  COS  i, 

oot  il  =  cot  Q  COB  i  —  sin  »  coeec  Q  tan  *, 

cot  C  =  cot  {}  COB  i  -J-  sin  »  cosec  £2  cot  i, 

in  which  i  may  have  any  value  from  0°  to  180°.  If  we  diSerentiactt 
these,  r^iarding  all  the  quantities  involved  as  variable,  and  reduce 
by  means  of  the  valnes  of  sin  a,  san  b,  and  sin  e,  we  get 

,.        cost    ,_       aaA   .„..,. 
oJ  =  -r-=— f^a = BB  ft  smid*, 

flin'n  am  it  ^ 


in  fain  jj  ^ 
aia'b 

rf(7=-^-^— (cost  Bini  -}- sin i  cos t  COB  £})(2£i 

,   sin  C  ,      „   .    .  .                .        V  ..  ,  sin*  sin  (i  , 
-f — r—  Ccoa  ft  am  t  am  c  —  COS  1  cos  t)  »  -{ :—^ at ; 

and  these,  by  means  of  (101),,  reduce  to 
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dA  =  ■  ■  ;    dSi  — BiaA  cot  a  di, 
am'  a 

dB  =  ^^^^^dSi~BiaBcotbdi  +  ^^d*,  (91) 

Bin'o  am' 6 

a(7=  — — ^-j — dj)— BinCeotcdtH — ,-T—dt. 
ein'c  biq'o 

Let  na  now  differentiate  the  equations  (101),,  osiog  only  the  upper 
lign,  and  the  result  is 

da^  —  «n  »  sin  J  dQ  +  cwA  di, 

(£&  ^  —  sin  i  sin  £  dH  -\-  cos Bdi-\-  cose  cosec  6  de, 

dc  =  —  sin  i  sin  C  d£l  -{-eoeCdi  —  cos  ft  cosec  c  dt. 

If  we  multiply  the  first  of  these  equations  hy  cot  a,  the  second  bj 
cot 6,  and  the  third  by  cote,  and  denote  by  J,  the  modulus  of  the 
system  of  logarithms,  we  get 

d  log  sin  a  ^= — ^sintcotasin^dfj  +:t,cotacos^  (ft, 


The  equations  (91)  and  (92)  furnish  the  differential  coefGcienta  of 
A,  B,  C,  Ic^sina,  &c,  with  respect  to  £3,  t,  and  e;  and  if  the  varia^ 
tions  assigned  to  £i,  i,  and  s  are  bo  small  that  their  squares  may  be 
n^lecl(:d,  the  same  equations,  writing  c^A,  &£},  ai,  <&c.  instead  of 
the  differentials,  give  the  variations  of  the  auxiliary  oousbints.  In 
the  case  of  equations  (92),  if  the  variations  of  £i,  t,  and  a  are  ex- 
pressed in  seconds,  each  term  of  the  second  member  must  be  divided 
by  206264.8,  and  if  the  variations  of  l<^sina,  log  sin  6,  and  l(^s!n« 
are  required  in  units  of  the  mth  decimal  pUce  of  the  It^rithma,  each 
term  of  the  sfxxind  member  must  also  be  divided  by  10". 

If  we  differentiate  the  equations  (81),,  and  reduce  by  means  of  the 
same  equations,  we  easily  find 


ft»iZ  =  c08t8ee6  d«  +  coa6  dJJ  —  sinft  cos(/— fi)dt, 
db  =  Bin  i  C08(/  —  SJ )  dw  +  sin  (f  —  Q )  di, 


(93) 


which  determine  the  relations  between  the  variations  of  the  elements 
of  the  orbit  and  those  of  the  heliocentric  longitude  and  latitude. 
By  differentiating  the  equations  (88),,  seglecting  the  latitude  of 
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the  SOD,  and  coneidering  i,  ^,  J,  aad  O  as  Tsriablee,  we  derive,  after 
reduction, 

cos  jS  di  = -r  COS  (-1  —  O)  d0, 

(94) 

which  determine  the  variation  of  tlie  geocentric  latitude  and  longitadn 
arising  from  an  increment  assigned  to  the  longitude  of  the  eun.  Ii 
appears,  therefore,  that  an  error  in  the  longitude  of  the  eun  will 
produce  the  greatest  error  in  the  computed  geocentric  longitude  of  s 
heavenly  bod/  when  the  body  is  in  oppoeition. 


ioy  Google 


160  THEORETICAL  ASTBOKOHT. 

CHAPTEE  III. 

iRVBTiaATioN  or  FOBMDi^  roB  coifFtnnia  the  obbit  op  a.  cxofxr  motihu  nt 

A  FARABOT^  AND  POK  OOBBECTIHO  APFROXIMATE   ELEMKNTB  BT  THE  TAKIATH» 
or  THE  OBOCEHTBIC   DISTANCE. 

61.  The  observed  apherica!  co-ordiaatee  of  the  place  of  a  heavenly 
body  famish  each  ooe  equation  of  condition  for  the  correction  of  the 
elements  of  its  orbit  approximately  known,  and  aimilarly  for  the 
determination  of  the  elements  in  the  esse  of  an  orbit  wholly  unknown ; 
and  since  there  are  six  elements,  neglecting  the  mass, — which  must 
always  be  done  in  the  first  approximation,  the  perturbations  not 
being  considered, — three  complete  observations  will  furnish  the  six 
equations  necessary  for  finding  these  unknown  quantities.  Hence, 
the  data  required  for  the  determination  of  the  orbit  of  a  heavenly 
body  are  three  complete  observations,  namely,  three  observed  longi- 
tudes and  the  corresponding  latitudes,  or  any  other  spherical  co- 
ordinates which  completely  determine  three  places  of  the  body  as 
seen  from  the  earth.  Since  these  observations  are  given  as  made  at 
some  point  or  at  different  points  on  the  earth's  surface,  it  beoomes 
necessary  in  the  first  place  to  apply  the  corrections  for  parallax.  .In 
the  case  of  a  body  whose  orbit  is  wholly  unknown,  it  i?  impossible 
to  apply  the  correction  for  parallax  directly  to  the  place  of  the  body; 
but  an  equivalent  correction  may  be  applied  to  the  places  of  the 
earth,  according  to  the  formulae  which  will  be  given  io  the  next 
chapter.  However,  in  the  first  determination  of  approximate  ele- 
ments of  the  orbit  of  a  comet,  it  will  be  sufficient  to  neglect  entirely 
the  correction  for  parallax.  The  uncertainty  of  the  observed  places 
of  these  bodies  is  so  much  greater  than  in  the  case  of  well-defined 
objects  like  the  planets,  and  the  intervals  between  the  observations 
which  will  be  generally  employed  in  the  first  determination  of  the 
orbit  will  be  so  small,  that  an  attempt  to  represent  the  observed  places 
with  extreme  accuracy  will  be  superfluous. 

When  approximate  elements  have  been  derived,  we  may  find  the 
distances  of  the  comet  from  the  earth  corresponding  to  the  three 
observed  places,  and  hence  determine  the  parallax  in  right  ascension 
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uid  in  decimation  for  each  observation  b^  means  of  the  usual  formula 
Thiu,  we  have 

^^_      ir^coBff'   gin(«  — 6)  Tr  =  91 

d  cofld      '  ^^»  ~.  i, 

•t  =  Iff.;: 


tanr  = 


&S: 


COB  (a  ~  6)' 

_  'f  ""*  y'  ^'^  (y — *) 


ID  which  a  is  the  right  asceosioii,  d  the  declination,  J  the  distance 
of  the  comet  from  the  earth,  f'  the  geocentric  latitude  of  the  place 
of  obaervalioD,  0  the  sidereal  time  corresponding  to  the  time  of 
observation,  p  the  radius  of  the  earth  expressed  in  parts  of  the 
equatorial  radius,  and  x  the  equatorial  horizontal  parallax  of  the 
sun. 

In  order  to  obtain  the  most  accurate  representation  of  the  observed 
place  by  means  of  the  elements  computed,  the  correction  for  aberra- 
tion must  also  be  applied.  When  the  distance  J  is  known,  the 
time  of  obaer%'ation  may  be  corrected  for  the  time  of  aberration ; 
bat  if  ^  is  not  approximately  known,  this  correction  may  be  neglected 
in  the  first  approximation. 

The  transformation  of  the  observed  right  ascension  and  declination 
into  latitude  and  longitude  is  effected  by  means  of  the  equations 
which  may  be  derived  from  (92),  by  interchanging  a  and  A,  i  and  ^, 
and  writio];  — e  instead  of  c.     Thus,  we  have 

taniir=-^— , 


Mill  ^    ~—  == lAU  m* 

COSJT  ' 

tan^  =tao(JV— .)ain-i, 
cosC-W — «) COS  J?  sin  A 


coa  ^  COB  4  sin  a 

which  will  serve  to  check  the  numerical  calculation  of  X  and  ^, 
Since  cosid  and  c^osd  are  always  positive,  oos^l  and  cos  a  must  have 
the  same  sign,  thus  determining  the  quadrant  in  which  >  is  to  be 
taken. 

62.  As  soon  as  these  preliminary  corrections  and  transformations 
have  been  effected,  and  the  times  of  observation  have  been  reduced 
to  the  same  meridian,  the  longitudes  having  been  reduced  to  the 
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fame  equinox,  we  are  prepared  to  proceed  with  the  determinatioa  of 
the  elementB  of  the  orbit  For  this  purpose,  let  t,  t\  t"  be  the  times 
of  observation,  r,  r',  r"  the  radii-vectores  of  the  body,  and  «,  «',  «" 
the  corresponding  arguments  of  the  latitude,  S,,  R',  R"  the  distances 
of  the  earth  from  the  sud,  and  O,  O',  O"  the  longitudes  of  the  sua 
corresponding  to  these  times. 

Let  [jt']  denote  double  the  area  of  the  triangle  formed  between 
the  radii-vectores  r,  r"  and  the  chord  of  the  orbit  between  the  corre- 
sponding places  of  the  body,  and  similarly  for  the  other  triangles 
thus  formed.  The  angle  at  the  sun  in  this  triangle  is  the  difference 
between  the  corresponding  arguments  of  the  latitude,  and  we  shall 
have 
<t  r4<^"-  ['t']  =  iV  sin  (m' —  u), 

-1  X  -  *^^  -^  K']  =  rr"  sin  («"  -  «),  (2) 

[T'r"]=//' sin  («"-«'), 

If  we  designate  by  x,  y,  z,  x',  y',  xf,  a?",  y",  z"  the  heliocentric  oo- 
(»dinates  of  the  body  at  the  times  t,  t',  and  H',  we  shall  have 

V  =r8iiiosin(j4  +  m)i 
af  =  r"  ain  a  sin  ( J  -|-  «'), 
af'  =  r"  sin  a  sin  {A  -j-  «"), 

in  which  a  and  A  are  auxiliary  constants  which  are  functions  of  the 
elements  Si  and  t,  and  these  elements  may  refer  to  any  fundamental 
plane  whatever.  If  we  multiply  the  first  of  these  equations  by 
Bin(i*"  —  w'),  the  second  by  — sin(w"  — w),  and  the  third  by 
sin  («' —  «),  and  add  the  products,  we  find,  after  reduction, 

-  sin  («"  —  i/) ,  sin  («"  — 

which,  by  mtrodnoing  the  values  of  ["■'],  [rr"],  and  [r'r"],  becomes 

[r'/']«-[r^'3a^-l-[»T']a;"  = 

(3) 
(4) 


ny  — y'  +  n'y'=o.  ,B 

M_^_|.„'V'=0.  ^^ 
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If 

we 

we  put 
get 

I'  +  n'V's 

=  0. 

In 

precisely 

the 

same  manner, 

we  find 
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'  CiDoe  the  coefficients  in  these  equations  are  independent  of  the  poei- 
tiona  of  the  co-ordinate  planes,  except  that  the  ori^n  is  at  the  centre 
of  the  sun,  it  is  evident  that  the  three  equations  are  identical,  ana 
express  simply  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sao ;  and  the  last  two  might  have  been  derived 
from  the  first  by  writing  Bitccessively  y  and  z  in  place  of  x. 

Let  I,  X',  X"  be  the  three  observed  longitudes,  ^,  j9',  ^'  the  corre- 
sponding latitudes,  and  A,  d',  d"  the  distances  of  the  body  from  the 
earth;  and  let 

JCOBfi  =  p,  J'cOBi?^^/,  J"C08/S"^/', 

which  are  called  curtate  distances.     Then  we  shall  have 

x^pcfaX  —  iJcoa  O,  3!  =  p'  coai'  —  Bf  CoaQ', 

y  =/)8inJ  — £flin  ©,  3/'  =  />'eini'  —  ^sin©',  S"  ^ca 

z  =pt&afi,  /  ^/j'tanj?,  ' 

3:"  =  p"  cos  i"  —  ^'  cos  0  ", 

y"  ^  p"  sin  i."  —  ^'  sin  0  ", 

«"  =  p"  tan  ^', 

in  irhich  the  latitude  of  the  sun  is  neglected.  The  data  may  be  so 
transformed  that  the  latitude  of  the  sun  becomes  0,  as  will  be  ex- 
plained in  the  next  chapter;  but  in  the  computation  of  the  orbit  of 
a  comet,  in  which  this  preliminary  reduction  has  not  been  made,  it 
will  be  unnecessary  to  consider  this  latitude  which  never  exceeds  1", 
while  its  introduction  into  the  formuln  would  unnecessarily  com- 
plicate some  of  those  which  will  be  derived.  If  we  substitute  these 
values  of  x,  x',  &e.  in  the  equations  (4)  and  (6),  they  become 

0^n(pcoaX  —  BcoB  0)  —  (p'  cask'  —  B'cos©') 

-\-n"(_p"  cfxX"  —  R'  cosQ"'), 
0  =  n(fiBiaX  —  SsiaQ)  —  (p' sinX'  —  Hf  ein  O')  (6) 

+  n"  (p"  sin  -I"  —  K'  sin  ©  "), 
0  =  n/>  tan|9  —  />'  tan  /f  -f-  n"p"  tan ,?'. 

These  equations  simply  satisfy  the  condition  that  the  plane  of  the 
orbit  passes  through  the  centre  of  the  sun,  and  they  only  become 
distinct  or  independent  of  each  other  when  n  and  n"  are  expressed 
in  functions  of  the  time,  so  as  to  satisfy  the  conditions  of  undisturbed 
motion  in  accordance  with  the  law  of  gravitation.  Farther,  they 
involve  five  unknown  quantities  in  the  case  of  an  orbit  wholly 
unknown,  namely,  n,  n",  p,  /)',  and  p" ;  and  if  the  values  of  n  and 
n"  are  fii'st  found,  they  will  be  sufficient  to  determine  p,  p',  and  p". 
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The  determiDatioD,  however,  of  n  and  n"  to  a  sufficient  degree  of 
accarac^,  by  means  of  the  intervala  of  time  between  the  obeei  pations^ 
requires  that  p'  shoald  be  approximately  known,  and  huice,  in 
general,  it  will  beoome  neceesaiy  to  derive  first  the  values  of  n,  n", 
and  p';  after  which  those  of  p  and  p"  may  be  found  from  equations 
(6)  by  elimination.  But  since  the  number  of  equations  will  then 
exceed  the  number  of  unknown  quantities,  we  may  combine  them  in 
snch  a  manner  as  will  diminish,  in  the  greatest  d^ree  possible,  tfan 
effect  of  the  errors  of  the  observations.  In  special  cases  in  whicb 
the  conditions  of  the  problem  are  such  that  when  the  ratio  of  two 
curtate  distances  is  known,  the  distances  themselves  may  be  deter* 
mined,  the  elimination  must  be  so  performed  as  to  ^ve  this  ratio 
with  the  greatest  accuracy  practicable. 

63.  If,  in  the  first  and  second  of  equations  (6),  we  change  the 
direction  of  the  axis  of  x  from  the  vernal  equinox  to  the  place  of  the 
sun  at  the  time  t',  and  again  in  the  second,  from  the  equinox  to  the 
second  plaoe  of  the  body,  we  must  diminish  the  longitudes  in  these 
equations  by  the  angle  through  which  the  axis  of  x  has  been  moved, 
and  we  shall  have 

0  =  »(/>  cosy  —  ©')— -Rcos(0'— O))  —  (/»' cos(-l'— O')  —  ^ 
+  n"0'"co8(i"— O')--B"cosC0"-0')), 

0  =  »(/.ein(i  —  O')+ii8in(O'- ©))-,>' 8in(r-0') 

+  n"(/."sm(i"_  ©')  --R"  8in(0"-  ©')),  (7) 

0  =  nOsin(-i'  — i)  +  iJsin(0— i'))— -»'b'ii(©'— r) 
—  n"C,)"sinCr  — i')  — -ft"ain(0"— -t')), 

0  ^  n^  tan  fi  —  p'  tan  j?  +  n"p"  tan  ^9". 

If  we  multiply  the  second  of  these  equations  by  tanjS',  and  .the 
fourth  by  — 8in(^' —  ©'),  and  add  the  products,  we  get 

0  =  nV' (tanks'  sin  (J." —  ©')  —  tanjS"  B!n(i'—  ©')) 

— «"fi"8in(©"— ©Otan/y+npCtan/yaiuC^  — ©')— tanjSsinCi'— O')) 
+  »JjBLn(0'~O  )tanjS'.  (8) 

Let  US  now  denote  double  the  area  of  the  triangle  formed  by  the 
enn  and  two  places  of  tiie  earth  corresponding  to  R  and  B'  hr  [JRB'^, 
and  we  shall  have 

IRR^  =  RRBiaiQ'—  ©), 
and  similarly 

IRR']  =JeiJ"fiin(©''-0). 
IRK'}  =  RR'  8in(©"—  OO- 
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Then,  if  we  put 
we  obtain 

SubstitDtJDg  this  in  Uie  equation  (8),  and  dividing  by  the  Goeffi<9ent 
of  p",  the  resoU  iB 

-GO— tanj?Biii(/  — G') 


n^'sinU'— ©')  —  tanj?8in(<t"— O')  v .' 

,  /_n__  ^;V £ein(0'— Gjtaa;?' 

"*■  \  n"       N"  I  tan  fi"  sin  (/  -  G')  —  tan  ^  ein  (A"  —  Q')' 


Let  us  also  pat 


M" 


(10) 


tanff'ain(A—  0')  —  tan;9ain(.l'—  Q') 
taafi"eia(,X'—  Q')  —  tani^sinC^"— G')' 

sin(G' —  Q)taa^ 

"  tan  ji"  sin  (-*'  —  G')  —  tan  jyainC^'^— G')' 

and  the  preceding  equation  reduces  to 

/'=^JfV  +  (^-^,)lf"Ji.  (11) 

We  may  transform  the  values  of  M'  and  M"  so  as  to  be  better 
adapted  to  Ic^rithmic  calculation  with  the  ordinary  tables.  Thus, 
if  V)'  denotes  the  inclination  to  the  ecliptic  of  a  great  circle  passing 
through  the  second  place  of  the  comet  and  the  second  place  of  the 
sun,  the  longitude  of  its  ascending  node  will  be  O',  and  we  shall 
have 

sin(;'— G')tanw'  =  tan;8'.  (12) 

Let  p„  j9g"  be  the  latitudes  of  the  points  of  this  circle  corresponding 
to  the  longitudes  X  and  X",  and  we  have,  also. 


,  =Bin(i  —  GOtantfl', 
"  =  sin  H"  —  G')  tan  «/. 


(13) 


Sabetitutang  these  values  for  taujd',  sin(A — G')  and  8in(^" — G') 
in  the  expressions  for  M'  and  M",  and  reducing,  they  become 

J  ,  _  Bin(^,-<?)     COB  fi"  cos  fit" 

■"  8in(^'-^,")"     C08/S,C08i9   '  ,j^, 

»«/      .        I    ■    r^,       _  >  COS  j5"  COS  jS " 

„,   ,Jm  w«^^ twi ■^^~[l* 
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When  the  value  of  —a  has  been  found,  equatioo  (11)  -will  give  the 
relatioD  between  p  and  p"  in  terms  of  known  quantities.  It  is  evi- 
dent, however,  jrom  equations  (14),  that  when  the  apparent  path  of 
the  comet  is  in  a  plane  passing  through  the  second  place  of  the 
Ban,  since,  in  this  case,  ^  =  ^a  """^  ^9"=  ^",  we  shall  have  Jf' =  jt 
and  M"  =^  co.  In  this  case,  theiefore,  and  also  when  ^^  —  ^  and 
^"  —  ^,"  are  very  nearly  0,  we  must  have  recourse  to  some  other 
equation  which  may  be  derived  from  the  equations  (7),  and  which 
does  not  involve  this  indetermination. 

It  will  be  observed,  also,  that  if,  at  the  time  of  the  middle  obser- 
vation, the  comet  is  in  opposition  or  conjunction  with  the  sun,  the 
values  of  M'  and  Jf"  as  given  by  equation  (14)  will  be  indeter- 
minate in  form,  but  that  the  original  equations  (10)  will  give  the 
values  of  these  quantities  provided  that  the  apparent  path  of  the 
comet  is  not  in  a  great  circle  passing  through  the  second  place  of  the 
Run.     These  values  are 


if=- 


in(^  -  O') 

ncr~©')' 


Hence  it  appears  that  whenever  the  apparent  path  of  the  body  is 
nearly  in  a  plane  passing  through  the  place  of  the  sun  at  the  time  of 
the  middle  observation,  the  errors  of  observation  will  have  great 
influence  in  vitiating  the  resulting  values  of  M'  and  Jf";  and  to 
obviate  the  diSBcnlties  thus  encountered,  we  obtain  from  the  third  of 
equations  (7)  the  following  value  of  p"; — 


n  jl'  —  X) 


+  " 


n(r-A') 


We  may  also  eliminate  jo'  between  the  first  and  fourth  of  oquar- 
tioua  (7).  If  we  multiply  the  first  by  tan  (9',  and  the  second  by 
—  oo&{X' —  ©'),  and  add  the  products,  we  obtain 

0  =  n"p"  (tan  ^  cos  (/'  —  &)  —  tan  ^"  cos  (i'  —  ©')) 

— »"J?'tan(S'co9(0"— 0')+np(tan(?'cos(i— ©')— tanjSco8(/— 0')) 

—  niJ  tan  i?  cos  CO'  —  ©)  +  -ff  tan  J?, 

&om  which  we  derive 
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iaa^coBJl—  00 —tan  ff  cos  (A'— Q') 


F  — ''^  •  tani?'  COS  (A'—  0')  —  tan,?  C08  (A"—  ©')  (16) 

^tan^cosCO"— ©O  +  ^-RtaniycoaC©'— ©)— ^fftanf 
tan,S"co8(i'—  ©')  — tan^cos(i"— ©')  "'* 

Let  oa  now  denote  by  Z'  the  inclination  to  the  ecliptic  of  a  great 
ciarcle  passing  through  the  second  place  of  the  comet  and  that  point 
of  the  ecliptic  whose  longitude  is  O' —  90°,  which  will  therefore  be 
the  longitude  of  its  ascending  node,  and  we  shall  have 

C08  Q.'  —  ©')  tan  J'  =  tan  J? ;  (17) 

and,  if  we  designate  by  ^,  and  ,9„  the  latitndea  of  the  points  of  this  ^  tM-i'h^J. 
circle  corresponding  to  the  longitudes  I  and  /",  we  shall  also  have        /i.'!!^U*^' 

tanj9,  =coa(A  — 0')tan/', 
tan  j9„  =  COS  {i."  —  ©')  tan  I'. 

Introducing  these  values  into  equation  (16),  it  reduces  to 


(18) 


n       sinC^,  — j9)      cos,y'  cos  ft, 
~ ''  n"  '  sin  {^'  —  (3„) '  cos  (9  cos  ft  (19) 

tan  T  cos,?'  cos  A,  j 


ii"cofl(0"-0')  +  -s--Hco8(0'-©)- 


from  which  it  appears  that  this  equation  becomes  indeterminate  when 
the  apparent  path  of  the  body  is  in  a  plane  passing  through  that 
point  of  the  ecliptic  whose  longitude  is  equal  to  the  longitude  of  the 
second  place  of  the  sun  diminished  by  90°.  In  this  case  we  may  use 
equation  (11)  provided  that  the  path  of  the  comet  is  not  nearly  in 
the  ecliptic.  When  the  comet,  at  the  time  of  the  second  observation, 
is  in  quadrature  with  the  sun,  equation  (19)  becomes  indeterminate 
in  form,  and  we  must  have  recourse  to  the  original  equation  (16), 
-which  does  not  necessarily  fell  in  this  case. 

When  both  equations  (11)  and  (16)  are  simultaneously  nearly  in- 
determinate, so  as  to  be  greatly  affected  by  errors  of  observation,  the 
relation  between  p  and  p"  must  be  determined  by  means  of  equation 
(15),  which  fails  only  when  the  motion  of  the  comet  in  longitude  is 
very  small.  It  will  rarely  happen  that  all  three  equations,  (14), 
(15),  and  (16),  are  inapplicable,  and  when  such  a  case  does  occur  it 
will  indicate  that  the  data  are  not  sufficient  for  the  determination  of 
the  elements  of  the  orbit.  In  general,  equation  (16)  or  (19)  is  to  be 
used  when  the  motion  of  the  comet  in  latitude  is  considerable,  and 
equation  (15)  when  the  motion  in  longitude  is  greater  than  in  latitude. 
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64,  The  formuUe  already  derived  are  sufficient  ti>  determiBe  tbe 
relation  between  p"  and  p  when  the  values  of  n  and  n"  are  known, 
and  it  remaine,  therefore,  to  derive  the  expressions  for  these  qcas- 
tities. 

If  we  pnt 

k(f   -f)=r", 

Hf  -{■)  =  ',  .  (X) 

i(r-<;  =.-, 

and  express  the  valaes  of  ar,  y,  z,  x",  y",  s"  in  terms  of  a/,  y',  z*  by 
expansion  into  series,  we  have 


Jy    r" 


"t'l9"rf/»'t'  19a"A<'P+  **^ 


<il  •  i  "^  1.2 ■  i?  '  *■       1.2.3'  iff 'tf 

and  similar  expressions  for  y,  y",  *,  and  s".  We  shall,  however,  take 
the  plane  of  the  orbit  as  the  fimdamental  plane,  in  which  case  z,  z', 
and  z"  vanish. 

The  fundamental  equations  iur  the  motion  of  a  heavenly  body 
relative  to  the  sun  are,  if  we  neglect  its  mass  in  oomparison  with 
that  of  the  snn, 

dc  ^  /•      • 

If  we  diSerentiate  the  fiist  of  these  equations,  we  get 

^_3W    dr^_lf  d^ 
df~   /•   '  dt      r"'  df 

Differentiating  again,  we  find 


Writing  y  instead  of  x,  we  shall  have  the  expressions  for  -i^  and 
■—■  Substituting  these  values  of  the  differential  coeflGcienta  in  equa- 
tions (21),  and  the  corresponding  expressions  for  y  and  y",  and 
putting 
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,         ,^-        ,."•     <ir',     ,/l         llldr'\-  3      dV\,„ 

'  =^~'--f~'w^--ii'^'^\7i~w\-di)-^w'-¥r  ■■■• 

J    _•"       ,'"■       ,'"'     ■'''  ,221 

»"-l        1  ""  4.  .    ■"      '''' 4.   1./ 1         >2/i/\-         8      iV\ 

'  -I~'ii"+'tv'-  ^ 

weobfaiD 

x  =  a3^  —  i-zp  a!"  =  o^Vxt"-j-, 


From  these  equations  we  easily  derive 


f^-^'i  =  y''Ji^,  (28) 


y"a:  —  a:"y  =  iab"  +  ah)  ——gf- — • 

The  first  members  of  these  equations  are  doable  the  areas  of  the 
triangles  formed  by  the  radii-vectorea  and  the  chords  of  the  orbit 
between  the  places  of  the  comet  or  planet.     Thna, 

y,-yy  =  [rr'],  y'V-x'y  =  [//a  y"a!  -  a/'y  =  [tV],  (24) 
and  o/dy*  —  y'dx'  is  double  the  area  described  by  the  radius-vector 
during  the  element  of  time  dt,  and,  consequently,  — -  .  —  is 
double  the  areal  velocity.  Therefore  we  shall  have,  n^Iecting  the 
mass  of  the  body, 

in  which  p  is  the  semi-parameter  of  the  orbit.  The  equations  (23), 
therefore,  become 

[rK]  =  bk  x/p,  \yt"}  =  b"k  y/p,  [tt"]  =  (oJ"  +  o"6)  k  y/p- 

BubstitutJng  for  a,  h,  a",  b"  their  values  from  (22),  we  find,  since 
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M  =.V>(i-i^'-J^.4 ). 

vn='  ^.(^-v'+i^.-w )■ 

From  these  equations  the  values  of  n  =      ,,     and  n"  =^  ,    ,,,  may 
be  derived ;  and  the  results  are 

-I")    <i/ 


M' 


h"  '   dff' 

which  valaes  are  exact  to  the  third  powers  of  the  time,  inclusive. 

In  the  case  of  tlie  orbit  of  the  earth,  the  term  of  the  third  order, 
being  multiplied  by  the  very  small  quantity  — rr-i  ia  reduced  to  a 
superior  order,  uid,  therefore,  it  may  be  neglected,  so  that  in  this 
case  we  shall  have,  to  the  same  degree  of  approximation  as  in  (26), 


From  the  equations  (26)  o 

n        r/,        .r*  — r' 


(28J 


dt' 
of  -^>  in  the  case  of  an  orbit  wholly  unknown,  can  be  determined 

only  by  successive  approximations.  In  the  first  approximation  to 
the  elements  of  the  orbit  of  a  heavenly  body,  the  intervals  between 
the  observations  will  usually  be  small,  and  (he  series  of  terms  of  (28) 
will  convei^  rap'dly,  so  that  we  may  take 


Digitizecy  Google 


OBBIT  OP  A  HEAVENLY  BODT,  177 

uid  siinilarlr 

Hence  the  equation  (11)  reduces  to 

p"=~M'p.  (29) 

It  will  be  observed,  further,  that  if  the  intervals  betveea  the  observfi- 
tioDB  are  equal,  the  term  of  the  secocd  order  in  equation  (28) 
vanishes,  and  the  supposition  that  -y,  =  -j,\i  correct  to  terms  of  the 
third  order.  It  will  be  advantageous,  therefore,  to  select  observa- 
tions whose  intervals  approach  nearest  to  equality.  But  if  the 
observations  available  do  not  admit  of  the  selection  of  those  which 
g^ve  nearly  equal  intervals,  and  these  intervals  are  necessarily  very 
unequal,  it  will  be  more  accurate  to  assume 


and  compute  the  values  of  N  and  N"  by  means  of  equations  (9), 
flince,  according  to  (27)  and  (28),  if  r'  does  not  differ  much  from  R',  \- 
the  error  of  this  assumption  will  only  involve  terms  of  the  third  ^ 
order,  even  when  the  values  of  r  and  r"  differ  very  much. 

Whenever  the  valnes  of  p  and  p"  can  be  found  when  that  of  their 
ratio  is  given,  we  may  at  once  derive  the  corresponding  values  of  r 
and  r",  as  will  be  subsequently  explained. 

The  valnes  of  r  and  r"  may  also  be  expressed  in  terms  of  W  1^ 
means  of  series,  and  we  have 

from  which  we  derive 

f"  — !•  =  - 


'  dl' 


neglecting  tenns  of  the  tliird  order.    Therefore 


(80) 
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and  when  the  intervale  are  equal,  this  value  is  exact  to  terms  of  the 
foarth  order.     We  bave,  also, 

which  gives 

''  =  i(.'  +  '")-H'"-'f-^-  (31) 

Therefore,  when  r  and  r"  have  been  determiued  by  a  first  approxi- 
madoD,  the  approximate  values  of  r'  and  -^  are  obtained  from  these 
eqaationa,  by  means  of  which  the  value  of  -^  may  be  recomputed 
from  equation  (28).     We  also  compute 

N_  _  jy.g'8in(0"-O')  ,-  , 

Jf"  ~   RR  Bin  CO'  —  O)  ' 

and  sabstitufc  in  equation  (11)  the  values  of  —  and  j=,  thus  found. 

If  we  designate  by  3f  the  ratio  of  the  curtate  dintauces  p  and  />", 
we  have 

Jf='^=lf'=-,  +  «"(i-^)f.  (33) 

In  the  numerical  application  of  this,  tfae  approximate  value  of  p  will 
be  nsed  in  computing  the  last  term  of  the  second  member. 

In  tlie  case  of  the  determination  of  an  orbit  when  the  approximate 
elements  are  already  known,  the  value  of  —r,  may  be  computed  jrom 


n"        rr"  eiu  (v'  —  v)  ' 

N 
and  that  of  -j^,  from  (32);  and  the  value  of  Jf  derived  by  means  of 

these  from  (33)  will  not  require  any  further  correction. 

65.  When  the  apparent  path  of  the  body  is  such  that  the  value 
nf  JiT,  as  derived  from  the  first  of  equations  (10),  is  either  indeter- 
minate or  greatly  affected  by  errors  of  observation,  the  equations  (15) 
and  (16)  must  be  employed.  The  last  terms  of  these  equations  may 
be  changed  to  a  form  which  is  more  convenient  in  the  approximations 
to  the  value  of  the  ratio  of  p"  to  p. 

Let   Y,  Y',  Y"  be  tlie  ordinates  of  the  sun  when  the  axis  of 
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ftliecisBas  is  directed  to  that  point  in  the  ecliptic  whose  longitude  ia 
X',  and  ve  have 

Y  =J2  sinCO  —>■'), 

Y'  =R  Bin(G'— O, 

Y"=R'fi\aiQ"  —  X'). 

Now,  in  the  hist  term  of  eqnatioD  (15),  it  will  be  soffioient  to  pot 

n  _  N 
n"  ~  N"' 

and,  introducing  Y,  Y',  Y",  it  becomes  • 

It  now  remains  to  find  the  value  of  — ?■     From  the  second  of  e<[o^ 
tions  (26)  we  find,  to  terms  of  the  second  order  inclusive^ 


Therefore,  the  expreesion  (35)  becomes 

jPjj^(ifr-r+Jf"F»+i^.(.'+^(^-i)jf"r). 

Bot,  according  to  equations  (6), 

2!rY~Y'+N"Y"  =  (i, 

and  the  fin^oing  expression  reduces  to 

11  "'(^  1^)1'        MgsmCG'-y) 
+  *7^'-    +    •'Ir-      S-]    m(r-/)    • 

since  Y*  =  B^ i\a{Q' —  X*).    Hence  the  equation  (16)  becotnea 

iny-^)       ,"'fv,^r-/l        1  \Jf«n(/-G')    ,,y, 
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If  ve  pot 

w- «.    am(/— J) 

■^~n"'Bin(i"— ^7 

we  iave 

Let  Its  now  consider  the  eqaatdon  (16),  aod  let  ns  designate  by  X, 
X',  X"  the  abscissas  of  th^  earth,  th%  axis  of  abscissas  being  directed 
to  that  point  of  the  ecliptic  for  which  the  longitude  is  O',  then 

X  =ficoB{0  — OO, 
-  X'  =R, 

X"=^'co6(0"— O')- 

It  will  be  sufficient,  in  the  last  term  of  (16),  to  pot 

n__   N 
n"  "  'W 

and  for  —^  its  yalue  in  t^ms  of  N"  as  already  found.     Then,  since 

NX~X'JrN"X"  =  ii, 

this  term  redaces  to 

^illlf^.  ^n/l_A\ Rt^^ 

i  ^.  y.-' -\- -^  )\^      ij^;tanj9"coe(i'-0')  — tanjS'c0B(-l"-O') 

and  if  we  put 

■^  -  ft"  '  tan  P"  BOB  [V  -  ©')  -  IM  /3'  cos  (A"  -  0'/  (38} 

n"    tt'     ,      „  /  1  1  \  t«n^  JP 

'"-^~*V'T^*'''''"''''H?»~5^itui^'co.(a--0')— tm/J«»(V-<3')'T* 

t.he  equation  (16)  becomes 

M=^1  =  M:F'.  (39) 

In  the  numerical  application  of  these  formula,  if  the  elements  an 
not  approximately  known,  we  first  assume 

n  T 

when  the  intervals  are  nearly  equal,  and 
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n  _   N 

as  given  b^  (32),  when  the  Intervals  are  very  unequal,  and  n^Ieut 
the  &ctor8  J^and  F'.  The  values  of  p  and  p"  which  are  thus  ob- 
tained, enable  us  to  find  an  approximate  value  of  r',  and  with  this  a 
more  exact  value  of  —77  may  be  found,  and  also  the  value  of  JF  or  F'. 

Whenever  equation  (11)  is  not  nutteriallj  affected  by  errors  of 
observation,  it  will  iumish  the  value  of  Jf  with  more  accuracy  than 
the  equations  (37)  and  (39),  sinoe  the  n^lected  terms  will  not  be  so 
great  as  in  the  case  of  tliese  equations.  In  general,  therefore,  it  is  to 
be  preferred,  and,  in  the  caae  in  which  it  &i]s,  the  very  circumstance 
that  the  geocentric  path  of  the  body  is  nearly  in  a  great  circle,  makes 
the  values  of  F  and  F'  differ  but  little  from  unity,  since,  in  order 
that  the  apparent  path  of  the  body  may  be  nearly  in  a  great  circle, 
r'  must  differ  very  little  from  R'. 

66.  When  tlie  value  of  Jf  has  been  found,  we  may  proceed  to 
determine,  by  means  of  other  relations  between  p  and  p",  the  values 
of  flie  qoantitiea  themselves. 

The  co-ordinates  of  the  first  place  of  tlie  earth  referred  to  the  third. 


(40) 


Z,  =  Ji"  008  ©"  —  .B  COB  ©, 

y,  ^  fi"  sjn  ©"  —  JJ  Bin  0. 
If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
corresponding  to  the  first  and  third  observations,  and  by  O  the  longi- 
tude <Hf  the  fiiBt  place  of  the  earth  aa  seen  from  the  third,  we  shall 
have 

x,  =  gQfxQ,  y,=:ff8inGf, 

and,  consequ^tly, 

J?'coB(O"~O)-ii  =  yeo8(G-0),  ,.*. 

R'  sin  CO"  -  G)  -  ?  sin  (G  -  ©).  '■**-' 

If  •<i,  represents  the  angle  at  the  earth  between  the  son  and  oomet 
at  the  first  observation,  and  if  we  designate  by  to  the  inclination  to 
the  ecliptic  of  a  plane  passing  through  the  places  of  the  earth,  sun, 
and  oomet  or  planet  for  the  fiist  observation,  the  longitude  of  the 
ascending  node  of  this  plane  on  the  ediptio  will  be  O,  and  we  shall 
have,  in  accordance  with  equations  (81)i, 

cos  ♦  =  cos  i9  cos  (A  —  O), 
sin  4  cos  w  =  cos  i?  sin  (A  —  ©), 
sin  4  sin  10  =  sin  fi. 
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from  which 

taiiw  = 


~aa{i  —  Oy 
tanq-O) 


(42) 

tan4  =  ^ 


Biace  ooe^  is  always  positive,  cos'^  and  cos(.l  —  Q)  most  have  tba 
same  eign;  and,  further,  i^  cannot  exceed  180". 

In  tlie  same  manner,  if  w"  and  t^'  represent  anal<^ua  qnantities 
for  the  time  of  the  third  observation,  we  obtain 


tanw"= 


tan^g" 

sin  H"  -  ©")' 
(^"-  G") 


(4a) 


COBIP" 

cos  4"  =  COS  iS"  COS  (i" —  O"). 
We  also  have 

r'=^  +  iP— 2JjBoo«+, 

which  may  be  transformed  into 

r'  =  0.8ec^  — ^C064)'  +  iP8in*4[  (44) 

and  in  a  umilar  manner  we  find 

r"»  =  0"  sec  jS"  —  B"  cos  +")•  +  £""  sin'  +".      .  (45) 

Let  X  designate  the  chord  of  the  orbit  of  the  body  between  the  first 
and  third  places,  and  we  have 

Bnt 

x  =  /icoe^  —  ficoe©, 
y  =  /)  ein  ^  —  J£  sin  Oi 
e  =  ^  tan  fi, 
and,  unce  p"=  Mp, 

3!'=Mp<X>6 1"  —  B"  COS  0", 

f  =  Mp  sin  X"  —  B!'aa  ©", 
e"  =  if/.tan^' 

&om  which  we  derive,  introducing  g  and  Q, 

a!'  —  x-^ Mp  coal"  —  p  cos .1  —  g  coaQ, 
y"  —  y^Mp  sin-i" — p&in<t  —  y  sin  O, 
s"  —  a  =  Jf/a  tan  f  — />  taa  j9. 

Let  OB  DOW  put 
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Mpcoai" — p  coai^pk  cobC  coa^, 
Mp  Bin  A" — ^aini  = /lA  coa  C  But  jff,  (46) 

Mptxa^' — plaxifi^phaiaZ. 
Then  we  have 

aj"  —  z  =  /)A  coaC  coefl' — y  coaO,. 

y"  —  y  = /)A  COH  C  ain  fl" — g  sia  O, 

a"  —  a=phaiaZ. 

Squaring  these  values,  and  adding,  we  get,  by  rednctioD, 

)('=Y.'A»  —  2ff/»AcoaC  co3(G  —  ff)  +  f:  (47) 

and  if  we  pat 

C08;C08(0  — jff)  =  C08V,  (48^ 

we  have 

«*  =  0>A  —  y  cos  f)'  +  ?•  sin'  ?>.  (49) 

If  we  multiply  the  first  of  equations  (46)  hj  coal",  and  the 
eeooitd  by  sin  A",  and  add  the  products;  then  multiply  the  first  by 
unJ",  and  the  second  by  ccmX",  and  subtract,  we  obtain 

h  coa  0,  coaC-ff—  /')  =  Jf  —  cos  (A"  —  X), 

Acoa:^inCB--r)  =  8in(/'-i),  (W) 

AainC  =j|f  tanj9"  — tanft 


■f  meana  of  which  we  may  determme  A,  f, 
Let  U8  now  put 

ioosyJ 

4oo«;?' 

if 

ycoB?  — 6iJc08+  =  c, 

ycoBjB 

=y',  (61) 

-6"Jf'cos+"  =  «f, 
M  —  ;  coe  {9  =:  d, 

and  the  eqaatioaa  (44),  (45),  and  (49)  become 


=  n/( 


d  +  . 


(TO 


"-V(^) 


+  £"■. 


The  equations  thua  derived  are  independent  of  the  form  of  the 
orbit,  and  are  applicable  to  the  case  of  any  heavenly  body  revolving 
around  the  sun.  They  will  aerve  to  determine  r  and  r"  in  all  cases 
in  which  the  unhnown  quantity  d  can  be  determined.   If />  is  known. 
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d  becomes  known  directly;  but  in  the  case  of  an  anknown  orbit^ 
these  equationa  are  applicable  only  when  p  or  d  may  be  determined 
directly  or  indirectly  from  the  data  fiimished  by  observatioD. 

67.  Since  the  equations  (52)  involve  two  ladii-vectores  r  and  r" 
and  the  chord  X  joining  their  extremities,  it  ia  evident  that  an  addi- 
tional equation  involving  these  and  known  quantities  will  enable  us 
to  derive  d,  if  not  directly,  at  least  by  successive  approzimationa. 
There  is,  indeed,  a  remarkable  relation  existing  between  two  radii- 
vectores,  the  chord  joining  their  extremities,  and  the  time  of  describing 
the  part  of  the  orbit  included  by  these  radii-vectores.  In  general, 
the  equation  which  expresses  this  relation  involves  aim  the  semi- 
transverse  axis  of  the  orbit;  and  hence,  in  the  case  of  an  unknown 
orbit,  it  will  not  be  sufficient,  in  connection  with  the  equations  (62), 
fiir  the  determination  of  d,  unless  some  assumption  is  made  in  regard 
to  the  value  of  the  semi-transTerae  axis.  For  the  special  case  of 
par^ralio  motion,  the  semi-transverse  axis  is  iofinite,  and  the  result- 
ing equation  involves  only  the  time,  the  two  radii-vectores,  and  the 
chord  of  the  part  of  the  orbit  included  by  these.  It  is,  therefore, 
adapted  to  the  determination  of  the  elements  when  the  orbit  is  sup* 
posed  to  be  a  parabola,  and,  though  it  is  transcendental  in  form,  it 
may  be  easily  solved  by  trial.  To  determine  this  expression,  let  us 
resume  the  equations 

and,  for  the  time  f'j 

^^^J;=^  =  tan  K  +  1  tan' K- 
Subtracting  the  former  &om  the  latter,  and  reducing,  we  obtain 

SAy-O^siDJC^'-v)/^  ■  cosj(p"— o)      r\ 
|/2  qi         COS  a*""  COS  Jv  \  g       cosit^'  cos  i»      q  /' 

and,  since  r  =  g  sec^  \v,  this  gives 

But  we  have,  also,  from  the  triangle  formed  by  the  chord  «  and  the 
radii-vectores  r  and  r", 

ic»=  1*+  r"'—  2rr"  coeCu"— ti) 
=  Cr  +  t")' -  4n^  cos*  J  C*'' -  »)■ 
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Therefore,  

Let  us  DOW  pat 

r  +  r"  +  »  =  m*,  r  +  r"  —  »  =  n», 

m  and  n  being  positiye  qnantitjes.    Then  we  Bh&ll  have 

and,  BiDoe  m  and  n  are  always  positive,  it  follows  that  the  npper  sign 
must  be  used  when  v" — v  is  leas  than  180°,  and  the  lower  ^n  wheu 
v" — «  is  greater  than  180°.  Combining  tiie  last  eqoation  with  (53), 
the  result  is 

3A  Ct"  -  0  =  '^^^^~r~^^*^'  (m'  +  n'  ±  mn).  (65) 

Now  we  have 

rin  i  (iT  —  »)  =  sin  J«"  cos  4*  —  cos  jtr"  ein  ir. 
Squaring  this,  and  redodng,  we  get 

sin'  J  C'''  —  n)  ^  cos*  Jc  +  cos'  ^if'  —  2  cos  Jn"  cos  ^v  cos  J  C**'— •  Vt 
at,  introdutnng  r  and  q, 

Sin' J(e"- ir)  =1  +  ^ T  5^ 
Therefore, 

sin  i  (v"  —  v)  =  2"/^  *^™  ^  "^■ 

Introdaciog  this  value  into  equation  (55),  we  find 

6i(r~0='»'^=»'. 

Replacing  n  and  n  hy  their  values  expressed  in  terms  of  r,  r",  and 
x,  this  becomes 

6i(*"-0=(r  +  '^' +«)*=?('• +  /'-«)»,  (56) 

the  upper  sign  being  used  when  v"  — «  is  less  than  180°.  This 
equation  expreBsee  the  relation  between  tlie  time  of  describing  any 
parabolic  arc  and  the  rectilinear  distances  of  ite  extremities  from  each 
other  and  from  the  sun,  and  enables  ue  at  once,  when  three  of  these 
"quautitiea  are  given,  to  find  the  fourth,  independent  of  either  the 


ogn 


186  THEORETICAL  A8TB0K0MY. 

peribelioa  distance  or  the  position  of  the  perihelion  with  respect  to 
the  arc  described. 

68.  The  transcendental  form  of  the  equation  (56)  indicates  that, 
when  either  of  the  quantities  in  the  second  member  is  to  be  funnd, 
it  must  be  solved  hy  Bucceasive  trials;  and,  to  facilitate  these  approxi- 
mations, it  may  be  transformed  as  follows: — 

Since  the  chord  x  can  never  exceed  r  +  r",  we  may  put 

7ip7r=8in/,  (57; 

and,  since  x,  r,  and  r"  are  positive,  siny'  must  aiways  be  positiTe. 
The  value  of  /  must,  therefore,  be  within  the  limits  0°  and  180°. 
From  the  last  equation  we  obtain 


and  Bubstituting  for  x*  its  value  given  by 

ii«=(r  +  i")'  — 4n"coa'^(t/'— v), 
this  becomes 

'^ ¥+7y 

Therefore,  we  nave 

,  , ,  „       ,  2vV 

co9r'  =  ccaiW  —  v)-—r—fr, 


taD/=      ^_       .  (59) 

Hence  it  appears  that  when  t>" — v  is  less  than  180'^,  7^  belongs  to 
the  first  quadrant,  and  that  when  v" —  v  a  greater  than  180°,  cob;-' 
is  negative,  and  f  belongs  to  the  second  quadrant 

If  we  introduce  }•'  into  the  expressions  lor  m*  and  n*,  t^^  beoomn 

m-  =  (,  +  0(l  +  "oA 
■•  =  (,  +  0(l-«i«A 
which  give 

m<  =  (r  +  O  (008  Jl'  +  !i«  W, 
"■  =  ('  +  »")  (±  008  j^  T  ««  Jrt"; 

and,  since  f  is  greater  than  90°  when  «"  —  c  exceeds  180",  ths 
equation  (56)  becomefl 

-r-vjrr  =  (fiZ+'i-'irV-  (cosj^-sin  },■)• 
(r  +  r")l 
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from  this  equation  we  get 

■^-^^  =  6  corf  v  ■"  Ji"  +  2  .«>  Ir", 


(r  +  i")! 

=  6  8ini^~ 

4»m'l/i 

6r' 

-C-^)- 

-c-^^: 

2l(r  +  0» 

Let 

lu  now  pat 

si..      »»/, 

1/9 

or 
and 

ain 
we  have 

3t' 

a:, 

l/2(r  +  O* 

(61) 


Si.  (62) 

When  V  —  I)  ia  leas  than  180°,  ;-'  must  be  leas  tlian  90°,  and 
benoe,  in  this  case,  sinx  cannot  exceed  the  value  \,  or  x  must  be 
within  the  limits  0°  and  30°.  When  v"  —  v  is  greater  than  180°, 
the  angle  y*  is  within  the  limits  90°  and  180°,  and  corresponding  to 
these  limits,  the  values  of  sin  x  are,  respectively,  J  and  J|/2>  Hence, 
in  the  case  that  v"  —  ti  exceeds  180°,  it  follows  that  x  must  be  within 
the  limits  30°  and  46°. 

The  equation 

— = —  Bm3x 

V2Cr  +  r")> 

is  satisfied  by  the  values  3a;  and  180°  —  Sx;  but  when  the  first  gives 
«  lees  than  15°,  there  can  be  but  one  solution,  the  value  180°  — 3a; 
being  in  this  case  excluded  by  the  condition  that  3x  cannot  exceed 
135°.  When  x  is  greater  than  15°,  the  required  condition  will  be 
satisfied  by  Sa;  or  by  180°  —  3a;,  and  there  will  be  two  solutions, 
corresponding  respectively  to  the  cases  in  which  c" —  » is  less  than 
180°,  and  in  which  v"  —  e  is  greater  than  180°.  Consequently, 
wnen  it  is  not  known  whether  the  heliocentric  motion  during  the 
interval  i^'  —  lis  greater  or  less  than  180°,  and  we  find  3a;  greater 
than  45°,  the  same  data  will  be  satisfied  by  these  two  different 
solutions.     In  practice,  however,  it  is  readily  fenown  which  of  the 
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two  soIutioDs  innst  be  adopted,  ^ucb,  when  the  intervEl  f"  —  t  is. not 
very  large,  the  heliocentrie  motion  cannot  exceed  180",  unless  the 
perihelion  dietanoe  is  vety  amall ;  and  the  known  sircumstancea  will 
generally  show  whether  such  an  aasumption  is  admissible. 
We  shall  now  put 

2t' 


sin  J/  ^  y/2  ^^  *f 


(63) 
C64J 


and  we  obtain 

We  have,  also, 

and  hence  

COS  ir'  =  |/1  —  2  Bin*  X  =  \^  cos  2a!. 

Therefore  

sin  /  =  2*  sin  a;  >^co8  2a^ 

and,  since  x  ^  (r  +  r")  sin  y*,  we  have 

»  =  2l(_r  +  r")  Bin  x  V^2x, 
If  we  put 

3  sin  a!,/ ^  ,»., 

-  *»  ^  -! — r—  V  COB  2x,  ( W) 

the  preceding  equation  reduces  to 

From  equation  (64)  it  appears  that  tj  must  be  within  tlie  limits  0 
and  |i/§.  We  may,  ther^ore,  construct  a  table  which,  with  i;  as 
the  argument,  will  give  the  corresponding  value  of  ft,  since,  with  a 
^ven  value  of  t/,  3x  may  be  derived  from  equation  (64),  and  then 
the  value  of  /i  from  (65).  Table  XI.  gives  the  values  of  /i  corre- 
sponding to  values  of  5  from  0.0  to  0.9. 

69.  In  determining  an  orbit  wholly  unknown,  it  will  be  nece&aa^ 
to  make  some  assumption  in  regard  to  the  approximate  distance  of 
the  comet  from  the  sun.  In  this  case  the  interval  t'*  —  t  will  gene- 
rally be  small,  and,  consequently,  x  will  be  small  compared  with  r 
and  r".  As  a  first  assumption  we  may  take  r  =  l,or  r +  r"=2, 
and  p  =  l,  and  then  find  x  from  the  formula 
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With  this  value  of  x  we  compute  d,  r,  and  r"  by  meanB  of  the 
equations  (52).  Having  thus  found  approximate  valaes  of  r  and  r", 
Wfl  compute  Tj  hy  means  of  (63),  and  with  thia  value  we  enter  Table 
XI.  and  take  oat  the  corresponding  value  of  ft,  A  second  value 
for  X  is  then  found  from  (66),  with  which  we  recompute  r  and  r",  and 
proceed  as  before,  until  the  values  of  these  quantities  remain  un- 
changed. The  final  values  will  exactly  satisiy  the  eqaatton  (66), 
and  will  enable  us  to  complete  the  determination  of  the  orbit. 

After  three  trials  the  value  of  r  +  r"  may  be  found  very  nearly 
correct  from  the  numbers  already  derived.  Thus,  let  y  be  the  true 
value  of  I{^  (r  +  r"),  and  let  ay  be  the  difierence  between  any 
assumed  or  approximate  value  of  y  and  the  true  value,  or 

ft^y  +  Ay. 
Then  if  we  denote  by  y/  the  valne  which  results  by  direct  calcnialion 
fix>m  the  assumed  value  y^,  we  shall  have 

y.'-y.=/(y.)=/(j'  +  Ay)- 

Expanding  this  fonction,  we  have 

y,'  —  y,  =/(y)  +  A  Ay  +  B  Ai/' -\- &o. 

Bnt,  since  the  equations  (52)  and  (66)  will  be  exactly  satisfied  when 
the  true  value  of  y  is  used,  it  follows  that 

/(y)  =  o, 

and  hence,  when  Ay  is  very  small,  so  that  we  may  neglect  terms  ot 
the  second  order,  we  shall  have 

*•>' — yi = -^  ^y = -^  Cye — y)- 

Let  us  now  denote  three  successive  approximate  values  o(  log  (r  -I-  r") 
by  Jw  y„',  y",  «aA  let 

vi  —  yt=a.  y,"  — Ki'  =  «i'; 

then  we  shall  have 

ffl  =  j1  (y,  —  y), 
c/  =  A{y:-y). 

Eliminating  A  from  these  equations,  we  get 

y(rf— o)  =  ffl'y,--(ift', 
&om  which 
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Unless  the  assumed  values  are  considembly  in  error,  the  value  of 
y  or  of  log  (r  +  r")  thus  found  will  be  eoffidently  exact ;  bat  shonld 
it  be  still  IB  ^Tor,  ve  may,  from  the  three  values  which  Bpproxima,te 
nearest  to  the  truth,  derive  y  with  still  greater  accuracy.  In  the 
namerical  application  of  this  equation,  a  and  a'  may  be  expressed  in 
units  of  the  last  decimal  place  of  the  logarithms  employed. 

The  solution  of  equation  (56),  to  find  C  —  t  when  X  is  known,  ia 
readily  effected  by  means  of  Table  VIII.     Thoa  we  have 

—  naHx, 


and,  when  /  is  lesa  than  90°,  if  we  put 

„ sinSz 

sin/' 
we  get 

t'  =  ^  l/2  Nan  /(r-i-  /')'•  C^? 

or 

When  f  exceeds  90°,  we  put 

N'  =  Bin  3*, 
and  we  have 

in  which  l(^}i/2  =  9.6733937.  "With  the  ailment  f  we  take 
from  Table  VIII.  the  corresponding  valne  of  N  or  2f,  and  by 
means  of  these  equations  t'  ^k(y  —  Q  is  at  ouce  derived. 

The  inverse  problem,  in  which  r'  is  known  and  x  is  required,  may 
also  be  solved  by  means  of  the  same  table.  Thus,  we  may  for  a  first 
approximation  put 

and  with  this  value  of  x  compute  d,  r,  and  r".  The  value  of  ;^  is 
then  found  irom 


and  the  table  gives  the  corresponding  value  of  ^or  If.    A  second 
approximation  to  X  will  be  given  by  the  equation 


Uigil.zecy  Google 


PABABOUC  OBBIT.  191 

or  by 

_   3  /ein/ 


Then  we  recompnte  <^  r,  sdcI  r", 
and  prooeed  as  before  antil  X  remains  unchanged.     The  approxiou- 
tions  are  facilitated  by  means  of  equation  (67). 
It  will  be  observed  that  d  is  computed  from 

and  it  shoald  be  known  whether  the  positive  or  negative  sign  mnst 
be  used.     It  is  evident  (rem  the  equation 

d  =  pk  —  gcoa^, 

since  p,  h,  and  g  are  positive  quantities,  that  so  long  as  <p  (which 
must  be  within  the  limits  0°  and  180°)  exceeds  90°,  the  value  of  d 
must  be  positive ;  and  therefore  f  must  be  less  than  90°,  and  t;  cos  f> 
greater  than  ph,  in  order  that  d  may  he  ne^tive.  The  equation  (47) 
shows  that  when  x  is  greater  than  g,  we  have 

ff  cos  v"  <  i/'l. 
and  hence  d  must  in  this  case  be  positive.     But  when  x  is  less  than 
g,  either  the  positive  or  the  negative  value  of  d  will  answer  to  the 
^ven  value  of  ^,  and  the  sign  to  be  adopted  most  be  determined 
from  the  physical  conditions  of  the  problem. 

If  we  suppose  the  chords  g  and  x  to  be  proportional  to  the  linear 
velocniies  of  the  earth  and  comet  at  the  middle  observation,  we  have, 
the  eccentricity  of  the  earth's  orbit  being  neglected, 


-Al 


(> 


I.- which  shows  ihat  x  is  greater  than  g,  aad  that  d  is  positive,  so  long 
as  r'  is  less  than  2.  The  comets  are  rarely  visible  at  a  distance  from 
the  earth  which  much  exceeds  the  distance  of  the  earth  from  the  sun, 
and  a  comet  whose  radiua-vector  is  2  must  be  nearly  in  opposition  in 
order  to  satisfy  this  condition  of  visibility.  Hence  cases  will  rarely 
occur  in  which  d  can  be  negative,  and  for  those  which  do  occur  it 
will  generally  be  easy  to  determine  which  sign  ia  to  be  used.  How- 
ever, if  d  is  very  small,  it  may  be  impossible  to  decide  which  of  the 
two  solntions  is  correct  without  comparing  the  resulting  elements 
with  other  and  more  distant  observations. 
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70.  When  the  valaes  of  r  and  r"  have  been  finally  determined,  as 
jost  explained,  the  exact  value  of  d  may  be  computed,  and  then  we 
have 

_d  +  gco8y 


Ixom  vhich  to  find  p  and  p". 
According  to  the  equations  (90)„  we'  have 

T  CMh  i}t»(,i~  Q)  =  fi  coe(,i  ~  Q)  —  B, 
r  COB  6  sin  (I -  O)  =  ^  Bin  (i  -  O).  (71) 

r  sin  (  =  />  tan  j^ 

and  also 

t"  COS  6"  cos(r — o") = /."  COB  (r  —  o")  —  k; 

f"  cos  6"  Bin  (f  —  O")  =  //'  Bin  {l"  —  O"),  (72) 

r"8in6''  =/>"tan(!", 

in  which  I  and  I"  are  the  heliocentric  longitudes  and  6,  6"  the  corre- 
sponding heliocentric  latitudes  of  the  comet  From  these  equationa 
we  find  r,  r",  ^  I",  6,  and  b" ;  and  the  values  of  r  and  r"  thus  fonod, 
should  f^ree  with  the  final  values  already  obtained.  When  I"  is  leas 
than  /,  the  motion  of  the  comet  is  retrograde,  or,  rather,  when  the 
motion  is  sach  that  the  heliooentrio  longitude  is  diminishing  instead 
of  increasing. 

From  the  equations  (82)i,  we  have 


(73) 


+  tantBin(/  —  £))  =ta]i&, 
zttaniBinC?'—  0)  =  tan6", 

wliich  may  be  written 

±tan*(8in(/  — x)co8C* —  SI)  +8inC* —  ft)co8(;  — a!))  =  tan6, 
±  tan  i  (Bin  (i"—  a:)  coa  (i  —  Q)  +  Bin(a!  —  fl)  cos  (?'—  «))  =  tan  A". 

Multiplying  the  first  of  these  equations  by  sin  (f" — a;),  and  the  second 
by  —  sin  [l  —  a;),  and  adding  the  products,  we  get 

d:taatBin(3i  —  Jl)ain(r-  -0  =tan6sin(r  —  x)  —  tan&"Bin(f  —  «): 

and  in  a  similar  manner  we  find 

±tanicos(a; —  Ji)8in(r — t)  =tan6"coeC/ — x)  —  t&ni  cosCf  —  «). 

Kow,  Binoe  x  is  entirely  arbitrary,  we  may  pat  it  equal  to  I,  and  we 
have 
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tBDt  8m(I —  (i)  =  d:  taii&, 

the  lower  sign  being  need  wtieo  it  is  desired  to  introdace  the  distino^ 
tioa  of  retrograde  motion. 

The  formulffi  will  be  better  adapted  to  logarithmic  cslcalation  if 
w6pntx  =  i(l"+[),vhenoel"  —  x=i{l"—r)taidl--x=l(l~t"); 
and  we  obtain 

Un.-sm(J(r+0-iJ)  =  ±5 r^-ir+f,,,      ,,. 

\^\     •    '      "7  2  C080  C08  0  COB  J(r  —  1}      „ 

tanicofl(iCi"+  l)-a)  =  ±  o Bin  (6"-- 6) 

■■^  ^      '    '  '  2  cos  0  C08  0   Bin  J  (P '  —  0 

Theae  eqastions  may  also  be  derived  directly  from  (73)  by  addition 
and  sabtraction.    Thus  we  have 

±  tant(8in{r—  ft)  +  ain  (i—  ft))  =  tan  6"+  tan  6, 
±tant(Biu{f'—  ft)  — sin  (/—ft))  =  tan  ft"  — tan  6; 


Bin(f- ft)  +  Bin(/- ft)  =  2  Bin  JCr+ /- 2ft)  cosi(^-0. 
einCr-a)-fliii(i-ft)  =  2cosK^+f-2ft)8ini(^-0. 


.^<..H(r+o-a)  =  .^'^f;+_y 


tanfcoB(Kr'  +  0-a)  =  : 


J  (tan  6" —  tani) 

BiniCr—/)     ' 


(T6) 


which  may  be  readily  transformed  into  (75).  However,  since  b  and 
b"  will  be  found  by  means  of  their  tangents  in  the  numerical  appli- 
cation of  equations  (71)  and  (72),  if  addition  and  subtraction  loga- 
rithms are  nsed,  the  equations  last  derived  wilt  be  more  convenient 
than  in  the  form  (75). 

As  soon  as  ft  and  i  have  been  computed  from  the  preceding  equa- 
tions, we  have,  for  the  determination  of  the  ailments  of  the  latitude 
u  and  u", 

^„^±'"('-a),        t.„^.=  ±-°('"-a).    („) 

COS*.  cost  ^    •' 

Now  we  have 

«  =  T  4-  w, 

in  which  (u  =  JT  —  ft  in  the  case  of  direct  motion,  and  «» =■  ft  —  jr 
u 
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wlien  the  distinction  of  retrognicle  motioQ  is  adopted;  and  we  shall 
have 

and,  consequently, 

x'=r'  +  f"'-  2rF^coB(ti"— «),  (78) 

"  y 

.    x'  =  (f"  — r  COS  («*  —  «»• +  r»Mn' («"  —  «).  *  (79) 

The  value  of  x  derived  from  this  equation  should  agree  with  that 
ah-eady  found  from  (66). 
We  have,  further, 

r  =  5B«!'i(«-«),  r^  =  9seo«K*^-«). 

or 

By  addition  and  subtraction,  we  get^  from  these  eqaations, 
JjCociC^— )  +  ».)("— ))  =  j^+;^ 

frvm  which  we  easily  derive 


] 


(80) 


X,i„J(K'^+")— )«i»J(«"-'')=-pj-;^ 
But 

1  _  1      i  I  •17'   .rT\ 

and  if  we  put 

tan(««  +  0  =  -\/^. 
tfpr 
sinoe  \ —  will  not  differ  much  from  1,  d'  will  be  a  small  angle;  and 

wo  shall  have,  sinoe  tan  (45°  +  #0  —  «>*  (45°  +  tf ')  =  2  tan  26', 
■\/^-\^  =  2tan2*', 
V^  +  V^=2Bec2ff'. 
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Therefore,  Hie  eqnatioiu  (80)  become 


1/1/  "  I     >         ^  8^29' 


from  which  the  valaes  of  g  and  tu  may  be  fonnd.    Then  ve  shall 
have,  for  Uie  longitude  of  the  perihelioa 

''  =  «'+«. 
wheD  the  motion  is  direct,  and 

«  =  O  -  ". 
when  t  tinrestrioted  ezceeda  90^  and  the  distinction  of  retrt^rade 
motion  is  adopted. 

It  remaina  now  to  find  T,  the  time  of  perihelion  passage.   "We  have 


With  the  resulting  valaes  of  v  and  v"  we  may  find,  by  means  of 
Table  VI.,  the  corresponding  values  of  if  (which  must  be  distin- 
guished from  the  symbol  itf  already  used  to  denote  the  ratio  of  the 
curtate  distances),  and  if  these  values  are  designated  by  M  and  JII"f 
we  shall  have 


in  which  m  =  ■%  and  I(^  C;  =  9.9601277.  When  v  is  negative,  the 
eoiresponding  ralue  of  Jf  is  n^ative.  The  agreement  between  the 
two  values  of  T  will  be  a  final  proof  of  the  accuracy  of  the  numerical 
calculation. 

The  value  of  T  when  the  true  anomaly  is  small,  is  most  readily 
and  accurately  found  by  means  of  Table  VIII.,  from  which  we 
derive  the  two  values  of  IS  and  compute  the  corresponding  values 
of  T  irom  the  equation 

2 
r=t  — g^^rJunc, 

in  which  log  =>  =  1.5883273.     When  v  is  greater  than  90",  we  de* 
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rive  the  valaes  of  N'  from  the  table,  and  oompate  the  oorrespoading 
valaes  of  T  from 


71.  The  elements  q  and  T  may  be  derived  directly  from  the  values 
of  r,  r"f  and  x,  as  derived  from  tiie  equations  (62),  without  first 
finding  the  poeitjon  of  the  plane  of  the  orbit  and  the  position  of  the 
orbit  in  its  own  plane.  Thus,  the  equations  (80),  replacing  u  and  u" 
by  thdr  valaes  v  +  a  and  t>  +  w",  become 

-^mn}{i/'  +  v)aai(y'  —  v)  =  ~^ -=, 

V  1     1         w 

Adding  t<^;ether  the  squares  of  these,  and  reducing,  we  get 

1       .-  +  ??-7^'^U'^'-<') 
q  an*  J  (t^  —  v)  * 

'      r"  +  r-2Vn^coB4  (*"  —  ») 

Comt«ni])g  this  equation  with  (69),  the  Ksnlt  is 

rr"  sin'  j  (i/'  —  v) 

'~  r  +  r"  —  K  eotr" 

and  hence,  ainoe  x  =  (r  +  r")  sin  ;^, 

5  =  —  ain"  J  (v"  —  «)  cot  J?'.  (fi^ 

We  have,  further,  iixim  (78), 


x»  = 

:(/'- 

-r)'  +  4rr"8in' 

'J(«"- 

-i 

from  whidij 

puttiDg 

Bin»  = , 

we  derive 

avW'^. . ,. 

C«4) 

-dnj  (•"-•)■  (86) 

Tberafore,  the  equation  .83)  becomes 
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q  =  i(r  +  r")cotfi/co^*.  (86) 

hy  means  of  which  q  is  derived  directly  from  r,  r",  and  «,  the  valae 
of  V  being  ibund  by  mesns  of  the  fermnla  (84),  ao  that  oosv  is 
positive. 

When  r*  cannot  be  found  with  safficieat  aoconu^  from  the  equa- 
ti<Hi 

we  may  me  another  form.    Thus,  we  have 


l+unr': 


_'-  +  '^  +  >t 


which  pve,  by  division, 

tan  (45°  +  jrO  =  -vHS^"  («0 

\r  +  i"  — * 

In  a  similar  manner,  we  derive 

t..(45°+{.)=-^^+y;-|;>.  (88) 

In  order  to  find  the  time  of  perihelion  paflsage,  it  is  necessary  first 
to  derive  the  valaea  of  v  and  v".  The  equations  (69)  and  (85)  giv^ 
by  multiplication, 

tan  i  (v"  —  v)  =  tan  r*  cos  »,  (89) 

firom  which  v"  —  e  may  be  oompated.    From  (8^  we  get 

to  1  (V  +  .)  tan  H«"  -  •)  = -'t— 
if  we  put 

this  equation  redaoos  to 

tan  J  (t/*  + 1.)  =  tan  (/  —  45°)  cot  K^  —  »).  (91) 

and  the  equations  (81)  give,  also, 

tKaiiif  +  v)  =  cot^(.^  —  v)Nn2f, 
Hthcr  of  which  may  be  osed  to  find  v"  +  v.  ^ 
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From  the  eqaatjoae 

OOfl  jtr 1  C08  ^v" 1 

y'q   ~Vr  V'q    ~  V7' 

by  mnltiplyiiig  the  first  by  Binjv"  and  the  secood  by  — siniv,  add' 
Ing  the  prodacta  and  redacing,  we  easily  find 

"   A 

Henoe  we  have 


(92) 


')«!»;._ 

OOT 

\V- 

Jl- 

1 

9 

Vr 

'i/7'- 

ootj(«"- 

-) 

1 

which  may  be  need  to  compute  q,  v,  and  v"  when  v"  —  vw  known. 

Wbeni(ti" — v)  and  i  (w"  +  b),  and '  hence  tt"  and  v,  have  been 
determined,  the  l^me  of  perihelion  passage  must  be  found,  as  already 
eiplained,  by  means  of  Table  VI.  or  Table  VIII- 

It  is  evident,  therefore,  that  in  the  determination  of  an  orbit,  aa 
soon  as  the  numerical  values  of  r,  r",  and  x  have  been  derived  from 
the  equations  (62),  instead  of  completing  the  calculation  of  die  ele- 
ments of  the  orbit,  we  may  find  q  and  T,  and  then,  by  means  of 
theae,  the  values  of  r'  and  v'  may  be  computed  directly.  When  thu 
has  been  effected,  the  values  of  n  and  n"  may  be  found  from  (3),  or 
that  of  — ,  from  (34).  Then  we  compute  p  by  means  of  the  first  of 
equations  (70),  and  the  corrected  value  of  M  from  (33),  or,  in  the 
special  cases  already  examined,  from  the  equations  (37)  and  (39),  In 
this  way,  by  successive  approximations,  the  determination  of  para- 
bolic elements  fi^m  given  data  may  be  carried  to  the  limit  of  accuracy 
which  is  consistent  with  the  assumption  of  parabolic  motion.  In  the 
<aoe,  however,  of  the  equations  (37)  and  (39),  the  n^lected  terms 
may  be  of  the  second  order,  and,  consequently,  for  the  final  resnlta 
it  will  be  necessary,  in  order  to  attain  the  greatest  possible  accuracy, 
to  derive 

f 

from  (15)  and  (16).  When  the  final  value  of  M  has  been  found,  the 
determination  of  the  elements  is  complet«d  by  means  of  the  formula 
already  ^ven. 
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72.  Example. — To  iUoBtrate  the  application  of  the  formul»  for 
the  calculation  of  the  parabolic  elements  of  the  orbit  of  a  comet  hy 
a  Domerical  example,  let  us  take  the  following  observations  of  the 
Fifth  Comrt  of  1863,  made  at  Ann  Arbor:— 

Ann  Arbor  M.T.                                 a,  i 

1864  Jan.  10  6»  57-  20'.5  19»  14-  4'.92  +  34°    6'  27".4» 

13  6  11    54.7  19  25   2.84  36   36  52  .8, 

16  6  35   11.6  19  41    4.S4  +39   41  26  .9. 

Theae  places  are  referred  to  the  apparent  eqainox  of  the  date  and 
are  already  corrected  for  parallax  and  aberration  \fj  means  of 
approximate  values  of  the  geocentric  distances  of  the  comet.  Bnt 
if  approximate  values  of  theae  distances  are  not  already  known,  the 
corrections  for  parallax  and  aberration  may  be  n^lected  in  the  first 
determination  of  the  approximate  elements  of  the  unknown  orbit  of 
a  oomet.  If  we  convert  the  observed  right  ascensions  and  declina- 
tions into  the  corresponding  longitudes  and  latitudes  by  means  of 
equations  (1),  and  reduce  the  times  of  observation  to  the  meridian 
of  Washington,  we  get 

Wwhington  M.  T.  X  p 

1864  Jan.  10  7'  24-   3*        297"  53'   7".6        4  55"  46'  68".4, 
13  6  38    37  802    57  51  .3  57    39  35  .9, 

16  7     1    54  310    31  52  .8         +  59   38  18  .7. 

Next,  we  reduce  these  places  by  applying  the  corrections  for  pre- 
cession and  nutation  to  the  mean  equinox  of  1864.0,  and  reduce  tfafl 
times  of  observation  to  decimalB  of  a  day,  and  we  have 

(  =  10.30837,  I  =297°  52"  51".l,  ^  =  +  55"  46'  58".4, 
e  =  18.27682,  X'  =  302  57  34  .4,  jS*  = ,  57  39  35  .9, 
("  =  16.29299,         r  =  310    31  35 '.0,         jS"=  +  59    38  18.7. 

For  the  same  times  we  find,  from  the  Ammean  Nauticai  Almanac, 

0    =290"    6' 27".4,  log  ^  =9.992763, 

0'=293     7  57.1,  log  ir  =  9.992830, 

G"=296   12  15.7,  log  it"  =  9.992916, 

which  are  referred  to  the  mean  equinox  of  1864.0.  It  will  gene- 
rally be  sufScient,  in  a  first  approximation,  to  use  logarithms  of  five 
decimals;  but,  in  order  to  exhibit  the  calculation  in  a  more  complete 
form,  we  shall  retain  six  places  of  decimalR. 

Since  the  intervals  are  very  nearly  equal,  we  may  a 
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n       £  _  JV 
Then  we  have 


M=\ 


_f-  e     tan^ainC-l— 00  — taa^8in(i'  — GO 
■  tan'jS"  sin  (.1'  —  ©')  —  tails'  sin  (i"  —  ©0' 
and 

ffBinCG  — 0)  =  ^'8in(0"  — O), 
ffCw(0~0)  =  if'coaCO"-0)  — it; 
A  cos  :  COB  C-ff  —  i'O  =  3f  —  C08  (r  —  J), 
A  cobC  BinCfl" —  .i")^8in(i"  —  i), 
hainZ  =Jf  tan|9"— tanjS; 

from  which  to  find  M,  <?,  j,  ^  Z,  and  A.     Thos  -we  obtun 

log  Jf=  9.829827,  ir=      94°  24'    1".8, 

0  =  22°  58'  1".7,  :  =  — 40   28  21  .9, 

log  ff  =  9.019613,  log  h  =  9.688532. 

Since  —^  ^=  li — 3;  =  0.752,  it  appears  that  the  comet,  at  the  time 
of  these  obeervations,  was  rapidly  approaching  the  earth.  The 
quadrants  in  which  G  —  O  and  H —  X"  must  be  taken,  are  deter- 
mined by  the  condition  that  g  and  A  006  ^  must  always  be  positive. 
The  value  of  JEf  should  be  checked  by  duplicate  calculation,  since  an 
error  in  this  will  not  be  exhibited  until  the  values  of  X'  and  j3'  are 
computed  from  the  leaulting  elements. 
Next^  from 
cos  4  =  COB)?  COS (i  —  O),  cos+"  =  coejS"  coB(r —  0"J, 

cosf  =cofiCcos(G  —  S\ 

we  compute  coe  i^*  00s  '4^',  and  ooe  f ;  and  then  from' 

J?' Bin  4"  =  J", 
ycosf>  —  6Acos4^e,  jrcosf  —  b"K'  cos  4"  =  c', 

we  obtain  A,  B,  B",  &c  It  will  generally  be  sufficiently  exact  to 
find  sin  ■^  and  sin  i^"  from  ooe  '^  and  cos  V'  >  ^^^  if  raore  aocurata 
values  of  ^  and  ■^"  are  required,  they  may  be  obtained  by  means  (^ 
the  equations  (42)  and  (43).     Thus  we  derive 

log  A  =  9.006485,        log  H  =  9.912052,        log  S'  =  9.933806, 
\osb  =  9.438524,  log  6"  =  9.662387, 

6-=  —  0125067,  0"  =  —  0.150662. 
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Theo  ve  have 

&om  which  to  find,  by  successive  trials,  the  valaes  of  r,  r",  and  X, 
that  of  p  being  found  from  Table  XI.  with  the  ailment  i^.  First^ 
we  assume  ' 

loK  "  =  log  <y  |/2)  =  9.163132, 

and  with  this  we  obt^n 

logr  =  9.913895,        log  r"  =  9.938040,        log(r  +  f")  =  0.227165. 

Thia  valne  of  log(r  +  r")  gives  5  =  0.1394,  and  from  Table  XL  we 
find  log  ft  =  0.000160.    Henoe  we  derive 

log  X  =  9.200220,        log  r  =  9.912097,        log  ."  =  9.9S5187, 
log(r+»")  =  0.224826. 

Bepeating  the  operation,  D«ng  the  last  value  of  log(r  +  r"),  we  gei 

log  K  =  9.201396,        \ogr  =  9.912083,        log  /'  =  9.935117, 
!<«(»■ +  0  =  0.224783. 

The  correct  value  of  \og{r  +  r")  may  now  be  found  hy  means  of  the 
equation  (67).  Thus,  we  have,  in  units  of  the  sixth  decimal  place  of 
the  logarithms, 

a=224825  — 227165  =  — 2340,        <i'  =  224783  — 224826  =  — 42, 

and  the  oorrection  to  the  last  value  of  l<^(r  +  r")  becomes 


Therefore. 

log(r  +  t")  =  0.224782, 

and,  recomputing  7,  /t,  X,  r,  and  r",  we  get,  finally, 

log  »  =  9.201419,        logr  =  9.912083,        logr"  =  9.935116, 
log  Cr  +  r")  =  0.224782. 

The  agreement  of  the  last  value  of  1og(r  -f-  r")  with  the  preceding 
one  shows  that  the  resalta  are  correct.    Furthw,  it  appean  from  the 
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v&Iues  of  r  and  r"  that  the  comet  h&d  passed  its  perihelion  and  was 
receding  from  the  sun. 

By  means  of  the  values  of  r  and  t"  we  might  compute  approxi- 
mate values  of  ¥  and  -77  from  the  equations  (30)  and  (31),  and  then 
a  more  approximate  value  of  —^  &om  (28),  that  of  -^  being  found 
from  (32).  fiut,  sinoe  r'  differs  but  little  &om  R',  the  differenoe 
between  — ^7  and  -^i  is  veiy  small,  so  that  it  is  not  necessary  to  oon- 
sider  the  second  term  of  the  second  member  of  the  equation  (33); 
and,  sinoe  the  intervals  are  very  nearly  equal,  the  error  of  the  as- 
sumption 


IS  of  the  third  order.  It  should  be  observed,  however,  that  an  error 
in  the  value  of  Jf  affects  S,  (,  A,  and  hence  also  A,  b,  b",  c,  and  e", 
and  the  resulting  value  of  f>  may-be  ^ected  by  an  error  which  con- 
Biderably  exceeds  that  of  M.  It  ia  advantageous,  therefore,  to  select 
obfiervatione  which  furnish  intervals  aa  nearly  equal  as  possible  in 
order  that  the  error  of  M  may  be  small,  otherwise  it  may  become 
neoeesary  to  correct  Jf  and  to  repeat  the  calculation  of  r,  r",  and  x. 
We  may  also  compute  the  perihelion  distance  and  the  time  of  peri- 
helion passage  from  r,  r",  and  x  by  means  of  the  equations  (86),  (89), 
and  (91)  in  connection  with  Tables  VI.  and  VIII.  Then  r'  and  «* 
may  be  computed  directly,  and  the  complete  expression  for  M  may 
be  employed. 

In  the  first  determination  of  the  elements,  and  especially  when  the 
corrections  for  parallax  and  aberration  have  been  neglected,  it  is  un- 
neoeeeary  to  attempt  to  arrive  at  the  limit  of  accuracy  attainable, 
siuce,  when  approximate  elements  have  been  found,  the  observations 
may  be  more  conveniently  reduced,  and  those  which  include  a  longer 
interval  may  be  used  in  a  more  complete  calculation.  Hence,  aa  soon 
as  r,  r",  and  x  have  been  found,  the  curtate  distances  are  next  deter 
mined,  and  then  the  elements  of  the  orbit.  To  find  p  and  p",  we 
have 

d  =-1-0.122395, 

the  positive  sign  being  used  since  x  is  greater  than  g,  and  the  formuls 


^■=Mp, 


d  -f-  y  coay 

pve 

log  ^  =  9.480952,  log/."  =  S:310779. 
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From  these  valaes  of  p  aod  p"y  it  appears  that  the  comet  was  very 
near  the  earth  at  the  time  of  the  observations. 

The  heliocentric  places  are  then  iband  by  means  of  the  equadone 
(71)  and  (72)."*  Thus  we  obtain 


(  =  106"  W  50".6, 

S  =  +  33°    I'lff'.e, 

logi-  =9.912082 

r=112   31     9  .9, 

i"=  +  23   65     6.8, 

logr"=9.936116. 

The  agreement  of  these  values  of  r  and  t"  with  those  previously 
found,  checks  the  accuracy  of  the  calculation.  Further,  since  the 
heliocentric  lon^tudes  are  iuGTeasing,  the  motion  ia  direct. 

The  longitude  of  the  ascending  node  and  the  inclination  of  the 
orbit  may  now  be  found  by  meana  of  the  equations  (74),  (75),  or  (76) ; 
and  we  get 

SI  =  sew-*  43'  11".5,  t  =  64°  31'  21".7. 

The  values  of  »  and  u"  are  given  by  the  formulte 

cost  cost 

u  and  I  —  £2  being  in  the  same  quadrant  in  the  case  of  direct  motioa. 
Thus  we  obtain 

u  =  142°  52"  12".4»  «"  =  153°  18'  49".4. 

Then  the  equation 

««  =  (/'-rcos(«"-«))'  +  H8in'C«"-«) 
pves 

log  x  =  9.201423, 

and  the  i^reement  of  this  value  of  x  with  that  previously  fbnud, 
proves  the  calculation  of  £1,  t,  u,  and  u". 
From  the  equations 

tan(45°  +  ff')  =  -\p, 


1  ,  f,  /  n  .     \        I  sec  2^ 

~^C08HK«  +  «)  -  »)  = -— rT7=. 

Vq  cos  i  («"—  «)  K  it" 


we  get 

*■  =  0°  22*  '47".4.        -  =  116°  40'  6".3,        log  q  =  9.887878. 

Heaoe  we  have 

,r  =  «.  +  JJ  =  60°  23'  17".8, 

D,:„„zeo.yGOOgk' 
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and 

,r=tt--  =  27°12'6".l,  ti"  =  «"  — -  =  S7'88'4ff'J, 

Then  we  obtun 

log  m  =  9.9601277  —  j  log  9  =  0.129061. 
and,  Goireeponding  to  the  values  of  v  and  v",  Table  VI.  gives 

log  Jf=  1.267163,  log  JT  =  1.424162. 

Therefore,  for  the  time  of  perihelion  paasag^  we  have 


T=  t'~  =-  =r— 19.72836. 
m 

Tho  first  value  gives  T=  1863  Dec  27.56473,  and  the  second  gtroi 
T=  Deo.  27.56463.  The  agreement  between  these  reenlts  is  the  final 
proof  of  the  calculation  of  the  elements  fi^m  the  adopted  value  <^ 

P 
If  we  find  T  hj  means  of  Table  Till.,  we  have 

log  N  =  0.021616,  log  N"  =  0.018210. 

and  the  equation 

2  2 

r=  ( —  3]^  ^r*  sin  tr  =  C  —  3^  JV'V't  sin  i/*, 

in  which  log|^  =  1.5883273,  ^vea  for  T  the  values  Deo.  27.66473 
and  Deo.  27.56469. 

Collecting  together  the  several  results  obtained,  we  have  the  fol- 
lowing elements : 

T  =  1863  Dec.  27.56471  Washington  mean  tim& 
«   =   60°2S'17".8)    _,.  ^.        .„ 
fl=304   43  11.5lEchpt.candM^ 

»    =   64    31  21  .7)      ■^ 

log  3  =  9.887378. 

Motum  Direct. 


Iquinox  1864.0, 


73.  The  elemeDte  thus  derived  will,  in  all  cases,  exactly  represmt 
the  extreme  places  of  the  comet,  since  these  only  have  been  used  ia 
finding  the  elements  after  />  and  p"  have  been  foond.     I^  by  means 
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of  these  elemeots,  we  compute  n  and  n",  aod  correct  the  value  of  M, 
the  elements  Trfaich  will  then  be  obtained  will  approximate  nearer 
the  true  values;  and  each  successive  oorrection  will  furnish  mora 
accnrate  results.  When  the  adopted  value  of  ^  is  exact,  the  result- 
ing elemeutB  must  by  calculation  reproduce  this  value,  and  since  the 
computed  values  of  X,  X",  /9,  and  ^"  will  be  the  eame  as  the  observed 
values,  the  oompnted  values  of  X'  and  ^'  must  be  such  that  when 
Bubatituted  in  the  equation  for  M,  the  same  result  will  be  obtained 
as  when  the  observed  values  of  X'  and  ^'  are  used.  But,  according 
to  the  equations  (13)  and  (14),  the  value  of  3f  depends  only  on  the 
inclination  to  the  ecliptic  of  a  great  circle  passing  through  the  places 
of  the  Bun  and  comet  for  the  time  t',  and  is  independent  of  the  angle 
at  the  earth  between  the  sun  and  comet.  Hence,  the  spherical  co- 
ordinates of  any  point  of  the  great  circle  joining  these  places  of  the 
sun  and  comet  will,  in  connection  with  those  of  the  extreme  places, 
give  the  same  value  of  M,  and  when  the  exact  value  of  M  has  been 
Used  in  deriving  the  elements,  the  computed  values  of  jI'  and  ^'  must 
give  the  same  value  for  v>'  as  that  which  is  obtained  from  observa- 
tion. But  if  we  represent  by  ■^'  the  angle  at  the  earth  between  the 
8UD  and  comet  at  the  time  t',  the  values  of  i^  derived  hy  observation 
and  by  computation  from  the  elements  will  differ,  unless  the  middle 
place  is  exactly  represented.  In  general,  this  difference  will  be  small, 
and  since  w'  is  constant,  the  equations 

008  +'  =  cos  ^  008  (i'  —  O'), 
sin  4'  coBw'  =  cos  /J"  sin  [i!  —  ©'),  (98J 

sin  Jf  sin  vf  =  au?, 

give,  hy  differentiation, 

cosjS'tU'^cosur'Becy  rf*', 

d/?  =  sin  «/  cos  (i'  —  O')  d^,:  t**' 

From  these  we  get 

cosff'Al'_tanC/— G') 

5?  sin  jS* 

which  expresses  the  ratso  of  the  residual  errors  in  longitude  and 
latitude,  for  the  middle  place,  when  the  correct  value  of  M  has  been 
used. 

Whenever  these  conditions  are  satisfied,  the  elements  will  be 
correct  on  the  hypothesis  of  parabolic  motion,  and  the  magnitude 
of  the  final  residuals  in  the  middle  place  will  depend  on  the  deviation 
of  the  actual  orbit  of  the  oomet  from  the  parabolic  form.     Further, 
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when  elements  have  been  derived  from  a  valae  of  M  which  has  not 
been  finally  corrected,  if  we  compute  H  and  j9'  by  means  of  these 
elements,  and  then 

tanV=  ■    ,y^^„.  (95) 

Bin  (/  —  0')  ^    ' 

the  comparison  of  this  value  of  tan  tr'  with  that  given  by  observ»> 
tion  will  show  whether  any  further  correction  of  M.  ie  necessary,  and 
if  the  difference  is  not  greater  than  what  may  be  due  to  unavoidable 
errors  of  calculation,  we  may  r^ard  3f  as  exact. 

To  compare  the  elements  obtained  in  the  case  of  the  example 
given  with  the  middle  place,  we  find 

B-  =  32"  31'  13".6,  «-  =  148'  11'  iy.8,  log  r*  =  9.922838. 

Then  from  the  equations 

tan(f —  £2)^coettanu', 

tan  6' ^  tan  t  sin  (f —  fj), 
we  derive 

t  =  109°  iff  48".3,  6'  =  28"  24'  5Q''.0. 

By  means  of  these  and  the  values  of  O'  aod  R',  we  obtain 

X'  =  302°  57'  41''.1,  J?  =  67"  39'  37".0 ; 

and,  comparing  these  results  with  the  observed  values  of  il'  and  0*, 
the  residuals  for  the  middle  place  are  found  to  be 

Gomp.  —  Obs. 
COB  jS*  4a'  =  +  3".6,  4i9  =  +  l".l. 

The  ratio  of  these  remaining  errors,  after  making  due  allowance  for 
unavoidable  errors  of  calculation,  shows  that  the  adopted  value  of 
3f  is  not  exact,  since  the  error  of  the  longitude  should  be  less  than 
that  of  the  latitnde. 
The  value  of  to'  given  by  observation  is 

log  tan  V  =  0.966314, 

and  that  given  by  the  computed  values  of  X'  and  j9'  is 

log  tan  1^^  =  0.966247. 

The  diffbvnce  b^ng  greater  than  what  can  be  attributed  to  ^rors  of 
ralwIaUon,  it  appears  that  the  value  of  M  requires  further  oor- 
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Kctiou.  since  the  difference  ia  small,  ve  maj  derive  the  correct 
valne  of  Mhj  using  the  same  aasamed  value  of  ~,i  and,  instead  of 
the  valae  of  tanw'  derived  from  observatioQ,  a  value  diSeriog  as 
much  from  thia  in  a  contrary  direction  as  the  computed  value  differs. 
Thus,  in  the  present  example,  the  computed  value  of  log  tan  u'  is 
0.000067  less  than  the  observed  value,  and,  in  finding  the  new  value 
of  M,  we  must  use 

log  tanti/^  0.966381 

in  computing  ^,  and  ^^"  involved  in  the  first  of  equations  (14).  If 
the  first  of  equations  (10)  is  employed,  we  must  use,  instead  of  tan^ 
as  derived  from  observation, 

tan  ^  =  tan  w*  sin  (/  —  G'). 
or 

1(^  tan  i?  =  0.966381  +  log  sin  (-1'  —  O')  =  0.198659, 

the  observed  value  of  X'  being  retained.     Thus  we  derive 

log  Jf=  9.829586, 

and  if  the  elements  of  the  orbit  are  computed  by  means  of  this 
value,  they  will  represent  the  middle  place  in  accordanoe  with  the 
condition  that  the  difference  between  the  computed  and  the  observed 
value  of  tan  w'  shall  be  zero, 

A   system  of   elements    oompnted    with    the    same    data    from 
I(%  M=  9.822906  ^ves  for  the  error  of  the  middle  place, 

C-O. 

coB^  bi'  =  —  1'  26".2,  A^  =  —  40".l. 

If  we  interpolate  by  means  of  the  residuals  thus  found  for  two  values 
of  Jf,  it  appears  that  a  system  of  elements  computed  from 


logJtf=£ 

will  almost  exactly  represent  the  middle  plaoe,  so  that  the  data  an 
completely  satisfied  by  the  hj^thesis  of  parabolic  motion. 
The  equations  (34)  and  (32)  give 

log-^  =  0.006955,  log  ^  =  0.006831, 

And  {torn  (10)  we  get 

log  Jr  =  9.822906,  log  M"  =  9.663729.. 


Ogle 


208  THEOREnOAX  ASTBONOUr. 

Then  hy  means  of  the  equation  (33)  we  derive,  for  the  corrected 
valae  of  Jf, 

log  3f=  9.829582, 

which  differs  only  io  the  sixth  decimal  place  from  the  result  obtaJned 
by  varying  taow'  and  retaining  the  approximate  values  ~'^^:J'^Jj»' 

74.  When  the  approximate  elements  of  the  orbit  of  a  comet  are 
known,  they  may  be  corrected  by  using  observations  wliich  include 
a  longer  interval  of  time.  The  most  convenient  method  of  effecting 
this  correctioa  is  by  the  variation  of  the  geocentric  distahoe  for  the 
time  of  one  of  the  extreme  observations,  and  the  formule  which 
may  be  derived  for  this  purpose  are  applicable,  without  modification, 
to  any  case  in  which  it  is  possible  to  determine  the  elements  of  the 
orbit  of  a  comet  on  the  supposition  of  motion  in  a  parabola.  Since 
there  are  only  five  elements  to  be  determined  in  the  case  of  parabolic 
motion,  if  the  distance  of  the  comet  from  the  earth  corresponding  to 
the  time  of  one  complete  observation  is  known,  one  additional  com- 
plete observation  will  enable  us  to  find  the  elements  of  the  orbit. 
Therefore,  if  the  elements  are  computed  which  result  from  two  or 
more  assumed  values  of  J  differing  but  little  from  the  correct  value, 
by  comparison  of  intermediate  observations  with  these  different  sys- 
tems of  elements,  we  may  derive  that  value  of  the  geocentric  distance 
of  the  comet  for  which  the  resulting  elements  will  best  represent  the 
observations. 

In  order  that  the  formale  may  be  applicable  to  the  case  of  any 
fundamental  plane,  let  us  consider  the  equator  as  this  plane,  and, 
supposing  the  data  to  be  three  complete  observations,  let  A,  A',  A" 
be  the  right  ascensions,  and  D,  D',  D"  the  declinations  of  the  sun 
for  the  times  t,  %',  t".  The  co-ordinates  of  the  first  place  of  the  earth 
referred  to  the  third  are 

01  ^  R'  coa  I/'  COB  A" —  R  coaD  cos  A, 
y  ^  iJ"  cos  D"  sin  A"  —  JZ  cos  Z)  sin  A, 
t=je'aiuiy'  —SeinD. 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
for  the  first  and  tbiH  "t™"'vafionH,  and  by  Q  and  K,  respectively, 
the  right  ascension  and  declination  of  the  first  place  of  the  earth  as 
seen  from  the  third,  we  shall  have 

x^ffcoaKcoa  0, 
y^g  coB^sin  Q, 
I  ,  •  =  y8injr. 
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aoB 

and,  ooneeqneDtly, 

,a,,Ka»(,0-A)=Ifmtn'c^l.A'-A-)-SaaD, 

gc«.KK^(.B-A)=K'cmI>''mU°-A), 

(86) 

SmK                      =K'>miy'-StsmD, 

from  which  g,  K,  and  G  may  be  found. 

If  we  designate  by  «„  y„  2,  the  uo^rdinates  of  the  first  place  of 
the  comet  referred  to  the  third  place  of  the  earUi,  we  shall  havf 

I,=  JcO8*CO8a4-?CO8^O0eff, 

y,  =  J  cos  d  BID  a  -^  ^  cos  J?  Bin  O, 

c,  =  J  sin  d  -^  gtmK.  l 

Let  ns  now  pnt  .         j  W^-'l*''^ 

ar,  =  A'co8Ccos^,    L3^Ui*^,  t^.*AC^• 
«,  =  A'8inr,  '  H*^ 
and  we  get  " 

A'coaCcosCff'—  G)  =  Jco8«coB(«~G0  +  jcoe^, 
A'cosC'sinCff'— G)  =  J  coed aa(<»— Cf),  (97) 

A'  ain  C'  ^  J  sin  ^  +  y  sin  Jf, 

from  which  to  determine  S',  (^',  and  h'. 

If  we  represent  by  f'  the  angle  at  the  third  place  of  the  eartlt 
between  the  actnal  first  and  third  places  of  the  comet  in  space,  we 
obtiUD 

COB  y'=  cos  t*  cMfl*  cos  J"  cos  »^'+ COB  r  sin  JT' COB  ^' sin  V'+ sin  C*  sin  y, 

or 

cos/^cosC'coB^'co8(n" —  H")  +  Sin  C*  sin  ^' ;  (98) 

and  if  we  put 

eun/=sinf', 

eC08/=C08#'cO9(«"-fl0 

this  becomes 

cos  /  =  «  COB  (C  — /).  (99) 

Then  we  shall  have 

)('=A"+J"'— 2V^'cob/ 
or 

x"  =  (J"  —  A'  coe  /)'  +  i"  sin'  /,  (100) 

in  which  J"  ia  the  distance  of  the  comet  from  the  earth  cot  respond- 
ing to  the  last  observation.  We  have,  also,  from  equations  (44)  and 
(46). 


r*  =(J  — JJco8+)'    -f-iPMn'+, 
r''*  =  (J"  —  JT'  COB  +")'  +  -fi"*  Bin"  +". 


(lOlJ 
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in  which  ■4'  ifl  the  angle  at  the  cftr^h  hptwnnn  thn  snn  and  comet  at 
the  time  <^  and  4'"  the  eame  angle  at  the  time  H',  To  find  their 
valaea,  ve  have 


COB  4  ^  COB  Z>  COS  d  COS  (a  —  A^ ''r  VOkD  KAi, 

cos  +"=  COS  i)"  COS  a"  COS  (."—  J")  +  Bin  D"  Bin  «", 


(102) 


which  may  be  atill  farther  redaoed  by  the  introdaction  of  Mixiliary 
angles  as  in  the  case  of  equation  (98). 
Let  OB  DOW  pat 

A'  sin  /  =  C)  ft'  COB  f*  ^  c, 

Bgin4  =  B,  Bco8+  =  J,  (103) 

S'  Bin  +"  =  S',  R'  COB  4"  =  b", 

and  we  shall  have 

n  =  V{/f'  —  ey-\-  C\ 

r  =  i/(d-i)«  +  B«,  (104) 

r"  =  i/(d"_fr')>+5"'. 

'Iii«ae  equations,  together  with  (S6),  will  enable  ua  to  determine  J" 
by  successive  trials  when  J  is  given. 

We  may,  therefore,  assume  an  approximate  value  of  J"  by  means 
of  the  approximate  elements  known,  and  find  r"  from  the  last  of 
these  equations,  the  valiie  of  r  having  been  already  foond  from  the 
assumed  value  of  J.    Then  X  is  obtained  from  the  equation 


=7^-  ^'^ 


fi  being  found  by  means  of  Table  XI.,  and  a  second  approximation 
to  the  value  of  J"  from 

J"  =  c±v'»'—C\  (105) 

The  approximate  elements  will  give  J"  near  enough  to  show  whether 
the  upper  or  lower  sign  must  be  used.  With  the  value  of  J"  thus 
found  wa  recompute  r"  and  x  as  before,  and  in  a  similar  manner  find 
a  still  closer  approximation  to  the  correct  value  of  J".  A  few  trialr 
will  generally  give  the  correct  result. 

When  J"  has  tbue  been  determined,  the  heliocentric  places  are 
found  by  means  of  the  formulro 

r  COB  &  COB  (^  —  A)^  d  COS  i  COB  (a  —  A)  —  JR  COB  D, 

r  coab  Bm{l—  A)  =  J  cm»  tiin(<^  —  A),  (10«) 

rsini  ^Jdnd  —  SanD; 
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/'cos 6"  COS (r — A")  =  J"<!oa*"coe(ii"~  A")  —  fi"coai)", 

r"  cos  b"  sin  (f'—  A")  =  J"  cob*"  sin  («."—  A"),  (107) 

r"  sin  6"  =  ^"  sin  S"  —  A"  sin  i>", 

ID  which  b,  h",  I,  I"  «k  the  heliocentric  spherical  co-ordinates  re- 
ferred to  the  equator  as  the  fundamental  plane.  The  values  of  r  and 
r"  found  from  these  eqoations  must  agree  with  those  obtained  from 
(104). 

The  elements  of  the  orbit  may^  now  be  determined  by  meann  pf  the 
eqnatioDB  (75),  (77),  and  (81),  in  connection  witfi  Tables  VI.  and 
VIII.,  as  already  explained.  The  elements  thus  derived  will  be  re- 
fei'red  to  the  equator,  or  to  a  plane  passing  through  the  centre  of  the 
sun  and  parallel  to  the  earth's  equator,  and  they  maj  he  transformed 
into  those  for  the  ecliptic  as  the  fundamental  plane  by  means  of  the 
equations  (109),. 

76.  With  the  resnlting  elements  we  compute  the  place  of  the  comet 
for  the  time  t'  and  compare  it  with  the  corresponding  observed  place, 
and  if  we  denote  the  computed  right  ascension  and  declination  by  a/ 
and  9^',  respectively,  we  shall  have 

in  which  a'  and  d'  denote  the  difiereaces  between  computation  and 
observation.  Next  we  assume  a  second  value  of  4,  which  we  repre- 
sent by  J  +  9  J,  and  compute  the  corresponding  ^atem  of  elements. 
Then  we  have 

a'  +  a"  =  »,',  r  +  d"  =  V, 

a"  and  d"  denoting  the  differences  between  compntation  uid  obser- 
vation for  the  second  system  of  elements.  We  also  compute  a  third 
system  of  elements  with  the  distance  4  —  dJ,  and  denote  the  differ- 
atces  between  computation  and  observatiou  by  a  and  d;  then  we  shall 
have 

o=/(J  — aj),  a'=/(J),  a"=/CJ  +  aj), 

4iid  similarly  for  d,  d',  and  d".  If  these  three  numbers  are  exactly 
T<epresented  by  the  expression 

'"  +  ";&  +  ''(•&)"■ 

in  which  J  +  x  is  the  general  value  of  the  argument,  since  the  values 
if  a,  a',  and  a"  will  be  such  that  the  third  differences  may  be  neg- 
lected, this  formata  may  be  assumed  to  express  exactly  any  value  of 
the  fundJOD  corresponding  to  a  value  of  the  argument  not  differing 


212  THEOBEn'ICAL   ASFSO^OilY. 

much  from  J,  or  within  the  limits  *  =  —  dJ  and  a:  =  +  3  J,  the  83< 
Dumed  values  J  —  iJ,  J,  and  J  +  3J  being  no  taken  that  the  correct 
value  of  J  shall  be  either  within  these  limits  or  very  nearlj  so. 
To  find  the  coefficients  m,  n,  and  o,  we  have 

m  —  n-{-o  =  a.  m  =  i^,  m  +  n  +  o-=a", 

whence 

m  =  a',  n  =  J(o"— a),  o  =  J  (a" -f  a)  —  o'. 

Kow,  in  order  that  the  middle  place  may  be  exactly  represented  in 
rit^ht  ascension,  we  must  have 


from  which  we  find 

or 

X  —pdJ  =  0. 

lu  the  same  manner,  the  condition  that  the  middle  place  shall  be 
exactly  represented  in  declination,  gives 

X  ~p'3A  =  0. 

In  order  that  the  orbit  shall  exactly  represent  the  middle  place,  both 
conditions  must  be  satisfied  simultaneously;  but  it  will  rarely  happen 
that  this  can  be  effected,  and  the  correct  value  of  x  must  be  found 
from  those  obtained  by  the  separate  conditions.  The  arithmetical 
mean  of  the  two  values  of  x  will  not  make  the  sum  of  the  squares 
of  the  residuals  a  minimum,  and,  therefore,  give  the  most  probable 
value,  unless  the  variation  of  cos  d'  Aa',  for  a  given  increment  as- 
signed to  ^,  is  the  same  as  that  of  ik^'.  But  if  we  denote  the  value 
of  X  for  which  the  error  in  a'  is  reduced  to  zero  by  x',  and  that  for 
which  a3'  =  0,  by  x",  the  most  probable  value  of  x  will  be 


_>lV+TI 


»■+« 


(108) 


in  which  n  =  l(a" — a)  and  ii'  =  i(rf"-- d).  It  should  be  observed 
that,  in  order  that  the  differences  in  right  ascension  and  declination 
shall  have  equal  influence  in  determining  the  value  of  x,  the  valuett 
uf  a,  a',  and  a"  must  be  multiplied  by  cos  S',  The  value  of  dJ  is 
most  conveniently  expressed  in  units  of  the  last  decimal  place  of  the 
logarithms  employed. 
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If  the  elements  are  already  known  so  approximately  that  the  first 
assumed  value  of  d  differs  so  little  from  the  trae  value  that  the 
second  differences  of  the  residuals  may  be  n^Iected,  two  assumptions 
in  regard  to  the  value  of  d  will  suffice.  Then  we  shall  have  o  ^  0, 
and  hence 

m=sa',  n  ^  a"  —  o'. 

The  condition  that  the  middle  plaoe  shall  be  exactly  represented, 
gives  the  two  equations 


(a"  —  a')x-\-  a'dA  = 


(109) 


The  combination  of  these  equations  according  to  the  method  of  least 
squares  will  give  the  most  probable  value  of  x,  namely,  that  for 
which  the  sum  of  the  squares  of  tlie  residuals  will  be  a  minimum. 

Having  thus  determined  the  most  probable  value  of  x,  a  final 
system  of  elements  computed  with  the  geocentric  distance  d  +  x, 
vorrespouding  to  the  time  t,  will  represent  the  extreme  places  exactly, 
and  will  give  the  least  residuals  in  the  middle  place  consistent  with 
the  supposition  of  parabolic  motion.  It  is  further  evident  that  we 
may  use  any  number  of  intermediate  pUces  to  correct  the  assumed 
value  of  d,  each  of  which  will  furnish  two  equations  of  condition 
for  the  determination  of  x,  and  thus  the  elements  may  be  found 
which  will  represent  a  series  of  observations. 

76.  Example. — ^The  formulae  thus  derived  for  the  correction  of 
approximate  parabolic  elements  by  varying  the  geocentrio  distance, 
are  applicable  to  the  case  of  any  fundamental  plane,  provided  that 
a,  8,  A,  D,  <&c.  have  the  same  signification  with  respect  to  this  plane 
that  they  have  in  reference  to  the  equator.  To  illustrate  their 
Domerical  application,  let  us  take  the  following  normal  places  of 
the  Crreat  Comet  of  1858,  which  were  derived  by  comparing  an 
ephemeris  with  several  observations  made  during  a  few  days  before 
and  after  the  date  of  each  normal,  and  finding  the  mean  difference 
between  computation  and  obaervatioa : 

Waihington  M.  T.                       a  i 

1858  June  11.0  141"  18'  30".9  +  24"  46'  25".4, 

July  13.0  144   82  49  .7  27   48    0  .8, 

Aug.  14.0  152   14  12  .0  +  31    21  47  .9, 

which  are  referred  to  the  apparent  equinox  of  the  date.  These 
places  are  free  from  aberration. 
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Wo  shall  take  the  ecliptio  for  the  fundamental  plane,  and  con- 
verting these  right  asoensions  and  declinations  into  longitudes  and 
latitudes,  and  reducing  to  the  ecliptjc  and  mean  equinox  of  1858.0, 
the  times  of  observation  bdng  expressed  in  days  from  the  banning 
of  the  jeia,  we  get 

(  =162.0,  i  =  135"  51' 44".2,  ^  =+    9°    6' 67".8, 

C  =  194.0,  i'  =  187   39  41  .2.  ^  =      12   56     9  .0, 

r  =  226.0,  r  =  142   51  31  .8,  ^'=  +  18   36  28  .7. 

From  the  Ammean  Nautioal  Almanaa  we  obttun,  for  the  true  places 
of  the  Bun, 

©  =   80°  24' 32".4,  logJJ  =0.006774, 

©'  =110   55  51  .2,  logB*  =0.007101. 

G"  =  141    33    2.0,  log  B"  =  0.005405, 

the  longitudes  being  referred  to  the  mean  equinox  1858.0. 

"When  the  ecliptic  is  the  fundamental  plane,  we  have,  negleoting 
the  sun's  latitude,  7)  =  0,  and  we  must  write  >l  and  ^  in  place  of  a 
and  8,  and  O  in  place  of  A,  in  the  equationn  which  have  been  derived 
for  the  equator  as  the  fundamental  plane.     Therefore,  we  have 

yeo8(G-0)  =  i?'co9(0"-0)-ii, 

y  Bin  C  G  —  O)  =  ii"  sin  (©"  —  Q) ; 
co84  =  co6i9cos(^  —  O),  008 +"  =  cos  j9"  cos  (J"  —  O") 

B  COS  +  =  6,  iJ"  COB  +"  =  b", 

fi  sin  +  =  B,  S"  sin  +"  =  B", 

from  which  to  find  O,  g,  b,  B,  b",  and  JB",  all  of  which  remain 
unchanged  in  the  snocessive  trials  with  assumed  values  of  J.  Thos 
we  obtain 


0  = 
Iogff  = 

201°  r  57".. 
0.013600, 

1,        logS  =.9.926092, 
log  £"  =  9.610309, 

S  =  +  0.668719, 
i"=  + 0.969342. 

Then 
known, 

Had&om 

we  asanme, 

A'coa^cM 
A' en  Cain 
I'ainr 

by  means  of  approximate  elemente  already 
log /(  =  0.397800, 

(ff '  —  GO  =  ^  cos  j9  COS  ( J  —  (?)  +  y, 
(ff  -  GO  =  J  cos;«  sin  y  -  60. 
=  4  sin  A 

tni  find  Ri,  ;',  ind  A 

.'.    These  give 

ff'=163°46'2(l".6. 

C'=  +  7''24'16".4, 

log  V  =  0.487484. 

D,.„i,.,..  „*^iUoyn.- 
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Next,  from 

C08  /  =  cos  C*  C08^'  coe  C-l"  —  -ff")  +  Bin  f  taa^, 
A'  COB  /  =:  e,  A'  sin  f*  =  C, 

we  get 

log  C=  9.912519,                c  =  +  2.e61«73 ; 
and  from  

we  find 

log  r  =  0.323446. 
Then  we  have 


from  which  to  find  d",  r",  and  x.     First,  hy  means  of  the  approxi- 
mate elements,  we  assume 

log  J"  =  0.310000, 

which  gives  log  r"  =  0.053000,  and  henoe  we  have 

1,  =  0.S783,  \ogfi  =  0.002706,  !<«  »  =  0.090511. 

With  this  value  of  x  we  obtain  fivm  the  expression  for  ^",  the 
lower  sign  being  tued,  since  J"  is  less  than  o, 

log  J"  =  0.309717. 

Bepeating  the  oaloalalion  of  r",  p,  and  x,  and  then  finding  J"  agtun, 
the  reeult  is 

log  J"  =  0.309647. 

Then,  hj  means  of  the  fonnnhi  (67),  we  may  find  the  correct  valaeL 
Thus  we  have,  in  units  of  the  sixth  decimal  plaoe, 

a  =  809717  —  310000  =  —  283,         a'  =  309647  —  309717  =  --  70, 

and  for  the  correction  to  the  last  result  for  log  J"  we  have 

Therefore, 

log  J"  =  0.309624. 

1)7  means  of  this  valne  we  get 

Iogr"=>0.0S23a),  log.: 
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and  tliiB  valne  of  x  gives,  fiiiall7, 

log  A"  =  0.308623,  log  t^  =  0.052348. 

The  heliocentric  places  of  the  comet  are  now  found  from  the  equa- 
tions (71)  and  (72),  writjog  4ixn^  and  J"  eoe0"  for  />  and  />", 
reapeatively.    Thus  we  obtain 

I  =  169' 43' 14".2,        (  =  +  10' Wy  14".0,        logr  =0.323447, 
r  =  144   17  47.8,        i"=  +  35    14  28.7,        log /*  =  0.052347. 

The  agreement  of  these  resalts  for  r  and  r"  with  those  already 
obtained,  proves  the  aocaracy  of  the  calcalation.    Since  the  helio- 
centric longitudes  are  diminishing,  the  motion  b  rdrograde. 
Then  from  (74)  we  get 


JJ  =  165"  17'  30".3, 
and  from 

i  =  63"6'3r.5; 

t„<'-0). 

co.i 

we  obtain 

ti  =  12°  Iff  12".6, 

«"  =  40»18'51".2, 

the  valaes  of  —  u  and  I  —  £2  being  in  the  same  quadrant  when  the 
motion  is  retrograde.     The  equation   (79)  gives  Ic^  x  =  0.0906;^, 
which  agrees  with  the  value  already  found. 
The  formulse  (81)  give 

->  =  129"  6*  46".3,  log  9  =  9.760326, 

and  hence  we  have 

»  =  «  —  «.  =  — 116°  66'  33".7,         ff"  =  «"  —  »  =  —  88**  47'  55".l, 

from  which  we  get 

r=  1858  Sept.  29.4274. 

From  these  eletneuta  we  find    , 

log  »'  =  0.212844, 

and  from 


«44,          J  =  - 

- 107°  T  34".0, 

^  =  21° 

W  12".8, 

toii(f-a)- 
tani' 

=  — cost  tan  «', 
=  -tanidn(f- 

a). 

164"  66'  3r.4, 

6'= +  19 

'  W  22".l 

Ogle 
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By  means  of  these  and  the  valaes  of  O'  and  B',  we  obtain 

i'  =  137°  39*  13".3,  J?  =  +  12"  64'  45".3, 

■nd  comparing  these  results  with  observatioa,  we  liave,  for  the  enxir 
nf  the  middle  place, 

0.-0. 
cos;?  iJ'  =  —  27".2,  b.^=—  23".7. 

From  the  relative  positions  of  the  sun,  earth,  and  ccmet  at  the 
time  t"  it  is  easily  seen  that,  in  order  to  diminish  these  residuals,  the 
geocentric  distance  must  be  increased,  and  therefore  we  assume,  for 
a  second  value  of  J, 

log  ^  =  0.398500, 
from  which  we  derive 


ff  =  ISS"  44' 67".6,            C=  +  7°24'26".l,      log 4' =  0.488026, 
l<>gC=9.91!!«87,                log  8  =  0.472116,                logr  =  0.324207, 
log  J"  =  0.311054,              log."  =  0.064824,                log x  =  0.089922 

Then  we  find  the  heliooentric  placee 

;  =  169°  40'  33".8,       i  =  +  10° 
r=144   17  12.1,        i"=  +  36 

50'    S'.e,       logr  =0.324207, 
8  37.8,        log/' =  0.054825, 

and  from  these. 

0  =  166°  15'  41".I, 
u=   12    10  '30.8, 
.  =  128   54  44  .4, 
T=  1858  Sept.  29.8245, 
l/  =  -106°55'43".8, 
f  =      154   63  32  .3, 
i'=      137   39  39  .7, 

.■  =  63°    2'49".2, 
«"  =  40   13  26.0, 

log}  =  9.763620, 

logr'  =  0.214110. 
«■=     21°  69-  o".e, 
4'= +  19    29  31  .9, 
i!'=  +  12    65    2.9. 

C- 
coe(!'4J'  =  — r.6, 

0. 

4/i'  =  -6".l. 

Since  these  residuals  are  very  small,  it  will  not  be  necessary  to 
Diake  a  third  assumption  in  r^ard  to  J,  but  we  may  at  once  derive 
the  correction  to  be  applied  to  the  last  assumed  value  by  means  of 
the  equations  (109).     Thus  we  have 


a  =  —  27.2, 
d  log  J  =  - 


(^  =  -6.1, 
0.000700, 


d"=-23.7, 
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uid,  ezpreseing  8  log  4  in  naito  of  the  sixth  deciinal  pl&cu,  these 
eqoatioiis  give 

25.7a:— 1050  =  0. 

17.&B  — 4270  =  0. 

Ootnbining  these  acoording  to  the  method  of  least  squares,  we  get 

IPS  X  2.57 +  427X1.76        ,  ,^ 

*-         (2.67)'+(1.76)»         -+!»». 

Hence  the  corrected  value  of  Ic^  A  la 

log  J  =  0.398500  +  0.000106  =  0.398606. 

With  thid  value  of  log  i  the  final  elements  are  computed  as  already 
illustrated,  and  the  following  system  is  obtained: — 

T=  1858  Bept.  29.88617  Washington  mean  time. 
ic=   36°  22"  36".9  1    „       ^     .        ,„^^„ 
Si  =  165    15  24  .8  ;  M^  ^""'^  l^^*-"- 
t=  63     2  14.2 
log  9  =  9.764142 

Motion  Retrograde. 

If  the  distinction  of  retrograde  motion  is  not  adopted,  and  we  r^ard 
»  as  susceptible  of  any  value  from  0°  to  180°,  we  shall  have 

IT  =  294"    8'12".7, 
»  =  n6   67  46.8, 

the  other  elements  remaining  the  same. 

The  comparison  of  the  middle  place  with  those  final  elements 
gives  the  following  residnals: — 

C-O. 
cos ;!  iA  =  +  0".2,  Afi  =  —  4".3. 

These  errors  are  so  smalt  that  the  orbit  indicated  by  the  observed 
places  on  which  the  elements  are  based  differs  verf  little  from  a 
parabola. 

When,  instead  of  a  single  place,  a  series  of  intermediate  places  is 
employed  to  correct  the  assumed  value  of  J,  it  is  beat  to  adopt  the 
equator  as  the  fundamental  plane,  since  an  error  in  a  or  d  will  affect 
both  X  and  ^;  and,  besides,  incomplete  obaervations  may  also  be  used 
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vhen  the  Aindamental  plane  is  that  to  whiQh  the  obaervationa  are 
diiectty  referred.  Farther,  the  entire  group  of  equations  of  ood- 
dition  for  the  determiDation  of  x,  accoiding  to  the  formulae  (109), 
most  be  combined  hy  multiplying  each  equation  by  the  coeffident  of 
X  in  that  equation  and  taking  the  sum  of  all  the  equations  thus 
formed  aa  the  final  equation  from  which  to  find  x,  the  obserranons 
being  supposed  equally  good. 
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CHAPTER  IV. 

DETEBIUSATIOK,  FBOK   THREE  OattelXVE   0B8EBVAT10HB,  OF   THE   1 

TH£  OBBtT  OP  A  BeATEKI.T  BOOT,  DICLODUia  THE  ECCEBTBICITY  OB  TGBJt  OX 
TUX  OOHIC  SECnON. 

77.  The  formahe  which  have  thus  lar  been  derived  for  the  deter- 
mination of  the  elements  of  the  orbit  of  a  heavenly  body  by  means 
of  observed  places,  do  not  suffice,  in  the  form  in  which  they  have  '^jj 
been  given,  to  determine  an  orbit  entirely  onknown,  except  in  the 
partjcular  case  of  parabolic  motion,  for  which  one  of  the  elements 
becomea  known.  In  the  general  case,  it  is  necessary  to  derive  at 
least  one  of  the  curtate  distances  without  making  any  assumption  as 
to  the  form  of  the  orbit,  afler  which  the  others  may  be  found.  Bnt, 
preliminary  to  a  complete  investigation  of  the  elements  of  an  un- 
known orbit  by  means  of  three  complete  observations  of  the  body, 
it  is  necessary  to  provide  for  the  corrections  due  to  parallax  and  aber- 
ration, so  that  they  may  be  applied  in  as  advantageous  a  manner  as 
possible. 

When  the  elements  are  entirely  unknown,  we  cannot  correct  the 
observed  places  directly  for  parallax  and  aberration,  since  both  of 
these  corrections  require  a  knowledge  of  the  distance  of  the  body 
from  the  earth.  But  in  the  case  of  the  aberration  we  may  either 
correct  the  time  of  observation  for  the  time  in  which  the  light  from 
the  body  reaches  the  earth,  or  we  may  consider  the  observed  place 
corrected  for  the  actual  aberration  due  to  the  combined  motion  of  the 
earth  and  of  light  as  the  true  place  at  the  instant  when  the  light  left 
the  planet  or  comet,  but  as  seen  from  the  place  which  the  earth  occu- 
pies at  the  time  of  the  observation.  When  the  distance  is  nuknown, 
tlie  latter  method  must  evidently  be  adopted,  according  to  which  we 
apply  to  the  observed  apparent  longitude  and  latitude  the  actual 
aberration  of  the  fixed  stars,  and  regard  this  place  as  corresponding 
to  the  time  of  observation  corrected  for  the  time  of  aberration,  to  be 
effected  when  the  distances  shall  have  been  found,  but  using  for  the 
-  place  of  the  earth  that  corresponding  to  the  time  of  observation.  It 
will  appear,  therefore,  that  only  that  part  of  the  calculation  of  the 
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elements  which  involves  the  times  of  observation  will  have  to  be  re- 
peated after  the  corresponding  distances  of  the  body  from  the  earth 
have  been  found.  First,  then,  by  means  of  the  apparent  obliquity  of 
the  ecliptic,  the  observed  apparent  right  asceusion  aod  declination 
must  be  converted  into  apparent  longitude  and  latitude.  Let  ^  and 
^^  respectively,  denote  the  observed  apparent  longitude  and  latitude; 
and  let  O,  be  the  true  longitude  of  the  sun,  2",  its  latitude,  and  ij, 
its  distance  from  the  earth,  corresponding  to  the  time  of  observation. 
Then,  if  X  and  j9  denote  the  longitude  and  latitude  of  the  planet  or 
comet  corrected  for  the  actual  aberration  of  the  fixed  stars,  we  shall 
have 

i  —  i,  =  +  20".445  cos  a  —  G,)  sec  j9  +  0".343  cos  a  —  281°)  see  A  ( , ,  riof  G 
^  — /S,  =  — 20".446sin(i  — 0.)Biii/9  — 0".343  8in(^  — 281'')8in/S.^  -^  V  h 

In  computing  the  oumerical  values  of  these  corrections,  it  will  b« 
sufficiently  accurate  to  use  ^  and  ^^  instead  of  X  and  ^  in  the  second 
members  of  these  equations,  and  the  last  terms  may,  in  most  cases, 
be  n^Iected.  The  values  of  ^  and  ^  thus  derived  give  the  true  place 
of  the  body  at  the  time  t  —  497'.78J,  but  as  seen  from  the  place  of. 
the  earth  at  the  time  (.  ^"'^'^Z^^^^ji  ^''  '^'■^-'^•— " 

When  the  distance  of  the  planet  or  comet  is  unknown,  it  is  impoa- 
sible  to  reduce  the  observed  place  to  the  centre  of  the  earth;  but  if 
we  conceive  a  line  to  be  drawn  from  the  body  through  the  true  place 
of  observation,  it  is  evident  that  were  an  observer  at  the  point  of 
intersection  of  this  line  with  the  plane  of  the  ecliptic,  or  at  any  point 
in  the  line,  the  body  would  be  seen  in  the  Bame  direction  as  from  the 
actual  place  of  observation.  Hence,  instead  of  applying  any  corTe<^- 
tion  for  parallax  directly  to  the  observed  apparent  place,  we  may 
conceive  the  place  of  the  observer  to  be  changed  from  the  actual  place 
to  this  point  of  intersection  with  the  ecliptic,  and,  therefore,  it  be- 
comes necessary  to  determine  the  position  of  this  point  by  means  of 
llie  data  furnished  by  observation. 

Let  dg  be  the  sidereal  time  corresponding  to  the  time  t,  of  obsei- 
vat  ion,  tp'  the  geocentric  latitude  of  the  place  of  observation,  and  />, 
the  radius  of  the  earth  at  the  place  of  observation,  expressed  in  parts 
of  the  equatorial  radius  as  unity.  Then  1?^  is  the  right  ascension  and 
f'  the  declination  of  the  zenith  at  the  time  t^  Let  /^  and  b^  denote 
these  quantities  converted  into  longitude  and  latitude,  or  the  longitude 
and  latitude  of  the  geocentric  zenith  at  the  time  ^.  Tb^rectangular 
co-ordinates  of  the  place  of  observation  referredjer^c  centre  of  the 
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earth  and  expressed  in  parta  of  the  mean  distance  of  the  earth  frcHo 
the  aim  aa  the  onit,  vill  be 

2,  =  />,  sin  X,  CM  &,  cofl  1^ 

1^  ^  /)«  Bin  x.  Bin  b^ 

mwhi<!hff,=  8".57116. 

Let  J,  be  the  distance  of  the  planet  or  comet  from  the  true  piare 
of  the  observer,  and  J,  its  distance  fivm  the  point  in  the  ecliptic  to 
which  the  observation  is  to  be  reduced.  Then  will  the  co-ordinates 
of  the  plaoe  of  observation,  referred  to  this  point  in  the  ecliptic,  be 

X,  ^  (J,  —  J,)  cos  /!  COB  ^, 

y,  =  (^,  —  d^coap  sin  il, 
e,  =  (J,  —  J,)8in(!, 

the  axis  of  x  being  directed  to  the  vernal  equinox.  Let  na  now 
deaignate  by  Q  the  longitude  of  the  aun  as  seen  from  the  point  of 
reference  in  the  ecliptic,  and  by  R  its  distance  from  this  point.  Thea 
will  the  heliocentric  co-ordinates  of  this  point  be 

X=  — iicceO, 
r=  — fisinO, 
Z  =  0. 

The  heliocentric  co-ordinates  of  the  centre  of  the  earth  are 

j;  =  — ^co8r,co«0^ 
Y^  =  —  ii,cosi',8inO*i 

But  the  heliocentric  co-ordinates  of  the  true  place  of  observBtioD 
will  be 

X+x„  r+y„  Z  +  «„ 

or 

-r„-|-«„  Y^  +  y^  Zi  +  «,. 

and,  consequently,  we  shall  have 

iJcosO  —  {^f  —  '^i)  cosjJcosA^iJjCoai'aeoaOo  —  PeBinffgCos6,coe^ 
Ji  sin  O  —  (^,  —  J^  COB  ^  Bin  -I  =  fl,  coH  i^.  Bin  ©,  —  />,  sin  »„  cos  6,  sin  l^ 
—  (J,  —  J,)  sin  ,9         =  A  Bin  T,  —  />,  sin  jc,  sin  b,. 

If  we  suppose  the  axis  of  x  to  be  directed  to  the  point  whose  longi' 
tude  is  Og,  these  become 
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K  CM  (O  —  0^  —  C4  — '^.)  «» (9  «»  y  —  O.)  = 

£,  cos  r,  —  />o  ain  »,  cob  (,  cob  (^  —  ©J, 
£  Bin  (O  —  O.)  —  (J,  -  V  COB  (9  Bin  C-l  -  ©,)  =  (2) 

—  />,  Bin  I,  COB  ft.  Bin  (^  —  Q^, 
—  (J,  —  J,)  Bin  jJ  ^  ^  sin  I",  —  p,  sin  «,  sin  J„ 

from  which  R  xnd  O  may  be  determined.    Let  us  now  pnt 

(J,-J,)ooB^  =  2);  (8) 

tlien,  sinoe  3T„  S„  and  O  —  O,  are  small,  these  equations  may  )>e 
redaoed  to 

ii  =  i)coBO  — O.)  — %/'.C0B6,C0fl(i;— 0,)  +  iJ,. 
ii  (O  —  O,)  =  -D  Bin  (-1  —  O.)  —»,/»,  cos  i„  sin  (4  —  O.), 
0  =  i>tan(9  —V,/.,  sin  6, +  ^2', 

Hence  we  shall  have,  if  >r,  aud  2",  are  expressed  in  seconds  of  sro. 


©  =  ©.+ 


206264.8 -P  Bin  (A  — 0,)  —  x,f,  COB  ft.  Bin  (^~0,) 


from  which  we  may  derive  the  valnes  of  O  and  jR  which  are  to  be 
used  throughout  the  calculation  of  the  elements  aa  the  longitude  and 
distance  of  the  sun,  instead  of  the  corresponding  places  referred  to 
the  centre  of  the  earth.  The  point  of  reference  being  in  the  plane 
of  the  ecliptic,  the  latitude  of  the  sun  as  seen  from  this  point  is  zero, 
which  simplifies  some  of  the  equations  of  the  problem,  since,  if  the 
observations  had  been  reduced  to  the  centre  of  the  earth,  the  sun's 
latitude  would  be  retained. 

We  may  remark  that  the  body  would  not  be  seen,  at  the  instani 
of  observation,  from  the  point  of  reference  in  the  direction  actually 
obeervcd,  but  at  a  time  different  from  ^  to  be  determined  by  the 
interval  which  is  required  for  the  light  to  pass  over  the  distance 
J,  —  J^  Consequently  we  ought  to  add  to  the  time  of  obeervatiou 
the  quantity 

(^,  —  J.)  497'.78  =  497'.78  i>  sec  ^9,  (6j 

which  is  called  the  redueUon  of  the  time;  but  iinleas  the  latitude  of  ^'' 
die  body  should  be  very  small,  this  correction  will  be  insensible. 
The  value  of  X  derived  from  equations  (1)  and  the  longitade  O 
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<Ierived  from  (4)  shoold  be  reduced  by  applying  the  correction  fat 
uutation  to  the  mean  equinox  of  the  date,  and  then  both  these  and 
the  Utitude  ^  should  be  reduced  by  applying  the  correction  for  pre- 
cession to  the  ecliptic  and  mean  equinox  of  a  fixed  epoch,  for  which 
the  beginning  of  the  year  is  usually  chosen. 

In  this  way  each  observed  apparent  longitude  and  latitude  is  to  be 
corrected  for  the  aberration  of  the  fixed  stars,  and  the  corresponding 
places  of  the  sun,  referred  to  the  point  in  which  the  line  drawn  from 
the  body  through  the  place  of  observation  on  the  earth's  surface  in- 
tersects the  plane  of  the  ecliptic,  are  derived  from  the  equations  (4). 
Then  the  places  of  the  sun  and  of  the  planet  or  comet  are  reduced 
to  the  ecliptic  and  mean  equinox  of  a  fixed  date,  and  the  results  thus 
obtained,  together  with  the  times  of  observation,  furnish  the  data  fOT 
the  determination  of  the  elements  of  the  orbit. 

When  the  distance  of  the  body  corresponding  to  each  of  tho 
observations  shall  have  been  determined,  the  times  of  observation 
may  be  corrected  for  the  time  of  aberration.  This  correction  is 
necessary,  since  the  adopted  places  of  the  body  are  i^e  true  places 
for  the  instant  when  the  light  was  emitted,  corresponding  respectively 
to  the  times  of  observation  diminished  by  the  time  of  aberration, 
but  as  seen  from  the  places  of  the  earth  at  the  actual  times  of 
observation,  respectively. 

When  ^  =  0,  the  equations  (4)  cannot  be  applied,  and  when  the 
latitude  is  so  small  that  the  reduction  of  the  time  and  the  correction 
to  be  applied  to  the  place  of  the  sun  are  of  considerable  magnitude, 
it  will  be  advisable,  if  more  suitable  observations  are  not  available, 
to  neglect  the  correction  for  parallax  and  derive  the  elements,  using 
the  uncorrected  places.  The  distances  of  the  body  from  the  earth 
which  may  then  be  derived,  will  enable  us  to  apply  the  correction  for 
parallax  directly  to  the  observed  places  of  the  body. 

When  the  approximate  distances  of  the  body  from  the  earth  are 
already  known,  and  it  is  required  to  derive  new  elements  of  the 
orbit  from  given  observed  places  or  from  normal  places  derived  from 
many  observations,  the  observations  may  be  corrected  directly  for 
parallax,  and  the  times  corrected  for  the  time  of  aberration.  We 
shall  then  have  the  true  places  of  the  body  as  seen  from  the  centre 
of  the  earth,  and  if  these  places  are  adopted,  it  will  be  necessary,  for 
the  most  accurate  solution  possible,  to  retain  the  latitude  of  the  sun 
in  the  formulie  which  may  be  required.  But  since  some  of  these 
formulce  acquire  greater  simplicity  when  the  sun's  latitude  ia  not 
introduced,  if,  in  this  case,  we  reduce  the  geocentric  places  to  the 
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point  ID  which  a  perpendicnlar  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuts  that  plaoe,  the  longitude  of  the  bod 
will  remain  unchanged,  the  latitude  will  be  zero,  and  the  distance  R 
will  also  bepnchanged,  since  the  greatest  geocentric  latitude  of  the 
Bun  does  not  exceed  1".  Then  the  longitude  of  the  planet  or  comet 
BB  seen  from  this  point  in  the  ecliptic  will  be  the  same  as  seen  from 
the  centre  of  the  earth,  and  if  J,  is  the  distance  of  the  body  from 
this  point  of  reference,  and  j9,  -its  latitude  as  seen  from  this  point,  win 
shall  have 

il,  cos  ft  =  id  COB  ft 

il,  sin  ft  ^  J  ain  j!  —  R^anl^ 

from  which  we  easily  derive  the  correction  j9,  —  ^,  or  Aft  to  be  applied 
to  the  geocentric  latitade.    Thus,  we  find 


X,  being  expressed  in  seconds.     This  correction  having  been  applied 
to  the  geocenbic  latitude,  the  latitude  of  the  ann  becomes 


The  correction  to  be  applied  to  the  time  of  observation  (already 
diminished  by  the  time  of  aberration)  due  to  the  distance  J,  —  Jg 
will  be  absolutely  insensible,  its  maximum  value  not  exceeding 
0'.002.  It  should  be  remarked  also  that  before  applying  the  equa- 
tion (€),  the  latitude  £^  should  be  reduced  to  the  fixed  ecliptic  wbicli  j 
it  is  desired  to  adopt  for  the  definition  of  the  elements  which  deter-  ^  / 
mine  the  position  of  the  plane  of  the  orbit  ''  ' 

78.  When  these  preliminaiy  corrections  have  been  applied  to  the 
data,  we  are  prepared  to  proceed  with  the  calcniation  of  the  element 
of  the  orbit,  the  necessary  formule  for  which  we  shall  now  investi- 
gate. For  this  purpose,  let  us  resume  the  equations  (6),;  and,  if  we 
multiply  the  first  of  these  equations  by  tan  ^  sin  X"  —  tan  ^'  sin  <!. 
the  second  by  tan^'cos^  —  tan^cos^",  and  the  third  hj8m{3i  —  )"), 
and  add  the  products,  we  shall  have 

0  =  nB  (tan  (9"  Bin  fi  —  ©)  —  tan  ^ ain  (X"  —  ©)) 

—  ,/(taniJHin(r— i')  — tan/ysinCr— J)  +  tani9"rin(i'-J)) 

-  R  (tan  ,9"  sin  U  -  ©')  -  tan  (9  bid  (i"  ~  ©0)  ^'^ 
-I-  n"R'  (tan  ff'  sin  (-1  —  ©")  —  tan  (J  sin  (X"  —  ©")). 

It  should  be  observed  that  when  the  correction  fi>r  parallax  b  applied 
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to  the  place  of  the  eun,  p'  ie  the  projection,  on  the  plane  of  the 
ecliptic,  of  the  distance  of  the  body  from  the  point  of  reference  to 
which  the  observation  hae  been  reduced. 

Iiet  us  now  designate  by  ^the  longitude  of  the  ascending  node, 
and  by  /  the  inclination  to  the  ecliptic,  of  a  great  circle  passing 
through  the  first  and  third  observed  places  of  the  body,  and  we  have 

tan  (9  =  sin  (i  —  ^)  tan  J, 

tan  ^'  =  Bin  (J"  —  ^)  tan  J.  '■°' 

Introducing  these  values  of  tan  B  and  tan^"  into  the  equation  (7), 
since 

sin  (X  —  ©)  sin  C^"  ~  £0  —  sin  (X"  —  ©)  sin  {X  —  K)  = 

—  sin  {k"  —  A)  Bin  CO  —  iO, 
rin  (A'  —  X)  Bin  Q."  —  SO  +  sin  {X"  —  X')  sin  (i  —  ^)  = 

+  sin  {I"  —  A)  sin  {X'  —  K), 
Bin  {X  —  ©')  sin  {X"  _  £-)  —gin  {X"  —  ©')  sin  {X  —  K)  = 

—  sin  {X"  —  X)  Bin  (©'  —  JO. 
sin  iX  ~  O")  sin  (i"  —  ^  —  sin  {X"  —  ©")  Bin  {X  —  K)  = 

—  6ia{X"  —  X')sm(_Q"  —  E\ 

we  obtain,  by  dividing  through  by  sin  {X"  —  X)  tan  /, 

0  =  n£  Bin  (©  ~  £:)  +  /)'  (ain  {X'  _  i")  _  tan  j?  cot  I) 


~  J?  sin  (©' —  Z")  +  n"^' sin  (©"— ^). 


(9J 


Let  ^1,  denote  the  latitude  of  that  point  of  the  great  circle  passing 
through  the  first  and  third  places  which  corresponds  to  the  longitude 
i.',  then 

tan  /Sj  =  Bin  Q!  —  K)tml, 

and  the  coefficient  of  p'  in  equation  (9)  becomes 

Binf^o  — ^) 

Therefore,  if  we  put 


cos/S,  coBj?  tan/ 

__Bin(^-;9,) 


we  shall  have 


This  formula  will  give  the  value  of  />',  or  of  J',  when  the  values  of 
n  and  n"  have  been  determined,  since  Og  and  £'are  derived  from  tha 
data  furnished  by  observation. 
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To  find  f  and  I,  we  obtain  from  equations  (8)  by  ft  transformatioQ 
precisely  similar  to  that  by  whicii  the  equations  (75),  were  derived, 

We  may  alao  compute  K  and  /  from  the  equations  wbioh  may  be 
derived  from  (74),  and  (76),  by  making  the  necessary  changes  iu  the 
notation,  and  using  only  the  upper  sign,  since  /  is  to  he  taken  always 
less  than  90°. 

Before  proceeding  further  with  the  discussion  of  equation  (11),  let 
OS  derive  expressions  for  p  and  p"  in  terms  of  p',  the  signification  of 
p  and  p",  when  the  corrections  for  parallax  are  applied  to  the  places 
of  the  sun,  being  as  already  noticed  in  the  case  of  p'. 

79,  If  we  multiply  the  first  of  equations  (6),  by  sin  0"  tanj9", 
the  second  by — cos  O"  tan  ^",  and  the  third  by  sin  (^" — O"),  and 
add  the  products,  we  get 

0=?i/'(tanj9"Hin(O"— i)— tan|98iD(0"— J"))— n^tan,9"8in(©"— 0) 

— je'(t«nf?"Bin(0"— /')— tan/^'BinCO"— ''"))+-B'tanj?"BinCO"— ©'), 

tl3) 
which  may  be  written 

0=n/>(tanj9sin(i"— O")— tani5"sin(i— 0"))— nBtanjJ"ain(0"— O) 
4-/)'(tanj9"8in(A'— 0")  —  tanj9,sin(i"—  0")) 

—  p'(tan/S'— tanjSJsinC-l"—  0") +  -E'tanj9"Hin(0"— O')- 
Introducing  into  this  the  values  of  tan/9,  tanj9",  and  tan^,  in  ternu 
of  1  and  K,  and  reddcing,  the  result  is 

0  =  »i/isin(i"— J)8in(0"— Z^— nfisin(0"— 0)Bin(r— Zl 
—  p'iia{l" — i')8inC0" — K)  —  /a,  sec  j?  sin  y —  O"^ 
+  ^  sin  C0"—  OO  Biii(r—  K). 

Therefore  we  obtain 

p'/sinCr— J')  g,BCC^        Bina"-0")\ 

'      n  \  Bin(i"  — -1)  "•"  Bin  (/'  —  K) '  Bin  (©"  —  K)  I 

_  sinCr— g)   gsin  (0"— Q')— wi?Bin  (0"— Q) 
n  Bin  (i"  —  i)  Bin  (O"  —  K) 

Bat,  by  means  of  the  equations  (9)j,  we  derive 

B'Bin(0"  — O')  —  nJSsinCO"—  O)  =  (if  —  n)BsinCO"—  O), 


(14) 
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and  the  precediDg  equatiou  redoces  to 

p'i  aia(/' — ^')  a^Becjy       ain(/' — 0")  \ 

'~nlein(i""^^  +  Bin(i"— ^)*8iii(©"  — £■}/ 

■1  /i_-y\-Rg"'(Q"— G)""*  (''''— jg) 

"^r       «'     ainCr  — ;)8m(0"  — Z^    * 

To  obtain  an  expression  for  p"  in  terms  of  p',  if  we  multiply  the 
firet  of  equations  (6),  by  sin  O  tan^,  the  second  by  —  cos  O  tan^ 
and  the  third  by  sin  [i  —  O),  and  add  the  products,  we  shall  have 

0=n'V"(tan(9Bin(r— O)— tan^'sinC-l— O))— »"fi"tanj!sin(0"— O) 
— p'(tauj9Biny'— 0)--tBniS'Bin(i— O))+^tani9sin(0'— O).  (15) 

Introducing  the  values  of  ta&jS,  tan^',  and  tan^S"  in  terms  of  f  and 
/,  and  redaeing  precisely  as  in  the  case  of  the  formnla  already  Jbimd 
for  p,  we  obtain 

.,^  p'  iBm(i'-i)  ffl^aec^        ain(A-0)  V 

i."\siii(/'-^)      8ui(i"-A)'BinCO-J:);  , 

/         N"  \  R-  ain  (0"—  0)  Bin(J  -.g)  ^*"' 


n(i"- 
Tjet  U8  now  put,  for  brevity, 


b  =  - 


J"am(0"— g)  secjS'  j^  ^.BJi"  ain  (0"—0) 

"  ^  '     •'      aintr— 1)'  <;^Bin(-»"  — i)     * 

„      linCJ'— i)         Ji«m(i  — 0) 
■  ~!m(i"— J)      ■'  b  ' 

M,= J ,  M,= J , 


and  the  eqiutionB  (11),  (14),  and  (16)  become 
/j'seoj!'^  —  e  +  ni-(-  n"d, 

,"=Jf,"^+if."(l-5). 

If  n  and  n"  are  known,  these  equations  will,  in  moet  cases,  be 
BufBcient  to  determine  p,  p',  aud  p". 
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80.  It  will  be  sppArent,  from  a  consideratioD  of  the  equations 
which  have  been  derived  for  p,  p',  aod  p",  that  under  certain  drcum- 
•tanoes  they  are  inapplicable  in  the  form  in  which  thej  have  been 
given,  and  that  in  some  cases  they  become  indeterminate.  When  the 
great  circle  passing  through  the  first  and  third  observed  places  of  the 
body  passes  also  through  the  second  plane,  we  have  a^^=Of  and 
equation  (11)  reduoes  to 

WR'  Bin  to"—  K)  +  nBwjxiQ—K)  =  Ifaik(,Q'~K). 

If  the  ratio  of  n"  to  n  is  known,  this  equation  will  determiofl  the 
quantities  themselves,  and  from  these  the  radius-vector  r'  £»*  the 
middle  place  may  be  found.  But  if  the  great  circle  which  thus 
passes  tiirough  the  three  observed  places  passes  also  through  the 
second  plaoe  of  the  ean,  we  shall  have  K=  ©',  or  K^  180°  +  O  j 
and  hence 

n"B"8inCo"— ©')— niisinCO'— O)  =  0, 
or 

»"_  i?Bin(0' —  0) 
n  ~ii"8in(0"  — O"/ 

from  which  it  appears  that  the  solution  of  tlie  problem  is  in  this 
case  impossible. 

If  the  first  and  third  observed  places  coincide,  we  have  fi  =  X"  and 
^  =  ^",  and  each  term  of  equation  (7)  reduces  to  zero,  so  that  the 
problem  becomes  absolutely  indeterminate.  Consequently,  if  the 
di^  are  nearly  such  as  to  render  the  solution  impossible,  according 
to  the  conditions  of  these  two  cases  of  indetermination,  the  elements 
which  may  be  derived  will  be  greatly  affected  by  errors  of  observa* 
tion.  If,  however,  i  is  equal  to  X"  aad  P"  diSers  from  p,  it  will  be 
possible  to  derive  p',  and  benoe  p  and  p";  but  the  formalEe  which 
have  been  given  require  some  modification  in  this  particular  case. 
Thus,  when  i  =  X",  we  have  K=X"  =  X,  1=90°,  and  ^,=  90% 
and  hence  a„  as  determined  by  equation  (10),  becomes  r.  Sl^ll,  Id 
this  case  it  is  not  indeterminate,  since,  by  recurring  to  the  original 
equation  (9),  the  ooefiBcient  of  p',  which  is  — a^  seo^,  givee 

(^  =  sin  /?  cot  J—  COB  /?  Bin  (J'  —  K),  (19) 

and  when  X  ^  X",  it  becomes  simply 

a,=  _coe;J'8mC/-Jr). 
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_  "Whenever,  therefore,  the  differeDce  X"  —  A  is  very  smell  compared 
with  the  motioo  in  latitude,  a^  should  be  computed  hy  means  of  thd 
equation  (19)  or  hy  means  of  the  expression  which  ia  obtained 
directly  from  the  coefficient  of  p'  in  equation  (7). 

When  A  =  ^"  =  K,  the  values  of  M^  M^",  M^  and  Jf,"  cannot 
be  Ibund  by  means  of  the  equations  (17);  but  if  we  use  the  original 
form  of  the  expressions  for  p  and  p"  in  terms  of  p',  aa  given  by 
equatious  (13)  and  (15),  without  introducing  the  auxiliary  angles, 
we  shall  have 

_p'    tan  ^  sin  (J"  —  Q")  —  tan  ^  sin  Q.'  —  Q") 
^  ~  rt  '  tan iS  Bin  (/'—  0")  —  tan j9"  sin (-1  —  O") 

■gtanjj"flin(0"— Q) 


+    1- 


S) 


/  tan  j9  ain  (A"  —  ©")  —  tan  (S"  sin  (.^  —  ©'')' 

„ ^     tang  Bin  (J' —  Q)  —  tan^y  ainQ  —  G) 

'  ~  n!''  tan^ainCr—  ©)  —  tan(9"sin(i  —  ©) 

,  /,_Jr\ g'tanffsin(©"— ©) 

"•"l         n"  ftnafi  8in(.r—  ©)  —  taniP'sinC't  —  ©)" 
Hence 

tan  ^y  eJD  (J"  —  ©")  —  tan  ^'  ein  (X'  —  ©") 
'  ~  tan  ^  Bin  (i"  —  Q")  —  tan  (S"  sin  (-1  —  ©"1  '~"l 
„  ten/JBin(J'— 0)  — tftn^sin(A  — ©)        / 

'   ~  tanjSain(i"— ©)  — tan(S"sina— ©)'7        , 
M  _  i?tan^'ain(Q"-e)  _|       ^^^ 

' "  tan  ^  ein  (i"  —  ©")  —  tan  (?'  sin  (■*  —  O")    / 

^„ ^ iy'tan<?ain(©"— 0) J 

*         tan  ^  Bin  (i"  —  ©)  —  tan  jS"  ein  (A  —  ©)  ' 

are  the  expressiona  for  Jlf„  Jtf"/',  3f„  and  3fj"  which  must  be  used 
when  >l  =  A"  or  when  A  is  very  nearly  equal  to  X" ;  and  then  p  and  />" 
will  be  obtained  from  equations  (IS).  These  expressions  will  also  be 
used  when  A"—  A  =  180",  this  being  an  analogous  case. 

"When  the  great  circle  passing  through  the  first  and  third  observed 
places  of  the  body  alao  passes  through  the  first  or  the  third  place  of 
the  sun,  the  last  two  of  the  equations  (18)  become  indeterminate,  and 
other  formulffi  must  be  derived.  If  we  multiply  the  aecond  of  equa- 
tions (7),  by  tanj9"  and  the  fourth  by  — 8in(A"~  ©'),  and  add  the 
products,  then  multiply  the  second  of  these  equations  by  tan  ^  and 
the  fourth  by  —  Bin(-i  —  ©0,  and  add,  and  finally  reduce  by  means 
of  the  relation  .^^''y 

NSan(.Q'~Q)=N"R"am(Q"-  ©0.       V»^ 
we  j^et  V^ 
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=  ^-    tan  J?'  Bin  (/  —  0')  —  tap  ^  ain  fJ"  —  0') 
f       »  '  tan  iS"  Bin  (A  —  0'J  —  tan  (S  sin  (.A"  —  0'j 

/  n"  _  jr  I  i?"tanjy'6m(0"— 0') 

"•"l  n        iV  jtani?'sin(^  — 0')— tan/SBinC-i"— ©'? 
„_^   tan  y  ain  (J  —  0')  —  tan  j9  ein  (A'  —  0') 
r        n'' '  tan  j9"  ein  t.1  —  ©')  —  tan  ^  sin  (.r  —  ©')  ^    ■^ 

_l/±_j^\ ^tanffsinQ'— G) 

"''  \  n"  li"  I  tan  (S"  ain  (,-1  —  ©')  —  tan^S  8in{i"—  O'V 
These  eqaationa  are  convenient  for  determining  p  and  p"  from  jt»' ; 
bnt  the^  become  indeterminate  when  the  great  circle  passing  through 
the  extreme  places  of  the  body  also  pa^iscs  through  the  second  place 
of  the  son.  Therefore  they  will  generally  be  inapplicable  for  the 
cases  in  which  the  equations  (18)  fail. 

If  we  eliminate  p"  from  the  first  and  second  of  the  equations  (6), 
we  get 

0  =  JvBin(-i"  —  i)  — niJainC-l" —  0)  — p'  Bm(,l"  —  X') 
+  ir  ain  C-l"  —  0')  —  n"ie'  sin  (i"  —  ©"), 
&om  which  we  derive 
g;   a_in(r--J') 

'^     »  sincr-^)  *•**' 

nfl  ain  {X"  ~Q)  —  R  ain  (i"  --  0')  +  n"g'  sin  (J"  —  0") 
^  n  sin  H"  —  JL) 

Eliminating  p  between  the  same  equations,  the  result  is 

''   -W'-<dn{X"-X)  ^^^ 

W.R  sin  (^  —  O)  —  .g  sin  (X  —  Q')  +  n"R'  sin  (X  —  0") 
n"  sin  (/'  —  i) 
These  formalfe  will  enable  us  to  determine  p  and  p"  from  p'  in  the 
special  cases  in  which  the  equations  (18)  and  (21)  are  inapplicable ; 
bat,  since  they  do  not  involve  the  third  of  equations  (6),,  they  are 
Dot  so  well  adapted  to  a  complete  solution  of  the  problem  as  the 
fbrmulce  previously  given  whenever  these  may  be  applied. 

If  we  eliminate  successively  p"  and  p  between  the  first  and  fourth 
of  the  equations  (7),,  we  get 

__^    tan  ff"  cos  (X'  —  0 ')  —  tan  ff*  coa  (X"  —  0') 
'       n  '  tan  jJ"  cos  (i  —  Q')  —  taa  j9  coa  {X"  —  0') 

tany    TiRco9(0'— 0)  — if  +  w"g'coa(0"— 0') 
"*"     n     ■     tan,?'coa(-l  — 0')  — tanyScoaC-l"— G')^"*     /n., 
y     tan  jf  cos  (i  —  0')  —  tan  j9  coa  (X'—  0')  ^    ' 

tan  ^'  coa  {i  —  ©')  —  tan  ,9  cos  {X"—  ©') 
_tan^    nR coa (0'  —  0)  —  g+  n"-ft" coa (©"  —  ©') 
"n"'       tan  ^' COB  y—  ©')  —  tan ^ COS  (A"  —  ©')     ' 


'■-^ 
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which  may  also  be  used  to  determine  p  and  p"  vheo  the  eqnationi 
(18)  aod  (21)  GSDDOt  be  applied.  Wheo  the  motioD  in  latitude  is 
greater  than  in  longitude,  these  equations  are  to  be  preferred  instead 
of  (22)  and  (23.) 

81.  It  would  appear  at  first,  without  examining  the  quantities  in- 
volved in  the  formula  for  p',  that  the  equations  (26),  will  enable  us 
<n  find  n  and  n"  by  suocessive  approximations,  assuming  first  that 


and  from  the  resulting  value  of  p'  determining  r',  and  thcu  carrying 
the  approximation  to  the  values  of  n  and  n"  one  step  &rther,  so  au 
to  include  terms  of  the  second  order  with  reference  to  the  intervals 
of  time  between  the  observations.  But  if  we  consider  the  equation 
(10),  we  observe  that  Og  is  a  very  small  quantity  depending  on  the 
difiereooe  ^'  —  ^„  and  therefore  on  the  deviation  of  the  observed 
path  of  the  body  from  the  arc  of  a  great  circle,  and,  as  this  appears 
in  the  denominator  of  terms  containing  n  and  n"  in  the  equation 
(11),  it  becomes  necessary  to  determine  to  what  degree  of  approxi- 
mation these  quantities  must  be  known  in  order  that  the  resulting 
valne  of  p'  may  not  be  greatly  in  error. 

To  determine  the  relation  oi  a^  in  the  intervals  of  time  between 
the  observations,  we  have,  from  the  coefficient  of  p'  in  equation  (7), 

o,  see  jo'  =  tan  )S  sin  (i"  ~  i')  —  tan  (?  sin  {X"  —  1.)  +  tan^S"  «n  (/  —  i). 

We  may  put 

tanjS  =tan/S'  — J.T"-}-£r"'  — ..... 
tan,J"  =  tanjS'  + Jr-J-BT*-!- 

lutd  hence  we  have 

a,  sec  1?  =  (am  (/'  —  -I')  —  sin  (-»"  ~X)  +  sin  (i'  —  A))  tan  ^ 

4-(THin(i'— i)  — r"Bin(i"— -l'))^+(T'sin(A'— i)+r"*sin(A"— J'))B+... 

which  is  easily  transformed  into 

o,  sec  J?  =  4  sin  J  (-1'  —  X)  sin  ^  {k"  —  i')  sin  J  (i"—  -»)  tan  j?     (25) 
+  (Tsin(-l'— i)— t"BinCr— /))J+(r'Hin(^'— ^)+t"'8in(r— l'))B-|-.... 

If  we  suppose  the  intervals  to  be  small,  we  may  also  put 

ain^ik"  —  i)  =  {{X"^k), 

n (i" _ i)  =  X"  —  i,  emii'  ~X)  =  X'~l. 


and 
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Further,  we  may  put 

i  =X'  —  A'f"  +  B'T"* -...., 
I"  =  X' -i- A'r  +  S-t*  + 


SabetittitiDg  these  values  in  the  equation  (26),  Delecting  terms  of 
the  fourth  order  with  respect  to  r,  and  reducing,  we  got 

a,  =  rr'7"qA'*Wafi'  +  A'B  —  Aff)Qmfi'. 

It  appears,  therefore,  that  a,  is  at  least  of  the  third  order  with 
reference  to  the  intervals  of  time  between  the  observations,  and  that 
an  error  of  the  second  order  in  the  assumed  values  of  n  and  n"  may 
produce  an  error  of  the  order  zero  in  the  value  of  />'  as  derived  from 
equation  (11)  even  under  the  most  titvorable  circumstances.  Hence, 
in  general,  we  cannot  adopt  the  values 


omitting  terms  of  the  second  order,  without  affecting  the  resultiug 
value  of  p'  to  such  an  extent  that  it  cannot  be  regarded  even  as  an 
approximation  to  the  true  value ;  and  terms  of  at  least  the  second 
order  must  be  included  in  the  first  assumed  values  of  n  and  n".  .  -^  4 

The  equation  (28),  gives  Y        ( 

9mitting  the  term  multiplied  by  -^>  which  term  is  of  the  third  order 
with  respect  to  the  times ;  and  hence  in  this  value  of  -^  only  terms 
of  at  least  the  fourth  order  are  neglected.  Again,  from  the  equations 
(26)j  we  derive,  since  t'  =  t->-  r", 

'7'-  »  +  »"  =  l+^  (27) 

in  which  only  terms  of  the  fourth  order  have  been  neglected.  Now 
the  first  of  equations  (18)  may  be  written ; 


in  which,  if  we  introduce  the  valaee  of  —  and  n  +  n"  as  given  by 
(26)  and  (27),  only  terms  of  the  fourth  order  with  respect  to  the 
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times  will  be  neglected,  and  cooBequently  the  resulting  value  of  p' 
will  be  affected  with  only  an  error  of  the  second  order  when  o^  is  of 
the  third  order.  Further,  if  the  intervals  between  the  obBervations 
are  not  very  unequal,  t*  —  r"*  will  be  a  quantity  of  an  order  superiot 
to  T^,  and  when  these  intervals  are  equal,  we  have,  to  terms  of  the 
fourth  order, 


l)he  equation  (27)  gives 

2r™(n  +  n"-l)  =  rT". 
Hence,  if  we  put 

^=n'  (29) 

§  =  2/'(n  +  n"-l), 

we  may  adopt,  for  a  first  approximation  \a  the  value  of  />', 

P=.~,  e  =  TT".  (30J 

and  p'  will  be  affected  with  an  error  of  the  first  order  when  the  in- 
tervals are  unequal ;  but  of  the  second  order  only  when  the  intervals 
are  equal.  It  is  evident,  therefore,  that,  in  the  selection  of  the 
observations  for  the  determination  of  an  unknown  orbit,  the  in- 
tervals should  be  as  nearly  equal  as  possible,  since  the  nearer -they 
approach  to  equality  the  nearer  the  truth  will  be  the  first  assumed 
values  of  P  and  §,  thus  facilitating  the  successive  approximations; 
and  when  Oj  is  a  very  small  quantity,  the  equality  of  the  intervals 
is  of  the  greatest  importance. 
From  the  equations  (29)  we  get 


and  introducing  P  and  Q  into 

/8ec(S'  =  (l-|- 


l  +  P 


This  equation  involves  both  p'  and  r'  as  unknown  quantities,  but 
by  means  of  another  equation  between  these  quantities  p'  may  be 
eliminated,  thus  giving  a  single  equation  &om  which  r'  may  Im 
found,  after  which  p'  may  also  be  determined. 
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82.  Jjet  ^'  represent  the  angle  at  the  earth  between  the  sun  and 
planet  or  comet  at  the  second  observation,  and  we  shall  have,  from 
the  equations  (93)^ 

tan;? 


tanw'  = 


Q-- 


'sinCi'—  O')  \<,C^^ 


tan  4'  =  =^^^ — 7^  (381 

cos  V  =  COB  J?"  cos  (i'—  ©')> 

by  means  of  which  we  may  determine  i^',  which  cannot  exceed  180". 
Since  coa^'  is  always  positive,  cos 4"'  and  cos(>i' —  O*)  must  have  thn  . 
same  sign. 
We  also  have 

r^=  J"  +  £"—  2d'ir  C08  V. 

which  may  be  put  in  the  form 

r"=  Co'  sec  J?—  R  cos  ■4.')'  +  B"  sin' 4', 

from  which  we  get 


/>'  sec ,?  =  ^  cos  4'  ±  y'r"—^  sin' V.  (84) 

Substituting  for  />'  sec^'  its  value  given  by  equation  (32),  we  have 

(i  +  |i)\±:^-«=if~.v±v'r'.-jr..u,.4'. 

For  brevity,  let  us  put 


<i  -  e  =  *.  (86) 

-  j«.e  =  i., 

and  we  shall  have  *■ 

A,— 4  =  ii'coa4'±v'r"  — Ji^Bin'+'-  (86) 

WTien  the  values  of  P  and  Q  have  been  found,  this  equation  will 
give  the  value  of  r'  in  terms  of  quantities  derived  directly  from  the 
data  fiimiahed  by  observation.  We  shall  now  represent  by  ^  the 
angle  at  the  planet  between  the  sun  and  earth  at  the  time  of  the 
uecond  observation,  and  we  shall  have 

r'  =  ^^  (87> 
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Subetitutiog  this  vslue  of  r',  ia  the  preceding  eqaatioD,  there  results  ' 

(A^-  jrcogV)ein*'  +  irBia+'coe/  =  ^^^?^  (88) 

if  Bin  4' 
and  if  we  pat 

1},  un  C  ^  Jff  sin  4.', 

ij,cogC  =  -ti  — if  cobV,  (39) 

'S  =  — sA-TTT. 

the  condition  being  imposed  that  m,  shall  always  be  poutave,  we 
have,  finally, 

Bin  («'  ^  0  =  ffl^  sin*  z*.  (40) 

In  order  that  m^  may  be  positive,  the  quadrant  in  which  ^  is  taken 
must  be  such  that  ij^  shall  have  the  same  sign  as  If,,  since  sin  1^  is 
always  positive. 

From  equation  (37)  it  appears  that  sin/  most  always  be  positive, 
orz'<180'';  and  further,  in  the  plane  triangle  formed  by  joining 
the  actual  places  of  the  earth,  sun,  and  planet  or  comet  corresponding 
to  the  middle  observation,  we  have 

^  ^  T^  sin  (»'  +  V)  ^  .g  sin  (/.+  40 
8in+'  sm/        ' 

Therefore, 

^- d^? «"^'  ^*^^ 

and,  since  p'  is  always  positive,  it  follows  that  sin  (2'  -{-  i^O  1°°^  be 
positive,  or  that  /  cannot  exceed  180°  —  4''- 

When  the  planet  or  comet  at  the  time  of  the  middle  observation  is 
both  in  the  node  and  in  opposition  or  conjunction  with  the  son,  we 
shall  have  ^'  ^0,  t^'  ^  180°  when  the<  body  is  in  opposition,  and 
ij/^  0'^  when  it  is  in  conjunction.  Consequently,  it  becomes  impo»* 
Bible  to  determine  r'  by  means  of  the  angle  z* ;  but  in  this  case  the 
eqnatioQ  (36)  gives 

when  the  body  is  in  opposition,  the  lower  sign  being  excluded  by  the 
condition  that  the  value  of  the  first  member  of  the  equation  must  be 
positive,  and  for  )J/  ^  0, 

the  upper  sign  being  osed  when  the  sun  is  between  the  earth  and  the 
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X>laDet,  and  the  lower  sigo  when  the  planet  is  between  the  earth  and 
the  sun.  It  is  hardly  neceeeary  to  remark  that  the  case  of  an  obser- 
vation at  the  superior  conjunction  when  fi'^O,  is  phyeically  impo»- 
uble.  The  yalne  of  r'  may  be  found  from  theae  equations  by  trial; 
and  then  we  shall  have 

^'  =  r'  — B- 

when  the  body  is  in  opposition,  and 

p'  =  R'  —  t' 

when  it  is  in  inferior  conjunction  with  the  sun. 

For  the  case  in  which  the  great  circle  passing  through  the  extreme 
observed  places  of  the  body  passes  also  through  the  middle  place, 
which  gives  09=  0,  let  us  divide  equation  (32)  through  by  0,  and  we 
have 


('+i=ri^^— ^-^ 

The  equations  (17)  give 

b      RsiniQ-K)                d      B"8in(0"- 

^ 

and  if  we  put 

i+p     ^'• 

we  shall  have 

(i  +  S>)c.-i=o. 

stnoe  0  =  »  when  a^  =  0.    Hence  we  derive 

-;/i^- 

C4S) 

But  when  the  great  cirele  passing  through  the  three  observed  places 
pastes  also  through  the  second  place  of  the  sun,  both  e  and  (7,  be- 
come indeterminate,  and  thus  the  solution  of  the  problem,  with  the 
given  data,  becomes  impossible. 

83.  The  equation  (40)  most  give  ibnr  roots  oorrespondiug  to  each 
8^^,  respectively;  but  it  may  be  shown  that  of  these  eight  roots  at 
least  four  will,  in  every  case,  be  imaginaty.  Thus,  the  equation  may 
be  written 

m^sin*^ — sint'coBf  =  7  cost' sin C, 
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and,  hj  eqaaring  and  reducing,  this  becomes 

m,*  Bin*  «*  —  2m|,  cob  C  sin' t!  +  Bin'  /  —  sin'  C  =  0. 

When  f  is  within  the  limits  —  90°  and  +  90°,  cos^  will  be  positive, 
and,  nig  being  always  positive,  it  appears  from  the  algebraic  signs  of 
the  terms  of  the  equation,  according  to  the  theory  of  er[uatioDS,  that 
in  this  case  there  cannot  be  more  than  four  real  roots,  of  which  three 
will  be  positive  and  one  negative.  When  f  exceeds  the  limits  — 90"* 
and  +  90°,  cos  f  will  be  negative,  and  hence,  in  this  case  also,  there 
cannot  be  more  than  four  real  roots,  of  which  one  will  be  positive 
and  three  negative.  Further,  since  sin'^  is  real  and  positive,  there 
must  be  at  least  two  real  roots — one  positive  and  the  other  n^ative 
^whether  cos  f  be  n^;ative  or  positive. 

We  may  also  remark  that,  in  finding  the  roots  of  the  equation  (40), 
it  will  only  be  necessary  to  solve  the  equation 

sin  (a'  —  C)  =  m„  ain*  z',  (43) 

since  the  lower  sign  in  (40)  follows  directly  from  this  by  substituting 
180° —  /  in  place  of  z';  and  hence  the  roots  derived  from  this  will 
comprise  all  the  real  roots  belonging  to  the  general  form  of  the 
equation. 

The  observed  places  of  the  heavenly  body  only  give  the  direction 
in  space  of  right  lines  passing  through  the  places  of  the  earth  and 
the  corresponding  places  of  the  body,  and  any  three  points,  one  in 
each  of  these  lines,  which  are  situated  in  a  plane  passing  through  the 
centre  of  the  sun,  and  which  are  at  such  distances  as  to  fulfil  the 
condition  that  the  areal  velocity  shall  be  constant,  according  to  the 
relation  expressed  by  the  equation  (30),,  must  satisfy  the  analytical 
conditions  of  the  problem.  It  is  evident  that  the  three  places  of  the 
earth  may  satisfy  these  conditions ;  and  hence  there  may  be  one  root 
of  equation  (43)  which  will  correspond  to  the  orbit  of  the  earth,  or 
give 

/.'  =  0. 

Fuither,  it  follows  from  the  equation  (37)  that  this  root  must  be 

s'  =  180"'  — +'; 
and  such  would  be  strictly  the  case  if,  instead  of  the  assumed  values 
of  P  and  Q,  their  exact  values  for  the  orbit  of  the  earth  were  adopted, 
and  if  the  observations  were  referred  directly  to  the  centre  of  the 
earth,  in  the  correction  for  parallax,  neglecting  also  the  perturbation^ 
in  the  motJou  of  the  earth. 
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Id  the  case  of  the  earth, 

„_       _  ijiyalnCG'-Q) 
"  ~       ~jiii"8iiiCO"— O)' 
_  ifg' .111(0"— o') 

~  J!Ji"iiii(0"— O)' 

and  the  complete  values  of  P  and  Q  become 
.BirBicte'— O) 

irirCBinCO"— o')' 

_      „„./  fig  .in(0'-  a)  +  ifg' .m(0"-  GO         \ 
«  =  ''^  \ SS"sm(Q"-0) •)• 

and  since  the  approximate  values 

P=f,  «  =  Tr" 

differ  but  little  irom  these,  ns  will  appear  from  the  equations  (27)^ 
there  will  be  one  root  of  equation  (43)  which  gives  z'  nearly  equal 
to  180°  — 4''-  This  root,  however,  cannot  satisfy  the  physical  con- 
ditions of  the  problem,  which  will  require  that  the  rays  of  light  in 
coming  from  the  planet  or  comet  to  the  earth  shall  proceed  from 
points  which  are  at  a  considerable  distance  from  the  eye  of  the 
observer.  Further,  the  negative  values  of  sin  2/  are  excluded  by  the 
nature  of  the  problem,  since  r'  must  be  positive,  or  2'  <  180° ;  and 
of  the  three  positive  roots  which  may  result  from  equation  (43),  that 
being  excluded  which  gives  z'  very  nearly  equal  to  180"  —  4''>  there 
will  remain  two,  of  which  one  will  be  excluded  if  it  gives  *'  greater 
than  180°  — ■»//',  and  the  remaining  one  will  be  that  which  belongs 
to  the  orbit  of  the  planet  or  comet.  It  may  happen,  however,  that 
neither  of  these  two  roots  is  greater  than  180°  — t^'j  in  which  case 
both  will  satisfy  the  physical  conditions  of  the  problem,  and  hence 
the  observations  will  be  satisfied  by  two  wholly  difTerent  systems  of 
elements.  It  will  then  he  necessary  to  compare  the  elements  com- 
puted from  each  of  the  two  values  of  /  with  other  observations  in 
order  to  decide  which  actually  belongs  to  the  body  observed. 

In  the  other  case,  in  which  cos  ^  is  n^ative,  the  negative  roots 
being  excluded  by  the  condition  thatr'  is  positive,  the  positive  root 
must  in  most  cases  belong  to  the  orbit  of  the  earth,  and  the  three 
observations  do  not  then  belong  to  the  same  body.  However,  in  the 
case  of  the  orbit  of  a  comet,  when  the  eccentricity  is  large,  and  the 
intervals  between  the  observations  are  of  considerable  magnitude,  if 
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the  approximate  values  of  P  and  Q  are  compated  directly,  hy  t 
of  approximate  elementa  already  known,  irom  the  equations 

n_C«'-«) 

/^  _  o^  /  'T'  ain  W-  u)  +  f'^'  sip  («"-  «') 
'^~-^'^\  r/' Bin  («"-«)  '/• 

it  may  occur  that  cos  f  is  negative,  and  the  positive  root  will  actually 
belong  to  the  orbit  of  the  comet.  The  condition  that  one  value  of 
«'  shall  be  very  nearly  equal  to  180°  —  if-',  requires  that  the  adopted 
values  of  P  and  Q  shall  differ  but  little  from  those  derived  directly 
from  the  places  of  the  earth ;  and  in  the  case  of  orbits  of  small 
eccentricity  this  condition  will  always  be  fulfilled,  unless  the  intervals 
between  the  observations  and  the  distance  of  the  planet  from  the  sun 
are  both  very  great.  But  if  the  eccentricity  is  lai^,  the  difference 
may  be  such  that  no  root  will  correspond  to  the  orbit  of  the  earth. 

84.  We  may  find  an  expression  for  the  limiting  values  of  m^  and 
Z,  within  which  equation  (43)  has  four  real  roi>t8,  and  beyond  which 
there  are  only  two,  one  positive  and  one  negative.  This  change  in 
the  number  of  real  roots  will  take  place  when  tliere  are  two  equal 
roots,  and,  consequently,  if  we  proceed  under  the  supposition  that 
equation  (43)  has  two  equal  roots,  and  find  the  values  of  m^  and  ^ 
which  will  accord  with  this  supposition,  we  may  determine  the  limita 
required. 

T)ifferentiating  equation  (43)  with  respect  to  z',  we  get 

cosC**  —  C)  =  4jn,Bin'a'co8i/; 

and,  in  the  case  of  equal  roots,  the  value  of  z'  as  derived  from  this 
most  also  satisfy  the  original  equation 

sin  (a^  —  C)  =  m,  ainV. 

To  find  the  values  of  %  and  Z  which  will  fulfil  this  condiUoQ,  if  we 
eliminate  %  between  these  equations,  we  have 

sin  t*  cos  (s*  —  0  =  4  co«  «'  wn  (^  —  O. 

from  which  we  easily  find 

8int2/  — 0  =  |8in:.  (45) 

This  gives  the  value  of  (*  in  terme  of  s'  for  which  equation  (43)  hu 
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eqoal  roots,  and  at  which  it  ceaaee  to  have  four  real  roots.  To  find 
the  corresponding  expression  for  m^g  we  have 

__ain(/  — 0_  coa(/  — 0 
^  ainV  4sinVcosi'' 

in  which  we  must  use  the  value  of  ^  given  hy  the  preceding  equation. 
Now,  since  sin  (2/  —  f )  must  be  within  the  limits  —  1  and  -|-  1,  the 
limiting  values  of  sin  ^  will  be  -|- 1  and  —  f ,  or  ^  must  be  within  the 
limits  +  36°  62'.2  and  —36°  52'.2,  or  143°  7'.8  and  216°  62'.2.  If 
^  is  not  contained  within  these  limits,  the  equation  cannot  have  equal 
roots,  whatever  may  be  the  value  of  m„  and  hence  there  can  only  be 
two  real  roots,  of  which  one  will  be  positive  and  one  n^ative.  If 
for  a  given  value  of  J  we  compute  z'  from  equation  (46),  and  call 
this  Zf',  or 

sia  (.2*,'  —  C)  =  I  sin  C, 

we  may  find  the  limits  of  the  values  of  m,,,  within  which  equation 
(43)  has  four  real  roots.  The  equation  for  2,'  will  be  satisfied  by 
the  values 

2ii,'  — C.  180°  — (2^'— 0; 

and  hence  there  will  be  two  values  of  m^  which  we  will  denote  by 
m,  and  m»  for  which,  with  a  given  vilue  of  f,  equation  (43)  will 
have  equal  roots.    Thus  we  shall  have 

__Mn(V  — O 


and,  putting  in  this  equation  180°  —  (2z^'  —  f)  instead  of  2a^'  —  f,  or 
90°  —  (^o'  —  C)  in  place  of  a,'> 

cos^' 

^  ~  cos*  (V  —  0' 

It  follows,  therefore,  that  for  any  given  value  of  (",  if  m^  is  not 
within  the  limits  assigned  by  the  values  of  m,  and  7n„  equation  (43) 
will  only  have  two  real  roots,  one  positive  and  one  n^ative,  of 
which  the  latter  is  excluded  by  the  nature  of  the  problem,  and  the 
fi)rmer  may  belong  to  the  orbit  of  the  earth.  But  if  P  and  Q  diSer 
BO  much  from  their  values  in  the  case  of  the  orbit  of  the  earth  that 
«*  is  not  very  nearly  equal  to  180°  —  tJ*',  the  positive  root,  when  J 
exceeds  the  limits  +  36°  62'.2  and  —  36°  52'.2,  may  actually  satisfy 
the  conditions  of  the  problem,  and  belong  to  the  orbit  of  the  body 
obe^rved. 


ioy  Google 
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When  f  is  within  the  limits  143"  7'.8  and  216°  52'.2,  there  will 
be  four  real  roots,  one  positive  and  three  n^ative,  if  irtg  is  within  the 
limits  iRj  and  m, ;  but,  if  Trtg  surpasses  these  limits,  there  will  be  only 
two  real  roots. 

Table  XII.  contains  for  values  of  C  from  —  36°  62'.2  to  +  36°  52'.2 
the  valnes  of  m,  and  nij,  and  also  the  values  of  the  four  real  roots 
corresponding  respectively  to  m,  and  m,. 

In  every  case  in  which  equation  (43)  has  three  positive  roots  and 
one  negative  root,  the  value  of  m^  must  be  within  the  limits  indicated 
by  m,  and  m,,  and  the  values  of  z'  will  be  within  the  limits  indicated 
by  the  quantities  corresponding  to  m,  and  m,  for  each  root,  which 
we  designate  respectively  by  z,',  Zj',  z,',  and  z,'.  The  table  will  show, 
from  the  given  values  of  tn,  and  180° — i^',  whether  the  problem 
admits  of  two  distinct  solutions,  since,  excluding  the  value  of  z', 
which  is  nearly  equal  to  180°  —  ■4'',  and  corresponds  to  the  orbit  of 
the  earth,  and  also  that  which  exceeds  180°,  it  will  appear  at  once 
whether  one  or  both  of  the  remaining  two  values  of  z'  will  satisfy 
the  condition  that  /  shall  be  less  than  180°  —  ■4''-  ^^^^  table  will 
also  indicate  an  approximate  value  of  z',  by  means  of  which  the 
equation  (43)  may  be  solved  by  a  few  trials. 

For  the  root  of  the  equation  (43)  which  corresponds  to  the  orbit 
of  the  earth,  we  have  p'  =  0,  and  hence  from  (36)  we  derive 


Substituting  this  value  for  i,  in  the  general  equation  (32),  we  have 

and,  since  p'  must  be  positive,  the  algebraic  sign  of  the  numerical 
value  of  ^  will  indicate  whether  r'  is  greater  or  less  than  It'.  It  is 
easily  seen,  from  the  formulas  for  l^  b,  d,  &c,,  that  in  the  actual 
application  of  these  formulie,  the  intervals  between  the  observations 
not  being  very  large,  i|,  will  be  positive  when  )9' — p,,  and  6in(0' — K) 
have  contrary  signs,  and  negative  when  ^'  —  ^^  has  the  same  sign  aa 
sin  (O'  —  K).  Hence,  when  ©'  —  ^  is  less  than  180°,  r'  must  be 
lees  than  R'  if  ^'  —  ^^  is  positive,  but  greater  than  R'  if  ^'  —  ^^  is 
D^ative.  When  ©' —  K  exceeds  180°,  r'  will  be  greater  than  R' 
if  j9'  —  j9„  is  positive,  and  less  than  R'  if  ^'  —  fi^  is  negative.  We 
may,  therefore,  by  means  of  a  celestial  globe,  determine  by  inspection 
whether  the  distance  of  a  comet  from  the  sun  ia  greater  or  lesi>  than 
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that  of  the  earth  from  the  sun.  Thus,  if  we  pass  a  great  ciro^ 
through  the  two  extreme  observed  places  of  tlie  comet,  r'  must  be 
greater  than  S'  when  the  place  of  the  comet  for  the  middle  observa- 
tion is  on  the  same  side  of  this  great  circle  as  the  point  of  the 
ecliptic  which  correspoDda  to  the  place  of  the  sun.  But  when  the 
middle  place  and  the  point  of  the  ecliptic  corresponding  to  the  place 
of  the  sun  are  on  opposite  sides  of  the  great  circle  passing  through 
&e  first  and  third  places  of  the  comet,  r*  must  be  less  than  R'. 

"^85.  From  the  values  of  o'  and  r'  derived  from  the  assumed  values 
P=—  and  Q^Tz",  we  may  evidently  derive  more  approximate 
values  of  these  quantities,  and  thus,  by  a  repetition  of  the  calcula- 
tion, make  a  still  closer  approximation  to  the  true  value  of  p'.  To 
derive  other  expressions  for  P  and  Q  which  are  exact,  provided  that 
r'  and  p'  are  accurately  known,  let  us  denote  hj  a"  the  ratio  of  the 
sector  of  the  orbit  included  by  r  and  r'  to  the  triangle  included  by 
the  same  radii-vectores  and  the  chord  joining  the  first  and  second 
places;  by  a'  the  same  ratio  with  respect  to  r  and  r",  and  by  s  this 
ratio  with  respect  to  r'  and  r".  These  ratios  «,  t",  «"  must  neces- 
sarily be  greater  than  1,  since  every  part  of  the  orbit  is  concave 
toward  the  sun.  According  to  the  equation  (SO),,  we  have  for  the 
areas  of  the  sectors,  neglecting  the  mass  of  the  body, 

i^-y/j,,  i^Vi,  iry/p, 

and  therefore  we  obtain 

•"c<i"''Vy.      n"n=''i/p,      tvn='V}-  («) 

Then,  Biooe 


we  shall  have 
and,  conseqaentl;, 


r     j' 


(47) 


(48) 


Sabetituting  for  «,  i*,  and  «"  their  values  from  (46),  we  have 
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The  angular  distance  between  the  perthetion  and  node  bemg  denoted 
by  ot^  the  polar  equation  of  the  conic  gectioa  gives 

—  ^  1  +  e  cos  («  —  «), 

|-  =  l  +  6C<«(t4'-«.).  (50) 

^  =  I  +  ecofl(«"-»). 

If  ire  multiply  the  first  of  these  eqoatioos  by  sin  («" —  «'),  the  second 
by  —  sin  (u"  —  «),  and  the  tiiird  by  sin  (w'  —  it),  add  the  prodaots 
and  reduce,  we  get 

^  Bin  C«" —  «')- J  sin  (u"  -  w)  +  |i  sin  («'-«)  =  sin  (rf' —  «■) 

—  sin  C«"  —  «)  +  sin  («*  —  «) ; 
and,  einoe 

sin  (u"  —  w*)  ^  2  sin  I  («"  —  «')  cos  ^  («"  —  «'), 

sin  (it" —  «)  —  sin  («' —  «)  ^  2  sin  ^  (tt^' —  u^  cos  j  (u"  +  «* —  2«), 

the  second  member  reduces  to 

4  ein  i  (u"  —  u')  sin  j  (u"  —  tt)  sin  J  (it'  —  «1. 

Therefore,  we  shall  have 

4n'¥'  sin  \  (u"  —  «')  sin  j  («"  —  w)  sin  J  (u*  —  «) 

^  ~  //'  Bin  («"—  m')  —  r/'  sin  («"—  w)  +  r/  sin  (u*—  u)' 

Tf  we  multiply  both  numerator  and  denominator  of  this  expression 
hy 

2*^*"  cos  i  C«"  —  «')  cos  J  (w"  —  «)  OM  i  («' —  «). 

it  becomes,  introducing  [rr^,  [rr"],  and  [r'r"], 

[/>^']  -  K']  ■  [r/] 1_^ ^ 

'^       L'^'-"]  +  [tt"]  —  irr"-]  ■  Sr/r"  cos  i  («"— u')  cos  i  («"—«)  cos  J  («'—«)' 

Substituting  this  value  of  p  in  equation  (49),  it  reduces  to 

Q^T^. — (K\\ 

m" 'r/'cosjCtt" — u')co3i(ii"  —  «)co8J(it'  —  «)' 

86.  If  we  compare  the  equations  (47)  with  the  formula  (28)„  we 
derive 

•"-1       1^-^'*  ,    ,(^  +  0    di'  ._ 

7  =  l-i-;^+i— 57r---5r—  <52) 
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Consequently,  in  the  first  approximatioD,  we  may  take 

» 

If  the  intervals  of  the  times  are  not  very  unequal,  this  assumption 
will  differ  &om  the  truth  only  in  terma  of  the  third  order  with  respect 
to  the  time,  and  in  terms  of  the  fourth  order  if  the  intervals  are 
equal,  as  has  already  been  shown.  Hence,  we  adopt  for  the  first 
approximation, 

P  =  ^,  Q  =  rr", 

the  values  of  r  and  r"  being  computed  from  the  uocorrected  times 
of  observation,  which  may  be  denoted  by  t^  (g',  and  t^".  With  the 
values  of  P  and  Q  thus  found,  we  compute  r',  and  from  this  p',  p, 
and  />",  by  means  of  the  fi)rmulffi  already  derived. 

The  heliocentric  places  for  the  first  and  third  observations  may 
now  be  fouud  from  the  formulse  (71)j  and  (72)^  and  then  the  angle 
u"  —  u  between  the  radii-vectores  r  and  r"  may  be  obtained  in 
various  ways,  precisely  as  the  distance  between  two  points  on  the 
celestial  sphere  is  obtained  from  the  spherical  co-ordinates  of  these 
points.     When  u"  —  u  has  been  found,  we  have 

sin  C«" —  «')  ^  -J  sin  («"  —  «)i 
Bin  («'-«)=!L^  sin  («"-«), 

from  which  tt"  — «'  and  «'  —  u  may  be  computed.  From  thesb 
results  the  ratios  8  and  s"  may  be  computed,  and  then  new  and  mora 
approximate  values  of  P  and  $.  The  value  of  u"  —  «,  found  by 
taking  the  sum  of  «"  —  u'  and  «'  —  u  as  derived  from  (53),  should 
agree  with  that  used  in  the  second  members  of  these  equations, 
within  the  limits  of  the  errors  which  may  be  attributed  to  the 
logarithmic  tables. 

The  most  advantageous  method  of  obtaining  the  angles  between 
the  radii-vectorea  is  to  find  the  position  of  the  plane  of  the  orbit 
directly  from  I,  I",  h,  and  b",  and  then  compute  k,  v,',  and  «"  directly 
from  £}  and  i,  according  to  the  first  of  equations  (82),.  It  will  be 
expedient  also  to  compute  r',  V  and  b'  from  p',  X',  and  ^',  and  the 
agreement  of  the  value  of  r',  thus  found,  with  that  already  obtained 
from  equation  (37),  will  check  the  accuracy  of  part  of  the  numerical 
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calrulation.  Further,  since  the  three  plsoes  of  the  bod^  most  be  in 
A  plane  passing  through  the  centre  of  the  sun,  whether  P  &nd  Q  aie 
exact  or  only  approximate,  we  must  also  have 

tan  6' ^  tan  i  sin  (f —  £J), 

and  the  value  of  b'  derived  from  this  equation  must  agree  witli  that 
computed  directly  from  p',  or  at  least  the  difference  should  not  exceed 
what  may  be  due  to  the  unavoidable  errors  of  logaritimic  calcula- 
tion. 

We  may  now  compute  n  and  n"  directly  from  the  equatioDB 

//'J.(."-.-)  r,'.m(.'-«). 

W  '— }i — ; — ; — It \^i  f*    —      ft    •     7    Tt  \  t  \U^/ 

r/  sinCu — It)  rr  Bm(.tt  — wj 

but  when  the  values  of  «,  u',  and  «"  are  those  which  resalt  from  the 
assumed  values  of  P  and  Q,  the  resulting  values  of  n  and  n"  will 
only  satisfy  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sun.  If  substituted  in  the  equations  (29),  they  will 
only  reproduce  the  assumed  values  of  P  and  Q,  from  which  they 
have  been  derived,  and  hence  they  cannot  be  used  to  correct  them. 
If,  therefore,  the  numerical  ctilculation  be  correct,  the  values  of  n 
and  n"  obtained  from  (54)  must  agree  with  those  derived  from  equa- 
tions (31),  within  the  limits  of  aocuraoy  admitted  by  the  logarithmic 
tables. 

The  differences  w"  — «'  and  u'  —  u  will  usually  be  small,  and 
hence  a  small  error  in  either  of  these  quantities  may  considerably 
affect  the  resulting  values  of  n  and  n".  In  order  to  determine 
whether  the  error  of  calcnUtiou  is  within  the  limits  to  be  expected 
from  the  logarithmic  tables  used,  if  we  take  the  logarithms  of  both 
members  of  the  equations  (54)  and  differentiate,  supposing  only  n, 
n",  and  u'  to  vary,  we  get 

dlog,n  ^  —  cot(u"  —  v!)du', 
dlogtJi."^  +  cot(w'  —  u)  du'. 

Multiplying  these  by  0.434294,  the  modulus  of  the  common  system 
of  ]<^rithme,  and  expressing  du'  in  seconds  of  arc,  we  find,  in  nnita 
of  the  seventh  decimal  place  of  common  Ic^arithms, 

dlogn  =  — 21.055  cot  («"  — w')  (fu', 
d  log  n"  =  +  21.055  cot  («'  —  w)  dxt'. 

If  we  substitute  in  these  the  differences  between  Ic^n  and  It^n"  as 
found  from  the  equations  (54),  and  the  values  already  obtained  by 
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means  of  (31)>  the  two  resnlting  values  of  du'  should  agree,  and  the 
msgnitude  of  da'  itself  will  show  whether  the  error  of  calculatioo 
exceeds  the  unavoidable  errors  due  to  the  limited  extent  of  tJie 
l(^aritbmic  tables.  When  the  agreement  of  the  two  results  for  n 
and  n"  is  in  accordance  with  these  conditions,  and  no  error  has  been 
made  in  computing  n  and  n"  from  P  and  Q  by  means  of  the  equa- 
•  tioDS  (31),  the  accuracy  of  the  entire  calculation,  both  of  the  quan- 
tities which  depend  oq  the  assumed  values  of  P  and  Q,  and  of  those 
which  are  obtained  independently  from  the  data  furnished  by  observa- 
tion, is  completely  proved. 

87.  Since  the  values  of  »  and  «"  derived  from  equations  (64) 
cannot  be  used  to  correct  the  assumed  values  of  P  and  Q,  from 
which  r,  r',  u,  u',  &c.  have  been  computed,  it  is  evidently  necessary 
to  compute  the  values  for  a  second  approximation  by  means  of  the 
series  given  by  the  equations  (26)„  or  by  means  of  the  ratios  8  and 
«",  The  expressions  for  n  and  n"  arranged  in  a  series  with  respect 
to  the  time  involve  the  differential  coefficients  of  r'  with  respect  to  ty 
and,  since  these  are  necessarily  unknown,  and  cannot  be  conveniently 
determined,  it  is  plain  that  if  the  ratios  a  and  a"  can  be  readily  found 
from  r,  r',  r",  u,  u',  u",  and  r,  r',  r",  so  as  to  involve  the  relation 
between  the  times  of  observation  and  the  places  in  the  orbit,  they 
may  be  used  to  obtain  new  values  of  P  and  §  by  means  of  equations 
(48)  and  (51),  to  be  used  in  a  second  approximation. 
Let  118  now  resume  the  equation 

M=E~-6ainE, 

*(^  =  £_.sin£. 
and  also  for  the  third  place 

— -j—- £  -ernxE. 
Subtracting,  we  get 

^  =  E"  —  E—2eB]ai(.E"—E')coai{E"  +  E).  (56; 

This  equation  contains  three  unknown  qaantitiea,  a,  e,  and  the  di& 
ference  ^'  —  E.  We  can,  however,  by  means  of  expressions  in- 
volving r,  r",  tt,  and  it",  eliminate  a  ande.  Thus,  since  p^a(l — e"), 
we  have 

f-V^  =  a'l/r=^  (£"  —  £  —  2e  Bin  i  (,E"  —  £)  cos  j  (£"  -|-  E)).  (6S) 
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From  the  equationB 
V'r  ain  ^v  =  V^oCl  +  e) 


'"  —  r  ^  w"  —  «,  we  easily  derive 

V^  sm  ^  («"  —  u)  =  aVT^^  sin  ^  (£"  —  £),  (67) 


l-'V  wn  K  =  Kaa+^  rin  JB", 
V'r"  cos  K  =  VaU— e)  coe  i£". 


and  also 

ooobK-E"— £)  —  «««  j(£"+£)  =  (/rP' cos  J  (u"—«), 


e  COB  i  (£"  +  JE)  =  < 


«i(-E'---EJ-'^"^^^""~''^-     C68) 


Substituting  this  value  of  eco6i(E"+  E)  in  equation  (66),  we  get 

^y^  =  aW^(E"~E—aiaiE"~E)) 

+  2a|/r^^  sin  ^  (£"  —  £)  cos  J  («"— w)  l/r?', 

and  substituting,  in  the  last  term  of  this,  for  aV  1  —  ^,  its  value  from 
(67),  the  result  is 

T'l/p  =  aViT^(£"-£-BinCJ?"-£))  +  r7"Bin(«"-M).   (59) 

From  (573  we  obtain 


aVl^ 


sin*  1  (£"  —  £) 
rr"  sin  («"  —  «) 


\  2l/rr"  COB  J  (u"— 
Therefore,  the  equation  (59)  becomes 
^      1    E"  —  E  —  e\a(E"~E)i 

i'Vp= '  — 


0'  paa*^iE"~E) 


Bin'K-E"— £)         \2t/r/'cosKw"  — «)i 


+  [rr"].(60) 


Let  x'  be  the  chord  of  the  orbit  between  the  first  and  third  places, 
and  we  shall  have 

k"  =  (r  +  r"y  —  4r»"  cos*  J  («"  —  u). 
Now,  since  the  chord  x'  can  never  exceed  r  +  r",  we  may  pnt 

/=(r  +  r")8iur',  (61) 

and  from  this,  in  combination  with  the  preceding  equation,  we  derive 

2\/l¥'  cos  J  (u"  —  «)  =  (r  +  /O  COB  r*.  (62) 


,,v.ii.)(.n'K- 
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Sabstitudng  this  value,   and   [rr'^=^j^p,  in   equation   (60),  it 
rednees  to 

E"~E-am(E"-E)  ^  Ij.*-!        /r,i 

Bin'K-E"--E)  'iT+r"yco^/'3^~^7~^-  ^""^^ 
The  elements  a  and  e  are  thus  eliaiinated,  but  the  resulting  equation 
involves  still  the  nnknown  quantities  £"  —  £aad  a*.  It  is  nece»- 
saiy,  therefore,  to  derive  an  additional  equation  involving  the  same 
nnknown  quantitiee  in  order  that  E" — E  ma^  be  eliminated,  and 
that  thus  the  ratio  s',  which  ie  the  quantity  sought,  may  be  found. 
From  the  equations 

r^a  —  OS  cos  £,  r"  ^  a  —  a«  cos  ^', 

we  get 

r"+r  =  2o  —  2<MC0Bi  ( £"  +  iT)  cos  ^  (£"—  E). 

Substituting  in  this  the  value  of  ecoe )(£"  +  £)  from  (SS),  we  have 

t"  +  r  =  2o  sin"  J  C-E"  — -E )  +  Zv^  COB  i  Cu"  —  «)  cos  i  (-E"  —  £), 

and  substituting  for  sin  }  {E"  —  E)  its  value  from  (67),  there  results 

t^'+r=^^''"'*^^""~"^  +  2l/^coaK«"-")(l— 2am'K-g'---E))- 
BntjBtnoe 

p  ~2pjy' COB' i («"  —  «)      a"  1 2l/S^ COS !(«"—«))' 

we  have 

-+'"=y-fr+/7co.v+^'-+'"^°°"'"-'"^'"^'-^^>' 

from  which  we  derive 

which  is  the  additional  equation  required,  involving  £"  —  JS  and  a' 
as  unknown  quantities. 
Let  OS  now  put 


y'= 


Bia'i(E"—E) 


-E~&iniE"  —  E)' 

(r  +  r")»coa'/' 
, sin' J/ 

'  COB/' 

■'  =  Bin'i(-E"  — JS), 
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&nd  the  eqnationB  (63)  and  (64)  become 
m'     1    ,   1      , 


When  the  value  of  ^  is  knowD,  the  first  of  these  eqiiatioiis  will 
eoable  us  to  determine  s',  and  hence  the  value  of  ;e',  or  Biu*j(^' — B), 
from  the  hist  equation. 

The  calculation  of  ;-'  may  be  &cilitated  by  the  introduction  of  an 
additional  auxiliary  quantity.     Thus,  let 


t.n/=x^ 

(67) 

and  ftom  (62) 

ire  find 

co.r'^c 

»J(«" 

-.)^  =  2e»K«"- 

«)00,-^' 

tan/. 

or 

We  have,  aleo, 

which  gives 

,/•  = 

o«,'  =  .ii.2/co,i(«"-.) 
(<-  +  >")'-*^'coii-j(""- 
(>■- r'T+4r/'.ii.'K""- 

(68) 

Multiplying  this  equation'by  oos*}(u"  —  u)  and  the  preceding  one 
by  wn*l(«." — u),  and  adding,  we  get 

x"  =  (r  + »")'  Bin'  i  (u"  —  u)  +  (r  —  r")'  cos'  i  («"  —  «).      (69) 

From  (67)  ire  get 

and,  therefore, 

so  that  equation  (69)  may  be  written 


(T+Ty 


=  ainV  =  sin'  i  («"  —  «)  +  oos*  2/  cos'  ^"^  —  «)• 


We  may,  therefore,  pat 


•in  ;^  COB  O'  ^  sin  i  («"  —  «), 
tanf  aa  6' =  coal W —  *»)  cos 2/, 
cos  r*  =  coe  J  (""  —  «)  Bia  2/, 
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^       \ 
from  which  Y  '0*7  ^  derived  by  means  of  ita  tangent,  so  that  sin  / 
Bh&U  be  positive.     The  auxiliary  angle  O'  will  be  of  subsequent  use 
in  determining  the  elemento  of  the  orbit  from  the  final  hypothesis  for 
J  and  Q. 

88.  We  shall  now  consider  the  aaziliary  quantity  ^  introdaced 
into  the  first  of  equations  (66).    For  brevity,  let  us  put 

1?  =  K-E"--E). 
and  we  shall  have 


This  gives,  by  differentiation. 


251  —  sin  2jr 


2j  —  sin  2^ 


=  Sy"  cot  y  —  4y"  cosec  g. 

The  last  of  eqnations  (6S)  gives  jc'  =  wn*ijr,  and  hence 

^  =  2cosecff. 
Therefore  we  have 

rfy'_6y'co8g-8y^_8(l-2x')y'-V 
5?~         sin'y         ""         ae-Cl— aj") 

It  is  evident  that  we  may  expand  y'  into  a  series  arranged  in  refer- 
ence to  the  ascending  powers  of  x',  bo  that  we  shall  have 

y-  =  »  +  /Sx*  +  j-je"  +  J/»  +  ta?"  +  Ci^  +  Ac. 

Differentiating,  we  get 

g  =  j9  +  2ra!' +  8a«"  +  4.*^  +  6:«"  +  Ac, 

and  substituting  for  -3-7  the  value  already  obtained,  there  results 

2/Si' +  C4r — 2,9)  x"  +  (aa — 4rJ  ar"  +  C8f  —  6a)  a:"+ (10: — 8»;  *"+ &c 
=  (3.  —  4»')  +  (3^  —  6»  —  8ai9)a:'  +  (3^  —  6(9  —  4/S*  _  SarJa:^ 
+  (3d  —  6r  —  8i9r  —  8»J)ai^+  (3f  —  63  — V  — 8,sa  —  8«)a:'* 
+  (3:  —  6*  —  8r3  —  8j9t  —  8.:)  ^*  +  Ac 

Since  the  coeiBcients  of  like  powers  of  3^  must  be  equal,  we  tiave 
3»  —  4«'  =  0,  8j!  —  6a  —  8<kS  =  %H, 

3r  —  6,?  —  4,?  —  8»r  =  2  (2r  —  (S),  Ac. ; 
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and  hence  we  derive 

•  =  l.  i»  =  -A,  r  =  ,h.  '  =  M. 

Therefore  we  have 

»*=  J  -  ft*'  +  T»!«™  +  bVs^  +  ^iUh^*  +  if  ISilll*^ 

+  !lilif*fl?i^'  +  Ac  (71) 

If  we  multiply  throagh  by  V>  fU"}  P^t 

wc  obtain 

V>s'-|+«'  =  |'.  (73J 

Combining  this  with  the  second  of  equations  (66),  the  reault  is 


a4) 


If  we  put 

A 

m' 

we  shall  have 

i+f  +  f 

But  from  the  first  of  equations  (66)  we  get 

7 
1- 

-^V-lJi 

and  therefore  we  have 

•^(•■-1) 

(76) 

Aja  eoon  as  7'  is  known,  this  equation  will  give  the  corresponding 
value  of  a'. 

Since  f '  is  a  quantity  of  the  fourth  order  in  reference  to  the  differ- 
ence i  {E"  —  E),  we  may  evidently,  for  a  first  approximation  to  the 
value  of  7}\  take 


and  with  this  find  a'  from  (76),  and  the  corresponding  value  of  x' 
from  the  last  of  equations  (66).  With  this  value  of  a^  we  find  the 
corresponding  value  of  f,  and  recompute  5',  »',  and  x' ;  and,  if  tli« 
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value  of  f  derived  from  the  last  value  of  «*  diSTera  from  that  already 
used,  the  operation  must  be  repeated. 

It  will  be  observed  that  the  series  (72)  for  f '  convei^es  with  great 
rapidity,  and  that  for  E"  —  £=94°  the  term  containing  x"  amouDta 
to  only  one  onit  of  the  seventh  decimal  place  in  the  value  of  f '.    Table 
XIV.  gives  the  values  of  f '  corresponding  to  values  of  x'  from  0.0 
to  0.3,  or  from  E"  —  E=0  to  £"  —  £=132°  60'.6.     Should  a 
case  occur  in  which  E^'  —  E  exceeds  this  limit,  the  expression 
■  _       sin'  ^  (£"  —  E) 
^  ~  E"~E  —  Bin  (£"—  E) 
may  then  be  computed  accurately  by  means  of  the  logarithmic  tables 
ordinarily  in  use.     Au  approximate  value  of  x'  may  be  easily  found 
with  which  y'  may  be  compnted  from  this  equation,  and  then  f  from 
(73).     With  the  value  of  f  thus  found,  if  may  be  computed  from 
(74),  and  thus   a   more  approximate  value  of  x'   is  immediately 
obtained. 

The  equation  (76)  is  of  the  third  d^ree,  and  has,  therefore,  three 
roots.  Since  s'  is  always  positive,  and  cannot  be  less  than  1,  it 
follows  from  this  equation  that  7'  is  always  a  positive  quantity.  The 
equation  may  be  written  thus : 

»^  — ■"  — ijV  — ji)'  =  0, 
and  there  being  only  one  variatiou  of  sign,  there  can  be  only  one 
positive  root,  which  is  the  one  to  be  adopted,  the  n^ative  roots  being 
excluded  by  the  nature  of  the  problem.  Table  XIII.  gives  the 
values  of  logs"  corresponding  to  values  of  ij'  from  ^'^0  to  :y'^0.6. 
When  ij'  exceeds  the  value  0.6,  the  value  of «'  must  be  found  directly 
from  the  equation  (75). 

89.  We  are  now  enabled  to  determine  whether  the  orbit  is  an 
ellipse,  parabola,  or  hyperbola.  In  the  ellipse  x^s\n*\{17' ^E) 
is  positive.  In  the  parabola  the  eccentric  anomaly  is  zero,  and  hence 
ar  =  0.  In  the  hyperbola  the  angle  which  we  call  the  eccentric 
anomaly,  in  the  case  of  elliptic  motion,  becomes  im^nary,  and 
hence,  since  b\q\{B"  —  E)  will  be  imaginary,  x'  must  be  negative. 
It  follows,  therefore,  that  if  the  value  of  x'  derived  from  the  equa- 
tion 

m'       , 
''  =  iT-J 

is  positive,  the  orbit  is  an  ellipse ;  if  equal  to  sero,  the  orbit  is  « 
parabola ;  and  if  n^ative,  it  is  a  hyperbola. 
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For  the  case  of  parabolic  motion  we  have  z'  =  0,  and  the  secoitd 
of  equations  (66)  gives 

^  =  "'-  (76) 

If  we  eliminate  «'  hj  means  of  hoth  equations,  sinc^  in  this  voMf 
y'  =  t  we  get 

"»'*=/*  +  */*- 
Substituting  in  this  the  viUues  of  m  and  I  given  by  (66),  we  obtain 

;    ,^,)i  =  3  flin  ir* «»  r"  +  4  Bin'  J/, 
Which  ^ves 

-=  6  Bin  1)-'  cos'  Jr*  +  2  ain*  i/. 


6^' 


This  may  evidently  be  written 
6/ 


(«inV  +  e<»lr')'  +  («inJr'-o<»l,')'. 


j^^Tpy,  =  (1  +  ilnrt' T  (1 -«nrtl' 

the  upper  sign  being  used  when  7^  is  less  than  90°,  and  the  lower 
sign  when  it  exceeds  90°.  Multiplying  through  by  (r  +  f")^,  and 
repUcing  (r  +  r")  sin  y  by  X,  we  obtain 

6r'  =  Cr  +  ,^'  +  K)»=F(r  +  »"-x)*. 

which  is  identical  with  the  equation  (56),  for  the  special  case  of 
parabolic  motion. 

Since  x'  is  negative  in  tlie  case  of  hyperbolic  motion,  the  value  of 
f  determined  by  the  series  (72)  will  be  different  from  that  in  the. 
case  of  elliptic  motion.  Table  XIV.  gives  the  value  of  f  corrfr- 
spending  to  both  forms;  but  when  x'  exceeds  the  limits  of  this  table, 
it  will  be  necessary,  in  the  case  of  the  hyperbola  also,  to  compute  the 
value  of  $'  directly,  using  additional  terms  of  the  series,  or  we  may 
modify  the  expression  for  y'  in  terms  of  E"  and  £  so  as  ti>  bo 
applicable. 

If  we  compare  equations  (44),  and  (56),,  we  get 


tan  J£  =  V—  1  tan  JF; 
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>iid  hence,  &om  (68),^ 

ff  +  1 

We  have,  also,  by  compariDg  (65),  with  (41),,  Bmce  a  ia  n(f;atiTa  lu 
I  he  hyperbola, 

which  gives 

Now,  Binoe 

cobE+  l^^  sin  £=«"'-', 

in  which  e  is  the  base  of  Naperiao  logarithms,  we  have 

£  l/^n  =  log.  (cob  £  +  y'^n^  Bin  £), 
which  reduces  to 

£»/rri=log,-, 

or  

E=V—llog,<r. 

By  means  of  these  relations  between  E  and  a,  the  expression  for  y' 
may  be  traneformed  so  as  not  to  involve  ima^pnary  quantities.  Thus 
we  have 

E"  —  E=  (!(«.«"  —  log.*)  i/^-i  =  V^^ log.—, 

sin (£"  —  £)  =  rin £" COB £—  COB E" sin E  =    c~„   V  —  h 

From  the  value  of  cos  £  we  easily  derive 

Bin  iE=  ^  |/^.  COB  ^E=  ^±i. 

and  hence 

Therefore  the  expression  for  y'  becomes 
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Sinc«  the  suzUiaiy  quantity  a  in  the  hyperbola  is  siways  positive 
let  ua  now  put 


iU-i)» 


&om  which  y'  may  be  derived  when  A  is  known. 
We  have,  further. 


These  expressions  for  y'  and  x'  enable  ua  to  find  f '  when  sc'  exceede 
the  limits  of  the  table.  Thus,  we  obtain  an  approximate  value  of  z' 
by  putting 

from  which  we  first  find  ^  and  then  ^  ii-om  the  second  of  equations 
(66).     Then  we  compute  A  from  the  formula  (79),  which  gives 

X  =  1  —  ar"  +  2/ar"~a!',  (80) 

y'  from  (77),  and  f '  from  (73).  A  repetition  of  the  calculation,  using 
the  value  of  f  thus  found,  will  give  a  still  closer  approximation  to 
the  correct  values  of  x'  and  a'\  and  this  process  should  be  continned 
until  ?'  remains  unchanged. 

90.  The  formulffi  for  the  calculation  of  »'  will  evidently  give  the 
value  of  a  if  we  use  -,  r',  r", «',  and  «",  the  necessary  changes  in  the 
notation  being  indicated  at  once;  and  in  the  same  manner  uaing  r", 
r,  r',  «,  and  u',  we  obtain  «".  From  the  values  of  a  and  «"  thus 
found,  more  accurate  values  of  P  and  Q  may  be  computed  by  means 
of  the  equations  (48)  and  (51).  We  may  remark,  however,  that  if 
^e  timea  of  the  ob-servationa  have  not  been  already  corrected  for  tlie 
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lime  of  aberrotioQ,  as  in  the  case  of  the  determiDation  of  an  nnknown 
orbit,  this  correctioQ  may  now  be  applied  as  determined  hy  meaos  of 
the  values  of  p,  p',  and  p"  already  obtaiDed.  Thus,  if  ^,  ^',  and  t^," 
we  the  aDoorrected  times  of  observation,  the  correeted  values  will  be 

*  =t^  -Cpeecfi, 

C=i5,' —  C/aec^,  (81T 

f"=C—  Cp"  Bee  ^', 
in  which  log  0=  7.760523,  expressed  in  parts  of  a  day;  and  from 
liieee  values  of  t,  t',  t"  we  recompute  t,  t',  and  r",  which  values  will 
require  no  further  correction,  since  p,  p',  and  p",  derived  from  the 
first  approximation,  are  suEGcient  for  this  purpose.  With  the  new 
values  of  P  and  Q  we  recompute  r,  r',  r",  and  «,  «',  u"  as  before, 
and  thence  again  P  and  Q,  and  if  the  last  values  differ  from  the  pre- 
ceding, we  proceed  in  the  same  manner  to  a  third  approximation, 
which  will  usually  be  sufficient  unless  the  interval  of  time  between 
the  extreme  observations  is  considerable.  If  it  be  found  necessary 
to  proceed  further  with  the  approximations  to  P  and  Q  after  the 
calculation  of  these  quantities  in  the  third  approximation  has  been 
effected,  instead  of  employing  these  directly  for  the  next  trial,  we 
may  derive  more  accurate  values  from  those  already  obtained.  Thus, 
let  X  and  y  be  the  true  values  of  P  and  Q  respectively,  with  which, 
if  the  calculation  be  repeated,  we  should  derive  the  same  values  again. 
liet  A2  and  &y  be  the  differences  between  any  assumed  values  of  x 
and  y  and  the  true  values,  or 

Then,  if  we  denote  by  x^',  y^'  the  values  which  result  by  direct  cal- 
culation from  the  assumed  valnes  «,  and  y,^  we  shall  have 

x^~x,=Six„  yO  =/(«  +  ai,  y  +  ay). 

Expanding  this  function,  we  get 

JE.'  —  ar,=/(x,  y)  +  A!^x  +  £ay  +  Cc,3?  +  Daa:  iy  +  £ay»  +...., 

and  if  ax  and  ay  are  very  small,  we  may  n^lect  terms  of  the  second 
order.  Further,  since  the  employment  of  x  and  y  will  reproduce  Uio 
■une  values,  we  have 

and  beoc^  since  bx  =  x^  —  x  and  ay  =  y,  —  y, 

<-«,  =  J(ii,— «)  +  B(y,-y). 
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Id  a  similar  manner,  we  obtain 

y.' — yo  =  ^' (a',  —  «)  +  ■B' (y. — y). 

Let  us  now  denote  the  valaes  resulting  from  the  first  asBomption  fur 
Pand  Q  by  P,  and  Q„  those  resulting  from  P„  Q,  by  P„  §„  and 
from  Pf,  ft  by  P„  g,;  and,  further,  let 

P,—P  =  a,  P.  — P,=«',  P.  — P,  =  a", 

ft-  Q  =  b.  e.-e,  =  A',  ft-C.=  6"- 

Then,  by  means  of  the  equatiouB  for  x/—x,  and  y/ — ^,  we  shall 

have 

a=J(P-_-)  +  B(e-y),  6  =A'iP-x)  +  S'iQ-y\ 

a'=A{P,-x)  +  S(.Q,-y-),  ^  =  A' iP,~  z)  +  B' iQ,- yX 

a"  =  ^(P.-i)+P(e.-y),  6"  =  J'CP.-a!)  +  B'(e,-y). 

[f  we  eliminate  ^,  P,  A',  and  P'  from  these  equations,  the  results 

_  Pja'b"  -  g"y)  +  P,  («"6  -  06")  +  P,  (ab'  —  a'h) 
'■  —        (a'6"  —  a"b')  +  (a"fi  —  ab")  +  (ai'  —  a'b)    ~' 
Q(a'b"-a"b')+Q,(a"b-ab")+g,  jab' -a'b) 
{a'b"  —  a"b')  +  (a"b  —  ab")  +  (ab'  —  a'b)       ' 


y= 

from  which  we  get 
x  =  P,— 

y=Qn- 


l-  a')  (a'b"  —  a"b')  +  a" (a'b  —  nh"') 

{ciV—  a"b')  +  (a"6—  ab")  +  (oi'  —  o'6)' 

(6"  +  ft')  (a'b"  —  a"b')  +  b"  (a"b  ~  ab") 

'  (a'b"~  a"b')  +  (a"h  —  oA")  +  (a*'—  <ib)' 


Id  the  numerical  application  of  these  formulse  it  will  be  more  con- 
venient to  use,  instead  of  the  numbers  P,  P„  P„  Q,  §„  <6c.,  the  loga- 
rithms of  these  quantities,  so  that  o= log  P, —  log  P,b^  log  Q^ — log  §, 
nnd  similarly  for  a',  6',  a",  h", — which  may  also  be  expressed  in 
units  of  the  last  decimal  place  of  the  logarithms  employed, — and  we 
shall  thus  obtain  the  values  of  log;c  and  logy.  With  these  values 
of  log  X  aud  log  y  for  log  P  and  log  Q  respectively,  we  proceed  with 
the  final  calculation  of  r,  r',  r",  and  u,  u',  u". 

When  the  eccentricity  is  small  and  the  intervals  of  time  between 
the  observations  are  not  very  great,  it  will  not  be  necessary  to  employ 
the  equations  (82) ;  but  if  the  eccentricity  is  considerable,  and  if,  in 
addition  to  this,  the  intervals  are  large,  they  will  be  required.  It 
may  also  occur  that  the  values  of  P  and  Q  deri(.-ed  from  the  last 
hypothesis  as  corrected  by  means  of  these  formulae,  will  differ  bo 
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much  from  the  valaea  found  for  x  and  y,  on'acconnt  of  the  neglected 
terms  of  the  second  order,  that  it  will  be  necessary  to  recompute  these 
quantities,  nsing  these  last  values  of  P  and  $  in  connection  with  the 
three  preceding  ones  in  the  numerical  solution  of  the  equations  (82), 

^^  91.  It  remains  now  to  complete  the  determination  of  the  elements 
of  the  orhit  from  these  final  values  of  P  and  Q.  As  soon  as  £J,  t, 
and  u,  u',  u"  have  been  found,  the  remaining  elements  may  be  de- 
rived by  means  of  r,  r',  and  u' — u,  and  also  from  r',  r",  and  u" — «'; 
or,  which  is  better,  we  will  obtain  them  from  the  extreme  places,  and, 
if  the  approximation  to  P  and  Q  is  complete,  the  results  thus  found 
will  agree  with  those  resulting  from  the  combination  of  the  middle 
place  with  either  extreme. 

We  must,  therefore,  determine  s'  and  sb'  from  t,  t",  and  u"  —  «, 
by  means  of  the  formuhe  already  derived,  and  then,  tcom.  the  second 
of  equations  (46),  we  have 

y  =  (''"'"'y-''^)',  (83) 

from  which  to  obtain  p.    If  we  compute  a  and  a"  also,  we  shall  have 
/*r'/'ain(»"-^')\'_/^'r7^Hn(n'-«)V'^ 

and  the  mean  of  the  two  values  of  p  obtained  from  this  expression 
ehonld  agree  witli  that  found  from  (83),  thus  checking  the  calcula- 
tion and  showing  the  d(^?-ee  of  accuracy  to  which  the  approximation 
to  P  and  Q  has  been  carried. 
The  last  of  equations  (65)  gives 

im\{E"~E)  =  V5.  (84) 

from  which  E'  —  E  may  be  computed.  Then,  from  equation  (57), 
since  e  ^  sin  p,  we  have 

for  the  calculation  o(  aor»<p.    But  p  =  a(l  —  ^=a  cos*  f,  whence 


which  may  be  used  to  determine  <p  when  e  is  very  nearly  equal  to 
unit;;  and  then  e  may  be  found  from 


«  =  l-28in"(45=-3?). 
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The  eqoatioDB  (50)  give 


•ud  fi<om  these,  by  addition  and  subtraction,  we  derive 

2eco.lC«"-«)«»ttC«"  +  «)--)=|  +  ^-2. 

2eMnJ(""-«)aina(«"+«)--)=|-^ 

oy  meana  of  which  e  and  w  may  be  found. 
8iDoe 


^e  have 

».2/=;-^: 

«.2/  = 

'  +  <"■ 

Pj-P       5- 

2p 

■2. 

V'ainV 

p    p      — 

2i>o<,t2/ 

aodfrom 

cot 

•iiS2/' 

eo.^ 

c<.K«*-«) 

Therefore  the  formube  (87)  reduce  to 

(88) 

1)  cos  ("  —  i  («"  +  w))  = f         —  Bee  i  («"  —  »;. 

coBrvrr 

from  which  also  e  and  at  may  be  derived.     Then 

sinf  =  0, 

and  the  agreement  of  cos  f?  aa  derived  from  this  value  of  f  with  that 
given  by  (86)  will  serve  as  a  ftirther  proof  of  the  calculation.  The 
longitude  of  the  perihelion  will  be  given  by 

or,  when  i  exceeds  90°,  and  the  distinction  of  retrograde  motion  ii 
adopted,  by  jr  =  JJ  —  ai. 
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To  find  a,  we  have 

^_    P    _(acoBff)' 

008'lP  J)         ' 

ir  it  may  be  computed  directly  from  the  equation 


^hich  results  from  the  sabstitation,  in  the  last  term  of  the  preceding 
equation,  of  the  expressioDS  for  a  coe  f  and  p  given  by  (83)  and  (85)> 
Tbea  for  the  mean  daily  motion  we  have 
k 

We  have  now  only  to  find  the  mean  anomaly  corresponding  to  any 
epoch,  and  the  elements  are  completely  determined.  For  the  true 
anomalies  we  have 


and  if  we  compute  r,  r',  r"  fivm  these  by  means  of  the  polar  eqaa^ 
tion  of  the  conic  section,  the  resulte  should  agree  with  the  values  of 
the  same  quantities  previously  obtained.  According  to  the  equation 
(46)i,  we  have 

tan  j£  =  tan  (45°  —  ^f)  tan  \<t, 

tan  i^*  =  tan  (46'  —  Jy)  tan  Jt*.  (90) 

tan  iJ?'  =  tan  (46"  —  \f)  tan  y, 

from  which  to  find  E,  E,  and  E'.  The  difference  E'  —  E  shoald 
agree  with  that  derived  frvm  equation  (84)  within  the  limits  vA 
accuracy  afforded  by  the  logarithmic  tables.  Then,  to  find  the  mean 
anomalies,  we  have 

M  =E  —  esaaE, 

if  =E'  —  eainE,  (MJ 

M"  =  E"—eamE"; 

and,  if  iff  denotes  the  mean  anomaly  corresponding  to  any  epoch  T, 
we  have,  also, 

=  M"~,^{('-T), 

*n  the  application  of  which  the  values  of  t,  t',  and  t"  must  be  those 
which  have  been  corrected  ibr  the  time  of  aberration.     The  t^pree* 
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nent  of  the  three  values  of  3fg  will  be  a  final  test  of  the  accuracy  of 
the  entire  calculation.  If  the  final  values  of  P  and  Q  are  exact, 
this  proof  will  be  complete  withiu  the  limits  of  accuracy  admitted 
by  the  logarithmic  tables. 

Wheu  the  eoceutricity  is  such  that  the  equations  (91)  cannot  be 
solved  with  the  requisite  d^ree  of  accuracy,  we  must  proceed  accord- 
iug  to  the  methods  already  given  for  finding  the  time  from  the  peri- 
helion in  the  case  of  orbits  differing  but  little  from  the  parabola. 
For  this  purpose,  Tables  IX.  and  X.  will  be  employed.  As  soon  as 
V,  v',  and  v"  have  been  determined,  we  may  find  the  auxiliary  angle 
V  for  each  observation  by  means  of  Table  IX. ;  and,  with  Fas  the 
ai^ument,  the  quantities  M,  JH',  M"  (which  are  not  the  mean  anoma- 
lies) must  be  obteined  from  Table  YI.  Then,  the  perihelion  distance 
having  been  computed  &om 

we  shall  have 

in  which  log  O^  =  9.96012771,  for  the  determination  of  the  time  of 
perihelion  passage.  The  times  t,  i',  t"  must  be  those  which  have 
been  corrected  for  the  time  of  aberration,  and  the  i^reement  of  the 
three  values  of  T  is  a  final  proof  of  the  numerical  calculation. 

If  Table  X.  is  used,  as  soon  as  the  true  anomalies  have  been  foand, 
the  corresponding  values  of  \ogB  and  log  C  must  be  derived  Irom 
the  table.     Then  v>  is  computed  from 


.      ,         taniv    /" 


1  +  9 


and  similarly  for  to'  and  to"/  and,  with  these  as  arguments,  we  denrs 
M,  Spy  M"  fix)m  Table  VI.     Finally,  we  have 

T^t  ^^^*         =f-        ^'^'^^        =(•-       -^"^'^' 

C,V-^  CI  +  9«)  C,l/MlT9e)  C,|/Aa+9«)' 

(93) 

for  the  time  of  perihelion  passf^,  the  value  of  C^  being  the  same  as 
in  (92). 

When  the  orbit  is  a  parabola,  e  =  \  and  j>  ="  2^,  and  the  elements 
0  and  to  can  be  derived  &om  r,  r",  u,  and  u"  by  means  of  the  equa- 
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tiona  (76),  (83),  and  (88),  or  by  mefins  of  the  ibrmulte  already  giveo 
for  the  special  case  of  parabolic  motion. 

92.  Since  certain  quantities  which  are  real  in  the  ellipse  and  para- 
bola become  im^nary  in  the  case  of  the  hyperbola,  the  fornmla 
already  given  for  determining  the  elements  from  r,  t",  u,  and  u" 
require  some  modification  when  applied  to  a  hyperbolic  orbit. 

When  «'  and  x'  have  been  found,  p,  t,  and  to  may  be  derived  from 
equations  (83)  and  (87)  or  (88)  precisely  as  in  the  case  of  an  elliptio 
orbit     Since  9^  =  sin*  J  {E'  —  E),  we  easily  find 

Bin  \  (£"  —  £}  =  2  Vof  —  (b", 
and  equation  (85)  becomes 

8iuH«"— «)l/r7^  „,, 

'"»"=  -2v-7^-  -  (»•'' 

But  in  the  hyperbola  sb'  is  negative,  and  hence  Vx'  —  x'*  will  be 
imaginary ;  and,  further,  comparing  the  values  of  p  in  the  elli^tee 
and  hyperbola,  we  have  cos"^  ^=  —  tan*!^,  or 


C^<p 

=^V—\  tan  4. 

Therefore  the 

equation  for  a  cos  p  becomes 

«tan4  = 

8in4(tt"-«)l/rr" 

(96) 

if  a  is  considered  as  being  positive,  from  which  a  tan  t^  may  be 
obtained.     Then,  since  p  =  a  tan*  4",  we  have 

tan  4  =  —r—'  (96) 

a  tan  4  ^    ' 

for  the  determination  of  4')  and  the  value  of  e  computed  from 

9  =  sec  4  =  \^\  +  tan' 4 

should  i^pree  with  that  derived  from  equation  (88).  When  e  differs 
bnt  little  from  nnity,  it  is  conveniently  and  aoeurately  computed 
&om 

e:^l  +  2  sin*  ^4  sec  4. 


The  value  of  a  may  be  found  from 

,     (a  tan  4}' 


C97J 
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""  16*r"r/'  coe4  («"-«)  C*"-^)" 

which  u  derived  directly  from  (89),  observing  that  the  elliptic  semi- 
transverse  axis  becomes  n^ative  in  the  case  of  tbe  hyperbola. 

Ab  soon  aa  to  has  been  found,  we  derive  from  u,  u',  and  «"  the 
aorresponding  values  of  v,  v',  and  v",  and  then  compute  the  valu<s 
of  F,  F',  and  F"  by  means  of  the  formula  (57), ;  after  which,  by 
means  of  the  equation  (69),,  the  corresponding  values  of  N,  N',  and 
N"  will  be  obtained.  Finally,  the  time  of  perihelion  passage  w-ll 
be  given  by 

wherein  log>l,A  =  7.87336575. 

The  cases  of  hyperbolic  orbits  are  rare,  and  in  most  of  those  which 
do  occur  the  eccentricity  will  not  differ  much  from  that  of  the  para- 
bola, so  that  the  moat  accurate  determinatioD  of  T  will  be  effected  hy 
means  of  Tables  IX.  and  X.  as  already  illustrated. 

93.  EXA.HPLE. — To  illustrate  the  application  of  the  principal  for- 
mulee  which  have  been  derived  in  this  chapter,  let  us  take  the  follow- 
ing observations  of  Eurynome  ®  : 

Ann  Arbor  M.  T.                              ^a  (Tgu 

1863  Sept.  14  15*  53-  37'.2  1*    0-  44'.91  +  9°  63'  30".8, 

21     9  46    18 .0  0  57     8 .57  9    13    6  .5, 

28    8  49    29 .2  0  52    18 .90  +  8    22    8  .7. 

The  apparent  obliquity  of  the  ecliptic  for  these  dates  was,  oespect- 
ively,  23°  27'  20".76,  23°  27'  20".71,  and  23°  27'  20".65;  and,  by 
means  of  these,  coDverting  the  observed  right  ascensions  and  declina- 
tions into  apparent  longitudes  and  latitudes,  we  get — 

Ann  Arbor  M.  T.                        Longitude.  Latitude- 

1863  Sept.  14  16»  53-  37'.2  17"  47'  37".60  +  3°    8'  43".l9, 

21    9  46    18 .0  16   41  36  .20  2   52  27  .46, 

28    8  49    29 .2  15   16  56  .35  +2    32  42  .98. 

For  the  same  dates  we  obtain  from  the  Americ<m  Nautical  Almanao 
the  following  places  of  the  sun : 
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■niMLMigilade. 

LititDde. 

losJi, 

172°    l'42".l 

-0.07 

0.0022140, 

178   37  17  .2 

+  0.77 

0.0013857, 

ISe    26  54  .8 

+  0.67 

0.0005174. 

bince  the  elements  are  anppoeed  to  be  wholly  anknown,  the  places 
of  the  planet  must  be  oorrected  for  the  aberration  of  the  fixed  stars 
■a  given  by  eqoations  (1).  Thus  we  find  for  the  corrections  to  be 
applied  to  the  longitudes,  respectively, 


and  lor  the  latitudes, 

+  0".47,  +  0".30,  +  0".14. 

When  these  oorrectiooB  are  applied,  we  obtain  the  true  places  of  the 
planet  for  the  instants  when  the  light  was  emitted,  but  ns  seen  from 
the  places  of  the  earth  at  the  instants  of  observation. 

Next,  each  place  of  the  sun  must  be  reduced  from  the  centre  of 
the  earth  to  the  point  in  which  a  line  drawn  from  the  planet  through 
the  place  of  the  observer  cute  the  plane  of  the  ecliptic.  For  thia 
purpose  we  have,  for  Ann  Arbor, 

,'  =  42°  6'.4,  1(«  p,  =  9.99936 ; 

and  the  mean  time  of  observatiou  being  converted  into  sidereal  time 
gives,  for  the  three  observatioos, 

tf,  =  3»  29-  1',  *;  =  21»  48-  17',  tf,"  =  21*  18-  SB*. 

which  are  the  right  ascensions  of  the  geocentric  zenith,  of  which  f' 
is  iu  each  case  the  declination.  From  these  we  derive  the  longitude 
and  latitude  of  the  zenith  for  each  observation,  namely, 

1,=      60"  33',9,  V  =    350°  35'.2,  /,"  =    342"  59'.2. 

6,  =  +  22   25.0,  6;  =+50    50.9,  6,"  =  +  53   41.6. 

Then,  by  means  of  eqoations  (4),  we  obtain 

aO,  =  —  18".fi2,  40'  =  —  36".94,  aQ"  =  —  26".76, 

a  log  fi„  =  —  0.0001084,  a  log  Ji,'  =  —  0.0002201, 

A  log  £,"  =  —  0.0002796. 

For  the  reduction  of  time,  we  have  the  values  +  Cf.IS,  +  0*.28,  aud 
+  O'.M,  which  are  so  small  that  they  may  be  n^lccted. 
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Finally,  the  longitudes  of  both  the  sun  and  planet  are  redaoed  to 
the  mean  equinox  of  1863.0  hy  applying  the  corrections 

—  50".95,  —  5r.52,     ■  —  52".14; 

and  the  latitudes  of  the  planet  are  reduced  to  the  ecliptic  of  the  same ' 
date  hy  applying  the  corrections  — 0".15,  — 0".14,  and  — 0".14, 
respectively. 

Collecting  together  and  applying  the  several  correcUonB  thus  ob- 
tained for  the  places  of  the  sun  and  of  the  planet,  reducing  the  un- 
corrected times  of  observation  to  the  meridian  of  Washington,  and 
expressing  them  in  days  from  the  banning  of  the  year,  we  have  the 
following  data : — ' 

(,  =257.68079,  i  =17°  46' 28".17,  ^  =  +  3''    8' 43".61, 

(,'  =264.42670,  ;'  =16   40  25  ,19,  ^  =      2   52  27  .62, 

V  =  271.38625,  i"  =  15    16  44  .03,  ^'=  +  2   32  42  .98, 

0   =172°    0'32".23,  logR  =0.0021056, 

0'  =178   35  48  .74,  logi?  =0.0011656. 

0"=186   25  36.90,  log  fi"  =  0.0002378. 

The  numerical  values  of  the  several  oorrections  to  be  applied  to 
the  data  furnished  by  observation  and  by  the  solar  tables  should  be 
checked  by  duplicate  calculation,  since  an  error  in  any  of  these  re- 
ductions will  not  be  indicated  until  afler  the  entire  calculation  of  the 
elements  has  been  effected. 


By  means  of  the  equations 


obtain 

SfJCa 

i(0"- 

-G') 

iiii"«n{0"- 
tani? 

-O)' 

Biny- 

-O'X 

=  9.7087449, 

"i?ii"8ui(o"— oy 

tan(/— O') 


N" 


Iog2f"  =  9.6! 
4'=161°4!!'I3".16, 
log  (,«  >m  V)  =  9.4980010,  log  (Jf  ooi  ♦')  =  9.9786366.. 

The  quadrant  in  wbich  ^'  must  be  taken  ia  determined  by  tbe  con- 
ditions that  ij/'  mnst  be  less  than  180",  and  that  cosij/  and  coe(,t' —  O") 
must  have  tbe  same  sign.     Then  from 
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,      iJainCO— .g)  RfaaiQ'—K) 

~  a,  '  °  ~  a,  ' 

.      S'm^Q'—K)  ,  >eo/  ,       /!ii"«m(0''— Q) 

■we  compute  K,  I,  ^„  a„  b,  o,  rf,/,  and  A.  The  angle  7  must  be  lesa 
than  90°,  and  the  value  of  ^^  must  be  determined  with  the  greatest 
possible  accuracy,  since  on  this  the  accuracy  of  the  resulting  elemeute 
principally  depends.     Thus  we  obtain 

K=  4"  47'  29".48,  log  tan  1=  9.3884640, 

$^  =  2°  52'  59"!  }S,  log  a,  =  6.8013583,, 

log&  =  2.5456342.,  logs  =  2.2328550,, 

log  d  =  1.2437914,  log/=  1.3687437„         log  A  =  3.924769L 

The  formule 


'  ain  (A"  —  K)  '^^  d  ' 

„_     Bin  (J'  — J)       ,Jain(J  — G) 
■"'  -BinCr~i)      •'  b 

M,  = ^ .  3f.  = -^ , 

log  If,  =  9.8946712,  log  Jf,"  =  9.6690383, 

log  M,  =  1.9404111,  log  if,"  =  0.7306625,. 

The  qoantitiea  thus  far  obtained  remain  unchanged  in  the  sno* 
ceseive  approximations  tn  the  values  of  P  and  Q. 
For  the  first  hypothesis,  from 

h  +  Pd  ,  I  ,    ^ 

ijoSinC^  J^ain+'i 

^,  cos  t  ^  ti,  —  if  cos  4', 
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we  obtuir 

logT  =9.0782249,  log  t"  =  9.0645675, 

logP=  9.9863326,  log  Q  =  8.1427824, 

log  c^  =  2.2298667^  log  k^  =  0.0704470, ' 

log  4  =  0.0716091,  log  5,  =  0.3326925, 

C  =  8''  24'  49".74,  logm,=  1.2449136. 

The  quadrant  in  which  ^  must  be  situated  is  determioed  by  the  cod- 
ditioD  that  T}^  shall  have  the  same  sign  as  4- 
The  value  of  z*  must  now  be  found  by  trial  from  the  equation 

sin  (/  —  C)  =  m,  sin*/. 

Table  XII.  shows  that  of  the  four  roots  of  this  equation  one  ezceedi 
180°,  and  is  therefore  excluded  by  the  condition  that  sins'  most  be 
positive,  and  that  two  of  these  roots  give  ^  greater  than  180°  —  -4^, 
and  are  excluded  by  the  condition  that  z'  must  be  less  than  180° —  ii/. 
The  remaining  root  is  that  which  belongs  to  the  orbit  of  the  planet, 
and  it  ie  shown  to  be  approximately  10°  40'  j  but  the  correct  value 
is  found  from  the  last  equation  by  a  few  trials  to  be 

»'  =  9='1'22".96. 

The  root  which  corresponds  to  the  orbit  of  the  earth  is  18°  SC  41'% 
and  differs  very  little  from  180°  —  4"'- 


Kext,  from 


jrain+'  ,       iJ*  Bin  (/++') 

=  : j—>  P     = : J O 

am  /  BID  ^ 


we  derive 

log/ =0.3025672,  log^o'  =0.0128991, 

log  n  =  9.7061229,  lt«  »"=  9.6924555, 

log/>  =0.0264823,  log  ^' =  0.0028859. 

The  values  of  the  curtate  distances  having  thus  been  found,  the 
heliocentric  places  for  the  three  observations  are  now  computed  from 
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rcotb&MCl—O)       =fiCoa(i  —  Q)  —  R, 
rcos^Bin  (/ —  O)        =pe,la(i  —  ©), 
rsinfr  ^/)tan(!; 

t'cosS'coaC?'— O')     =f^coe(i.'—Q')-B', 
t'coefemCf— OO     =/sm(r— ©0, 
f'Binfe'  ^//tanA"; 

t"CM6^'C08{r— 0")  =  (""«>8{i"— ©")  — ^, 
t"  COB  6"  Bin  (r  —  O")  =  //'  sin  (i"  —  0"), 
r"  MB  i"  =  ^"  tan  (9", 

vhich.  g^ve 

/  =  5°14'39".53,  \ogUab  =8.4615572,  logr  =0.3040994, 
r  =  7  45  II  .28,  l(^tan6'  =8.4107555,  logj/  =0.3025673, 
r'=10   2134.57,        log  tan  6"  =8.3497911,        log  r"  =  0.3011010. 

The  agreemeDt  of  the  value  of  logr'  thos  obtained  with  that  already 
finind,  is  a  proof  of  part  of  the  calculation.     Then,  from 

,   .,  .       tan6"-l-tan6 

/.:•...  .   .X       «^       tan6" — tan& 

^__^te.(;-n)   ^^^...(f-n)  ^^,^i^Q"-  a; 

coat  COB*  cost 

we  get 

a  =  207"  2'  88".16,  i  =  4»  27'  23".84, 

«  =  158"  8'  25".78,  t^  =  160"  39'  18".13,         «"  =  163»  16'  4".42. 


The  equation 

tan  6' ^  tan  t  sin  (Z' —  JJ) 

pveB  log  tan  6'  =  8.4107514,  which  differs  0.0000041  from  the  value 
already  found  directly  from  p'.  This  difference,  however,  amounts 
to  only  0".05  in  the  value  of  the  heliocentric  latitude,  and  is  due  to 
tOTOFB  of  calcuUtion.     If  we  compute  n  luid  n"  from  the  equation)* 

r*/' sin  («"—«')  „_  rr^BinW  —  u) 

TT"flin(ti" — «)'  rr"  sin  («" — u)' 

the  results  should  agree  with  the  values  of  these  quantities  previously 
computed  directly  from  P  and  Q.  Using  the  values  of  u,  u',  and 
h"  just  found,  we  obtain 


loi5n  =  9.7061158,  Iogn"  = 

L.,.„i,.,.  ,A_iOOgle 
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which  diflfer  in  the  last  dedmal  places  from  the  yalnee  nsed  in  finding 
p  and  p".     Accordiog  to  the  equations 

d  log  n  =  —  21.055  cot  («"—  V)  dw', 
d  log  n"=  +  21.055  cot(M'  —  «)  du', 

the  differences  of  logn  and  l<^n"  being  expressed  in  units  of  the 
seventh  decimal  place,  the  correction  to  u'  necessary  to  make  the  two 
values  of  li^n  ^ree  is  — 0".15;  but  for  the  agreement  of  the  two 
values  of  logn",  u'  must  be  diminished  by  0".26,  so  that  it  appears 
that  this  proof  is  not  complete,  although  near  enough  for  the  first 
approximation.  It  should  be  observed,  however,  that  a  great  circle 
passing  through  tlie  extreme  observed  places  of  the  planet  passes 
very  nearly  through  the  third  place  of  the  sun,  and  hence  the  values 
of  p  and  p"  as  determined  by  means  of  the  last  two  of  equations  (18) 
are  somewhat  uncertain.  In  this  case  it  would  be  ad\'isable  to  com- 
pute p  and  p",  as  soon  as  p'  has  been  found,  by  means  of  the  equa- 
tions (22)  and  (23).     Thus,  from  these  equations  we  obtain 

log  p  =  0.0254918,  logp"  =  0.0028874, 

and  hence 

I  =  5'14'40".05,  log  tan  J  =  8.4615619,  log  r  =0.3041042, 
i"=10   21  34.19,        log  tan fi"  =  8.3497919,         logt"  =  0.3011017, 

a  =  207"  2"  32".97,  i  =  4°  27'  25".13, 

u  =  158°  8'  31".47,  «'  =  160=  39'  23".31,  «"  =  IQZ"  16'  9".22l 

The  value  of  log  tan  b'  derived  from  X'  and  these  values  of  SJ  and  i,   " 
is  8.4107555,  agreeing  exactly  with  that  derived  from  p'  directly. 
The  values  of  n  and  n"  given  by  these  last  results  for  u,  u'  and  u", 
are 

log  n  =  9.7061144,  log  n"  =  9.6924640 ; 

and  this  proof  wil  I  be  complete  if  we  apply  the  correction  du'= — 0".l  8 
to  the  value  of  w',  so  that  we  have 

«"— «'  =  2°  36'  46".09,  u'  — «  =  2°  30'  51".66. 

The  results  which  have  thus  been  obtained  enable  us  to  proceed  to 

a  second  approximation  to  the  correct  values  of  P  and  §,  and  we 

may  also  correct  the  times  of  observation  for  the  time  of  aberration 

by  means  of  the  formulie 

(  =  (^— C/)8eo,S,  *"=(,'— C/ sec;?,  g'  =  t„"— Q>"  eecfi", 

wherein  log  C=  7.760523,  expressed  in  parts  of  a  day.   Thus  we  get 

t  =  257.67467,  C  =  264.41976,  C  =  271.38044, 
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and  hence 

log  r  =  9.0782331,  log  ^  =  9.3724848,  log  t"  = 

Then,  to  find  the  ratios  denoted  by  »  and  s",  ve  have 

Bin  r  coa  0  =  Bin  j  («"  —  «'), 

BID  rain  G  =  co9  j(«" — «')«»%;, 

cos  /  =  COB  J  (w"  —  «')  Bin  2^ ; 


tan/': 


=i^ 


sin/' cos  G"  =  8111 
Bin/'sinG"  =  co. 
cosr"            =coi 

iU»'-«). 

.  4  («■-.)  CO.  2A 
,}("■—) -in  2/"; 

t" 

_«n'!r 

"*       fr'+/')' cos"/ 

"       (r  +  r'/coB'r 

J         CO./  • 

&om  which  we  obtain 

;  =  44=67'   6".O0, 
r=   1    18  35  .90, 

;f"  =  44»6e'67".60, 
j"=   1    16  40.69, 

logm  =  6.3482114, 
log;  =  6.1163135, 

log  m"  =  6.3163548, 
log/' =  6.0834230. 

From  these,  bj  means  of  the  equations 

m 

fa        . 

"    i+j+f 

'--?-'■ 

„" 

*"  —  ^ ,■" 

"      s +/'  +  {" 

«■  -  ^„      1  . 

miog  Tables  XIII.  and  XIV.,  we  oompate  »  and  a".     Fira^ 

case  of  «,  we  aaeume 

'  f+r 

=  0.0002675, 

and,  with  this  as  the  argument,  Table  XIII.  gives  log  «"=  0.0002581. 
Hence  we  obtain  x  ■=  0.000092,  and,  with  this  as  the  argument, 
Table  XIV.  gives  f  =  0.00000001 ;  and,  therefore,  it  appears  that  a 
repetition  of  the  calculation  is  unneoessarj.     Thus  we  obtain 

log*  =0.0001290,  ]og«"=  0.0001200. 

When  the  intervals  are  small,  it  is  not  necessary  to  use  the  formula 
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in  the  complete  form  here  ^veo,  siace  these  ratios  msy  then  be  fboiii] 
by  a  simpler  prooeas,  as  will  appear  in  the  sequel.     Then^  from 


ZT   iT"coBi(u" —  u')coe  J{tt" —  «)eoa  J(u' —  «)' 
ire  find 

logi'  =  9.9863451,  log  $  =  8.1431341, 

with  which  the  second  approximHtion  may  be  completed.  We  now 
oompnte  o^,  k^,  l^,  z',  &c.  precisely  as  in  the  first  approximation;  biit 
■we  shall  prefer,  for  the  reason  already  stated,  the  values  of  p  and  p" 
computed  by  means  of  the  equations  (22)  and  (23)  instead  of  those 
obtained  from  the  last  two  of  the  formulse  (18).  The  results  tfans 
derived  are  as  follows: — 

log  e,  =  2.2298499^  log  k,  =  0.0714280, 

log  ^,  =  0.0719540,  logij,  =0.3332233, 

C  =  8''  24'  12".48,  logm,=  1.2447277, 

«'  =  9°0'30".84, 

Iogr'  =  0.3032587.  log  ^'  =0.0137621, 

logn  =  9.7061153,  log  n"=  9.6924604, 

log  ,!>  =0.0269143,  log/' =  0.0041748, 

;  =   S'' 15' 57".26,        log  tan  ft  =8.4622524,         ii^r  =0.3048368, 

r  =   7   46     2.76,        log  tan  6'  =  8.4114276,         log/ =0.3032587, 

r=10   22    0.91,        log  tan  6"  =  8.3504332,         log/' =  0.8017481, 

a  =  207"  C  0".72,  i  =  4°  28'  35".20, 

H  =  158'  12"  19".54,         w'  =  160°  42'  45".82,         u"  =  163"  19"  7".14 

The  ^reement  of  the  two  values  of  logr'  is  complete,  and  the  value 
of  Ic^  tan  b'  computed  from 

tan  6'=;  tan  t  sin  (f—  (J), 

is  logtan6'=8.41X4279,  agreeing  with  the  result  derived  directly 
from  p'.  The  values  of  n  and  n"  obtained  from  the  equations  (54) 
are 

log  »  =  9.7061156,  I(^  n"  =  9.6924603, 

which  agree  with  the  values  already  used  in  computing  p  and  p",  and 
the  proof  of  the  calculation  is  complete.     We  have,  therefore, 

u"— ii'  =  2<'36'21".32,    «'— u  =  2''30'26".28,    u"— u  =  5°  6' 47''.6Q 
From  these  values  of  w" —  «'  and  «' —  w,  we  obtain 
log  8  =  0.0001284,  log  «"  =  0.0001193. 
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aod,  recompatiiig  Pand  Q,  we  get 

log  P  =  9.9863452,  log  Q  =  8.1431359, 

which  differ  bo  little  irom  the  preceding  values  of  tliese  quantities 
that  aDotber  approximation  is  nnneoeesaiy.   We  may,  therefore,  from 
the  results  already  derived,  complete  the  determinatioii  of  the  elements 
of  the  orbit. 
The  equatioufi 

dn/'cosC^flini  («"  —  m), 
aa/mn  G''  =  c<»^(w"  —  v,)ooe2/, 
co8r'  =  cos^(«"  —  w)Bin  2/. 

, f*'  ,      ain'  j/ 

(r  +  Z^cos-r"  •' '^  coar" 

give 

/  =  44°  53''53".25,         /  =  2°  33'  52".97,         log  tAaCr  =  8.9011435 

logm'  =  6.9832999,  log/  =  6.7001345. 

From  these,  hy  means  of  the  formulie 


'f=i 


and  Tables  XIII.  and  XIV.,  we  obtain 

log*'"=  0.0009908,  logf>'  =  «.549411& 

Then  from 

r=C""''y-''^)'. 

WBget 

logy  =  0.3691818. 

The  values  of  logp  given  by 

/iK/'sinCu"  — «')\'      /»"rr'8in(«'— «)i« 

y=( ; ) =( — 7 — ) 

are  0.3691824  and  0.3691814,  the  mean  of  which  agreo>  yrith  the 
result  obtained  from  u"  — «,  and  the  dilFerenoes  between  the  separata 
nsalts  are  so  small  that  the  approximation  to  P  and  Q  is  sulBeient, 
The  equations 

sinJ(.E"  — £)=>/?, 


"sini(.E"-£) 


I'V, 
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i  (£"  —  £)  =  !''  4'  42".903,  log  (o  eoe  f)  =  0.S77031S. 

log  cos  f  =  9.9921503. 
Next,  from 

Bam(»-K«"  +  «))  = f7=tanff, 

cos/Kjt" 

cos  ^'Vrr' 
wc  obtain 

-  =  190°  16'  39".57,  log  «  =  log  ain  *.  =  9.2751434, 

r=   10   5139.62,  «  =  .+  a=37''15'40".29. 

This  value  of  f  gives  t<^  ooe^  ^=  9.9921601,  agreeing  -mth  the  nsalt 
idready  fouad. 

To  find  a  and  fi,  we  have 

P  * 

coa'p  «! 

the  valne  of  k  expressed  in  aeconda  of  arc  being  log  it  =  3.6500066, 
from  which  the  mults  are 

loga  =  0.3848816,  log;i  =  2.9726842. 

The  true  aTY^annlies  are  given  by 

V  =  u~a,  rf  =  v!  —  m,  if'  =  If —  «, 

aocordiog  to  which  we  have 

0  =  327"  56'  39".97,  v'=330''  27'  6".25,  i^=33S°  3'  27".57. 

If  we  compote  r,  r',  and  r"  from  these  values  by  means  of  the  polar 
equation  of  the  ellipse,  we  get 

log r  =  0.3048367,  log/ ^  0.3032586,  log r"  =  0.3017481, 

and  the  agreement  of  these  results  frith  those  derived  directly  &om 
p,  //,  and  p"  is  a  further  proof  of  the  calcalatiou. 
The  equations 

tanjE  =taii(45''  — ^(»)tanji», 
tan  i^*  =  tan  (45»  —  ^y)  tan  Ji/, 
tan  J£"  =  tan  (45°  —  ij>)  tan  irf' 
.give  I 

£  =  833°  17'  28'.18,       £'  =  335°  24'  38".00,      jE"  =  337°  36'  ir.78. 
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The  \ftlae  of  J  (£"  —  E)  thus  obtained  differa  only  0".003  from  that 
computed  directly  from  x'. 

Finally,  for  the  mean  anomalieEi  we  hare 

i/"=  £—  «  (in  ^  Jtf'  =  £'  —  «  mn  ^,         M"=^^  —  eBiaE", 

from  which  we  get 

Jtf  =  338=  8'  36".71,       M'  =  839"  64'  IVM,      M"  =  341"  48"  6".97  ; 

and  if  J/^  denotes  the  mean  anomaly  for  the  date  7*=  1863  Sept.  21.5 
'Washington  mean  time,  from  the  formulas 

M=M  —pit  —  T) 
=  M'  —piU  —  T) 
=  M"~ii(.l!'—T), 

we  obtain  the  Uiree  values  339°  55'  26".97,  339°  55'  25".96,  and 
339°  65'  26" .96,  the  mean  of  which  gives 

JH,  =  339"  55'  25".96. 

The  agreement  of  the  three  results  for  ^,  is  a  final  proof  of  th« 
womniay  of  the  entire  calculation  of  the  elem^ts. 

Collecting  together  the  separate  results  obtained,  we  have  the  fol- 
lowing elements ; 

Epoch  =  1863  Sept.  21.5  Washington  mean  time. 
3f=S39"55'26".96 
«=   37    15  40.29)    „,.  ^.        .„ 

i=     4    28  36.20 i      Equmox  1863.0. 

f  =   10    51  39  .62 
loga  =  0.3848816 
log;<  =  2.9726842 

/.  =  93r.04022. 

If  we  compote  the  geocentrio  right  ascension  and  declination  ol' 
the  planet  directly  from  these  elements  for  the  dates  of  the  observa- 
tions, as  corrected  for  the  time  of  aberration,  and  then  reduce  the 
observations  to  the  centre  of  the  earth  by  applying  the  corrections 
for  parallax,  the  comparison  of  the  results  thus  obtained  will  show 
how  closely  the  elements  represent  the  places  on  which  tfaey  are 
based.  Thus,  we  compute  first  the  auxiliary  constants  for  the  equator, 
nsing  the  mean  obliquity  of  the  ecliptic, 


=  23"  27'  24".96, 
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and  Uie  foHowing  expressions  for  the  heliocentric  co-ordioateB  of  the 
planet  are  obtained : 

x  =  T  [9.9997272]  sin  (296°  55'  46".06  +  u), 
y  =  r  [9.9744699]  sin  (206  12  42  .79  +  w), 
s  =  r  [9.5249639]  sin  (212    39  14  .62  +  «). 

The  numbers  enclosed  in  the  brackets  are  the  logarithms  of  sin  a. 
Bin 6,  and  aino,  respectively;  and  these  equations  ^ve  the  oo-ordinatOB 
referred  to  the  mean  equinox  and  equator  of  1863.0. 

The  places  of  the  sun  for  the  corrected  times  of  observation,  and' 
referred  to  the  mean  equinox  of  1863.0,  are 


Tme  Longitude. 

LfttiMde. 

LogJi. 

172°    0'29".5 

-0".07 

0.0022146, 

178    36    4  .6 

+  0  .77 

0.0013864, 

18S    25  42  .0 

+  0  .67 

0.0005182. 

If  we  compute  from  these  values,  by  means  of  the  equations  (104),, 
the  co-ordinates  of  the  sun,  and  combine  them  with  the  corresponding 
heliocentric  co-ordinates  of  the  planet,  we  obtain  the  following  geo- 
centric places  of  the  planet : 

a  =  15°  IC  29".06,  a  =  +  9°  53' 16".72,  log -J  =0.02726, 

a' =14   15    0.22,  y=      9    12  51.29,  log  J' =0.01410, 

•"  =13     3  49  .47,  a"  =  +  8   21  64  .46,  log  d"  =  0.00433. 

To  reduce  these  places  to  the  apparent  equinox  of  the  date  of  oheo- 
vation,  the  corrections 

+  48".14,  -f-  48".54.  +  48".91, 

must  bo  applied  to  the  right  ascensions,  respectively,  and 

+  18".55,  +  I8".92,  +  19".8I, 

to  (he  declinations.     Thus  we  obtain : 

Washington  H.  T.                       Comp.  a.  Comp.  d. 

1868  Sept.  14.67467  1»    0-  45M5  +  9°  63'  35".3, 

21.41976  0  57     3 .25  9    13  10  .2, 

28.38044  0  52   18. 66  -|-  8    22  13  .8. 

The  corrections  to  be  applied  to  the  respective  observations,  in  crder 
to  reduce  them  to  the  centre  of  the  earth,  are  -f*  0'.24,  —  CSl,  —  0'.34 
in  right  ascension,  and  +  4".6,  +  4".8,  +  6".l  in  declination,  m 
that  we  have,  for  the  name  dates. 
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OfaMTTCda. 

ObMrvedd. 

1'   0-46'.15 

+  r  63'  36".3, 

0  67     3.26 

9   13  10  .3, 

0  62    18.66 

+  8   22  13  .8. 

The  oomparisoD  of  these  with  the  computed  values  shows  that  the 
extreme  plaoee  are  ezactlj  represented,  while  the  diSerenoe  in  the 
middle  place  amounts  to  only  CT.Ol  in  right  ascension,  and  to  0".! 
.in  declination.  It  appears,  therefore,  that  the  observations  are  com^ 
pletely  satisfied  hy  the  elements  obtained,  and  that  the  preliminary 
corrections  for  aberration  and  parallax,  as  determined  by  the  equa- 
tions (1)  and  (4),  have  been  correctly  computed. 

It  cannot  be  expected  that  a  system  of  elements  derived  from  ob- 
servations including  an  interval  of  only  fourteen  days,  will  be  so 
exact  as  the  results  which  are  obtained  from  a  series  of  obaervationa 
or  from  those  including  a  much  longer  interval  of  time;  and  although 
the  elements  which  have  been  derived  completely  represent  the  data, 
yet,  on  accoant  of  the  smallness  of  ^  —  ^g,  this  difference  being  only 
31  ".893,  the  slight  errors  of  observation  have  considerable  influence 
in  the  final  results. 

When  approximate  elements  are  already  known,  so  that  the  cor- 
rection for  parallax  may  be  applied  directly  to  the  observations,  in 
order  to  take  into  account  the  latitude  of  the  sun,  the  observed  places 
of  the  body  must  be  reduoed,  by  means  of  equation  (6),  to  the  point 
in  which  a  perpendicular  let  fiill  from  the  centre  of  the  earth  to  the 
plane  of  the  ecliptic  cuts  that  plane.  The  times  of  observation  must 
also  be  corrected  for  the  time  of  aberration,  and  the  corresponding 
places  of  both  ^he  planet  and  the  sun  must  be  reduced  to  the  ecliptic 
and  mean  equinox  of  a  fixed  epoch;  and  fbrther,  the  reduction  to 
the  fixed  ecliptic  should  precede  the  applicaUon  of  equation  (6). 

If  the  intervals  between  the  times  of  oi)servation  are  considerable, 
it  may  become  necessary  to  make  three  or  more  approximations  to  the 
values  of  P  and  $,  and  in  this  case  the  equaUons  (82)  may  be  applied. 
But  when  approximate  elements  are  already  known,  it  will  be  advan- 
tageous to  compute  the  first  assumed  values  of  P  and  Q  directly 
from  these  elements  by  means  of  the  equations  (44)  or  by  means  of 
(48)  and  (61) ;  and  the  ratios  s  and  a"  may  be  found  directly  from  th4 
equations  (46).  In  the  case  of  very  eccentric  orbits  this  is  indispen- 
sable, if  it  be  desired  to  avoid  prolixity  in  the  numerical  calculation, 
since  otherwise  the  successive  approximations  to  P  and  Q  will  slowly 
approach  Uie  limits  required. 
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The  varioas  modifications  of  the  formulse  for  certain  epecial  cases, 
as  well  aa  the  formulee  'which  must  be  used  in  the  case  of  parabolic 
and  hTperboHc  orbits,  and  of  those  differing  but  little  from  the 
parabola,  have  been  given  in  a  form  such  that  they  require  no  fiir- 
tiiet  illustration. 

84,  In  the  determination  of  an  unknown  orbit,  if  the  intervals  are 
considerably  unequal,  it  will  be  advanb^;eou8  to  correct  the  first 
assumed  value  of  P  before  completing  the  first  approximation  in  the 
manner  already  illustrated.     The  assumption  of 


is  correct  to  terms  of  the  fourth  order  with  respect  to  the  time,  and 
f<y  the  same  d^ree  of  approximation  to  P  we  must,  according  tn 
equation  (28)^,  use  the  expression 


which  becomes  equal  to  —  only  when  the  intervals  are  equal.  The 
l!rst  assumed  values 

i>=A  e  =  TT", 

furnish,  with  very  little  labor,  an  approximate  value  of  r' ;  and  then, 
with  the  values  of  P  and  §,  derived  from 

'•=^{l  +  l'-^\  «  =  "".  (98) 

the  entire  calculation  should  be  completed  precisely  as  in  the  example 
given.     Thus,  in  this  example,  the  first  assumed  \'alues  give 

log  »/  =  0.30257, 

and,  recomputing  P  by  means  of  the  first  of  these  equations,  we  get 

IogP=  9.9863404,  log  Q  =  8.1427822, 

with  which,  if  the  first  approximation  to  the  elements  be  completed, 
the  results  will  diSer  but  little  from  those  obtained,  without  this  cor- 
rection, from  the  second  hypothesis.  If  the  times  had  been  already 
corrected  for  the  time  of  aberration,  the  agreement  would  be  stJU 
closer. 

The  comparison  of  equations  (46)  with  (28),  ^ves,  to  terms  of  the 
fourth  order. 
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and,  if  tha  intervals  are  equal,  thia  value  of  s'  is  correct  to  terms  q£, 
the  fifth  order.     Since 

log. .  =  log.  (1  +  C«  - 1))  =  «  - 1  -  i  C»  -  !)•  +  *«•. 
we  have,  n^lecting  terms  of  the  fourth  order, 

I.g.  =  ^-^  (99) 

in  which  log  J^  =  8.8596330.    We  have,  also,  to  the  same  degree  of 
approximatioD, 

For  the  Talnea 

logr  =  9.0782331,  logT'=  9.3724848,  logT"=c  9.0646692, 

log  r'  =  0.3082587, 
these  formuhe  give 

log*  =  0.0001277,  log  «'  =  0.0004953,  log  »"  =  0.0001199, 

which  differ  but  little  from  the  correct  values  0.0001284,  0.00049&4, 
and  0.0001193  previously  ohtaioed. 
Sinoe 

the  second  of  equations  (65)  gives 

6r^ 


W  = 


Cr  +  r")' 


+  (7+77  ""' ^'^  +  **• 


Substituting  this  value  in  the  first  of  equations  (66),  we  get 

If  we  neglect  terms  of  the  fourth  order  with  respect  to  the  time,  it 
will  he  sufficient  in  this  equation  to  put  y'^i,  according  to  (71),  and 
hence  we  have 

and,  since  s'  —  1  is  of  the  second  order  with  respect  to  r',  we  hav^ 
to  terms  of  the  fourth  order, 

<"(*■- l)=r  log.*-. 
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Therefore, 


^°S'f  =  i^7rj:7^  (101) 


whidi,  when  the  intervale  are  small,  may  be  iised  to  fiad  t'  from  r 
and  r".     In  the  same  manner,  we  obtain 


g*=K('^^.^y  ^^^'  =  i^j^r^nf^ 


(102> 


For  logarithmic  calculation,  when  addition  and  subtractioa  Ic^a- 
rithms  are  not  used,  it  is  more  conTenient  to  introduce  the  anziliaiy 
angles  Xt  t'l  ^°^  X">  ^7  means  of  which  these  formnls  beoome 

■og.  =  J'.^.    log^  =  K^^    l.f^-i'.:^'.  (103) 

in  which  I(^|^=  9.7627230.     For   the  first  approximation  these 

equations  will  be  sufficient,  even  when  the  intervale  are  considerable, 

to  determine  the  valnes  of  «  and  «"  required  in  correcting  P  and  §. 

The  values  of  r,  r',  t",  and  r"  above  given,  in  oonnection  with 

logr  =  0.3048368,  log  r"  =  0.3017481, 

give. 

1(%  *  =  0.0001284,  log  y  =  0.0004951,  log  «"  =  0.0001193. 

These  results  for  log  8  and  Ic^  b"  are  correct,  and  that  for  Ic^  a'  diGfera 
only  3  in  the  seventh  decimal  place  from  the  correct  value. 
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CHATTER  V. 


95.  The  formulae  given  in  the  preceding  chapter  are  not  sufficient 
to  determine  the  elements  of  the  orbit  of  a  heavenly  body  when  itb 
apparent  path  is  in  the  plane  of  the  ecliptic.  In  this  case,  however, 
the  position  of  the  plane  of  the  orbit  being  known,  only  four  ele- 
ments remain  to  be  determined,  and  four  observed  longitudes  will 
fumisb  the  necessary  equations.  There  ia  no  instance  of  an  orbit 
whose  inclination  is  zero;  but,  although  no  such  caae  may  occur,  it  may 
happen  that  the  inclination  is  very  email,  and  that  the  elements 
derived  from  three  observations  will  on  this  account  be  uncertain, 
and  especially  so,  if  the  observations  are  not  very  exact.  The  difB- 
cultj  thus  encountered  may  be  remedied  by  using  for  the  data  in  the 
determination  of  the  elements  one  or  more  additional  observations, 
and  neglecting  those  latitudes  which  are  regarded  as  most  uncertain. 
The  formulte,  however,  are  most  convenient,  and  lead  modt  expe- 
ditiously to  a  knowledge  of  the  elements  of  an  orbit  wholly  unknown, 
when  th^  are  made  to  depend  on  four  observations,  the  second  and 
third  of  which  must  be  complete ;  but  of  the  extreme  observations 
only  the  longitudes  are  absolutely  required. 

The  preliminary  reductions  to  be  applied  to  the  data  are  derived 
precisely  as  explained  in  the  preceding  chapter,  preparatory  to  a  de- 
termination of  the  elements  of  the  orbit  from  three  observations. 

Let  t,  if,  if',  if"  be  the  times  of  observation,  r,  r',  r",  r"'  the  radii- 
TGotores  of  the  body,  u,  u',  u",  u'"  the  corresponding  arguments  of 
the  latitude,  R,  R',  R",  R'"  the  distances  of  the  earth  from  the  sun, 
and  O,  ©',  0",  ©'"  the  longitudes  of  the  sun  corresponding  to 
these  times.    Let  ua  also  put 


[/^l  =/>"'oii(ii"'-o'), 
tf"0=>"'"™C«"'-«"), 

\-A           '"'    E?S- 

(1) 

D,  „ 

I,.,.,   n^^lOOyil.- 
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Then,  according  to  the  equations  (5)|,  we  stiall  have 

n*  —  ib'  +  n'V  =  0, 
«y  -y'+n'y  =0, 
„V_at"  +  n"V"  =  0,  ^^^ 

ny— «"  +  n"y"=o. 

Ijet  >i,  A',./!",  ^"'  be  the  observed  longitudes,  ft  ^',  ^',  j9"'  tiie  ob- 
served latitudes  corresponding  to  the  times  t,  f,  t",  f",  respectively, 
and  J,  J',  A",  A'"  the  distances  of  the  body  from  the  earth.  Further, 
let 

^'"cofl^"  =  />'", 

and  for  the  last  place  we  have 

«"'  =  f."'  cos  I'"  —  fi""  cos  ©'", 
f  =  p"'  Bin  i.'"  —  R"  ain  ©"'. 

Introducing  these  values  oix"'  and  y'",  and  the  corresponding  values 
of  X,  it',  x",  y,  y',  y"  into  the  equations  (2),  they  become 

0  ^  n  (jo  COB  k  —  iJ  COB  O)  —  (/>'  COB  i'  —  £'  COB  ©') 

+  «■'(/■  cob/' -fl"  CO.  O"). 
a^nipAak  —  JJain  O)  —  0"'  sin  A'  —  if  sin  ©') 

+  n"  Go"  sin  X'  —  ^'  sin  O'0> 
0  =  n'  !>'  co8 .1'  —  jB"  cos  ©')  —  0>"  COB  r  —  K'  cos  ©")  (3) 

-)-  n"'  (/"  cos  ^"'  —  R"  COB  ©'"), 
0  =  n'  ip'  sin  A'  —  if  sin  ©')  —  (/?"  sin  k"  —  R'  sin  ©") 

+  n'"  ip'"  sin  ^"'  —  Jf"  sin  ©'")• 

If  we  multiply  the  first  of  these  equationfl  by  wn  A,  and  the  Beoond 
by  —  cos  >i,  and  add  the  products,  we  get 

0  =  niJ  sin  (A  —  G)  —  (/>"  sin  (A'  —  i)  +  B*  sin  (i  —  ©')) 

+  n"  if"  sin  (r  -  J)  +  ii"  Bin  (A  -  0  ")) ;  (4) 

■nd  in  a  Eimilar  manner,  irom  the  third  and  fourUi  equations,  we 
find 

0  =  n'  0>'  Bin  (A'"  —  i")  —  fi*  sin  (-1'"  —  ©'))  (6J 

—  ip"  sin  (A'"—  A")  —  iJ"  sin  (A'"—  ©"))  —  WR"  an  (l'"—  ©'"). 

Whenever  the  values  of  n,  n',  n",  and  n'"  are  known,  or  may  ba 
determined  in  functions  of  the  time  so  as  to  satisfy  the  conditions  of 
motion  in  a  conic  section,  these  equations  become  distinct  or  inde- 
Dendent  of  each  other ;  and,  since  only  two  nnknown  quantities  pf 
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and  p"  are  involved  in  them,  tbef  will  enable  ns  to  determine  theae 
onrtate  distaDces. 
Let  us  now  put 

cos  J?  sin  (A'  — J)    =A,  coB)9"flin(>l"— ;i)  =5, 

COB  jS"  Bin  (^"'—  J")  =  C,  cos  (9'  Bin  (i'"  —  /)  =  Z).       ^*^ 

and  the  preceding  equations  give 

Afi'  taa^  —  Bii'p"  wap'  =^nR€\:a{k—  O)  —  i?em(i —  ©') 

+  n"if"  Bin  (J  —  O"). 

/>»'/>'  aec)?—  Q."  aec^'=n'B'  sin  (/"—  0')  —  S'  sin  (^'"—  O")        (7) 

+  ■ti"S"  sin  C-l'"  —  ©'"). 

If  we  assume  for  n  and  n"  their  values  in  the  case  of  the  orbit  of 
the  earth,  which  is  equivalent  to  neglecting  terms  of  the  second  order 
in  the  equations  (26)),  the  second  member  of  the  first  of  these  equa- 
tions reduces  rigorously  to  zero;  and  in  the  same  manner  it  can  be 
shown  that  when  similar  terms  of  the  second  order  in  the  corre- 
sponding expressions  for  n'  and  n"  are  neglected,  the  seoond  member 
of  the  last  equation  reduces  to  zero.  Hence  the  second  member  of 
each  of  these  equations  will  generally  differ  from  zero  by  a  quantity 
which  is  of  at  least  the  second  order  with  respect  to  the  intervals  of 
time  between  the  observations.  The  coefficients  of  />'  and  p"  are  of 
the  first  order,  and  it  is  easily  seen  that  if  we  eliminate  ft"  from 
these  equations,  the  resulting  equation  for  /)'  is  such  that  an  error  of 
the  second  order  in  the  values  of  n  and  n"  may  produce  an  error  of 
the  order  zero  in  the  result  for  p' ,  so  that  it  will  not  be  even  an 
approximation  to  the  correct  value ;  and  the  same  is  true  in  the  case 
of  p".  It  is  necessary,  therefore,  to  retain  terms  of  the  second  order 
in  the  first  assumed  values  for  n,  n',  n",  and  n"';  and,  since  the 
terms  of  the  second  order  involve  r'  and  r",  wo  thus  introduce  two 
additional  unknown  quantities.  Hence  two  addi^onal  equations  in- 
volving r',  r",  p',  p"  and  quantities  derived  from  observation,  must 
be  obtained,  so  that  by  elimination  the  values  of  the  quantities  sought 
may  be  found. 

From  equation  (34),  we  have 

/  sec^  =  if  coeV  ±  V'/'— ff'sin**',  (8) 

which  is  one  of  the  eauationa  required;  and  similarly  we  find,  for 
the  other  equation, 

/'  sec  (9"  =  ^'  cos  +"  ±  l/r"'— ^''Bin'V'.  (9) 
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Introdtunog  these  values  into  the  eqnationa  (7),  and  putting 


y  =  ±  l^r"'—R  ■'  Bin*  +",  ^     ■' 


Ab*  —  ^n'V  =  hB  Bin  (i  —  O)  —  ^  Bin  (i  —  ©') 

+  n"^'  sin  (i  —  O")  —  AS'  cm  +'  +  »"B-R"  cm  +", 
ZtnV  —  Ob"  =  n'iJ'  sin  (i'"  —  G')  —  ii"  sin  (I'"  —  0") 

+  »"'ii"'  Bin  H'"  —  ©'")  —  n'DR  cob  V  +  C7i"  cm  *". 

Let  UB  nuw  pat 

j-h,  j  =  4, 

w 

, , coa  ^'  Bin  (A"  —  X)  cob  If  ain  (A"' —  jQ 

COB  J?  Bin  (^'  —  i)'  COB  j3"  Bin  (i'" —  i")' 

y. .f  I   gBin(J  — 0') 

/t  COB  +  H 


A 


(11) 


A"B'  coa  +' 


-  =  'f, 


c -''• 

fi"'Bin(r'— 0"') 


A  ~    '  G 

and  we  have 

ic"  =  A"nV  +  n"'d"  -  a"  +  nV.  ^^*^ 

These  equations  will  serve  to  determine  z'  and  x",  and  hence  r'  and 
»■",  as  soon  as  the  values  of  n,  »',  n",  and  n'"  are  known. 

96,  In  order  to  include  terms  of  the  second  order  in  the  values  of 
n  and  n",  we  have,  from  the  equations  (26)j, 

and,  putting 

P'  =  4,.  «'=Cn  +  n"-l)r^.  (18) 


these  give 
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Let  OB  now  put 

T"'  =  A(r  — o,  V  =  i(*"'-0.  C1S"» 

Hod,  making  the  neceesaiy  changes  in  the  notation  in  equations  (26)„ 
^p  obtain 

From  these  we  get,  inclading  terms  of  the  second  order, 

and  hence,  if  we- put 

we  shall  have,  since  r,'  =  t  +  r'", 


r"* 


When  the  interrals  are  equal,  we  have 

^        r"'  ^   —  p^ 

and  these  ezpreasioos  may  be  used,  in  the  case  of  an  unknown  ortnt, 
tor  the  first  approximation  to  the  valnea  of  these  qoantities. 
The  equations  (13)  and  (17)  give 


"1+P'\" 


1+^ 


and,  iutroduciuE  these  values,  the  equations  (12)  become 


ogle 
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(20) 


1^  OS  now  pat 


1  +  P"' ' 


r=/'. 


and  we  shall  have 

''  =  (l  +  :^)0"^'  +  O-«'. 

We  have,  fiirther,  from  eqoationa  (10), 

i"=V  +  Il'  !inV)». 


(2S) 


If  we  substitute  these  values  of  r"  aud  r"*  in  equatioDs  (22),  the  two 
resulting  equations  will  coDtain  only  two  onkDOwn  quantities  s^  nod 
tc".  when  P',  P",  Q',  and  Q"  are  known,  and  hence  they  will  be 
sufficient  to  solve  the  problem.  But  if  we  effect  the  elimination  of 
either  of  the  unknown  quantities  directly,  the  resulting  equation 
becomes  of  a  high  order.  It  is  necessary,  therefore,  in  the  numerical 
application,  to  solve  the  equations  (22)  by  successive  trials,  which 
may  be  readily  effected. 

If  z'  represents  the  angle  at  the  planet  between  the  sun  and  the 
earth  at  the  time  of  the  second  observation,  and  z"  the  same  angle  at 
the  time  of  the  third  observation,  we  shall  have 


sin;' 
if'sinV 


SabstJtuting  these  values  of  r*  and  t"  in  equations  (10),  we  grf; 
a/=r'co8t', 


.'«..■,  (^ 


i,  Google 


OBBIT  FUOH   FOUR  OBSESVATIONS. 


by  me&mi  of  wbicli  we  may  find  ^  and  x"  aa  soon  as  x'  and  x"  shall 
have  been  determined ;  and  then  r*  and  r"  are  obtained  from  (24)  or 
(25).  The  last  equations  show  that  when  x"  is  negative,  z'  most  be 
greater  than  90",  and  hence  that  in  this  case  r'  is  less  than  R'. 

In  the  numerical  application  of  equations  (22),  for  a  first  approxi- 
mation to  the  values  of  a/  and  x",  since  Q"  and  §"  are  quantities  of 
the  second  order  with  respect  to  r  or  r'",  we  may  generally  put 

and  we  have 

*'=/'a!"+(V'  — a*, 
a/'=/V+fl,"-a", 

._^+f<-fo''  —  <^ 
--  1  -//"  • 

With  the  approximate  values  of  ir'  and  x"  derived  from  these  equa- 
tions, we  compute  first  r'  and  r"  from  the  equations  (26)  and  (24), 
and  then  new  values  of  x'  and  x"  fcom  (22),  the  operation  being 
repeated  until  the  true  values  are  obtained.  To  &4ulitate  these  ap- 
proximations, the  equations  (22)  give 


or,  by  eliminattoD, 


«"  = 


^  +  «' 


.  :^'  +  a"  .."  <27^ 

I^  an  approximate  value  of  £'  be  designated  by  x^%  and  let  the 
value  of  x"  derived  from  this  by  means  of  the  first  of  equations  (27) 
be  designated  by  x/'.  With  the  value  of  x^"  for  x"  we  derive  a 
new  value  of  x'  irom  the  second  of  these  equations,  which  we  denote 
by  *,'.  Then,  recomputing  x"  and  x',  we  obtain  a  third  approximate 
value  of  the  latter  quantity,  which  may  be  designated  by  x^';  and, 
if  wepnt 

as,'  — ar;  =  a„  a^'  — a^'=a,', 
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we  Bball  have,  nccording  to  tlie  eqaation  (67),,  the  necesa&iy  chaagei 
being  made  in  the  notation, 

3f  =  x'—-^i^  =  xJ—    ,°*"    ■  (28) 

■       a;-a,       ^       a,'- a. 

The  value  of  x'  thus  obtained  will  give,  by  means  of  the  first  of 
equations  (27),  a  new  value  of  x",  and  the  substitution  of  this  in  the 
laat  of  these  equations  will  show  whether  the  correct  result  has  been 
found.  If  a  repetition  of  the  calculation  be  found  necessary,  tlie 
three  values  of  g/  which  approximate  nearest  to  the  true  value  will, 
by  means  of  (28),  give  the  correct  result.  In  the  same  manner,  if 
we  assume  for  x"  the  value  derived  by  putting  Q'^^O  and  §"  =  0, 
and  compute  «',  three  successive  approximate  results  for  x"  will 
enable  as  to  interpolate  the  correct  value. 

When  the  elements  of  the  orbit  are  already  approximately  known, 
the  first  assumed  value  of  x'  should  be  derived  from 


a!'  =  V'r"— ii''sin'V 

instead  of  by  putting  Q'  and  Q"  equal  to  zero. 

97,  It  should  be  observed  that  when  ^'  =  ,1  or  i'"  =  X",  the  equa- 
tioDS  (22)  are  inapplicable,  but  that  the  original  equations  (7)  give, 
in  this  cose,  either  p"  or  p'  directly  in  terms  of  n  and  n"  or  of  n' 
and  n'"  and  the  data  furnished  by  observation.  If  we  divide  the 
first  of  equations  (22)  by  A',  we  have 


H^^m-^ 


The  equatjons  (21)  give 

£-^— . 

V  ~  1  +  p' 
and  fi«in  (11)  we  get 


B 


Then,  if  we  put 
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Jt8  value  may  be  fonnd  from  the  resalts  for  j-,  and  ?[  derived  bj 
means  of  Uiese  equations,  and  we  shall  have 


C30) 


When  i'  =  X,  we  have  A'  =  co,  and  this  formala  becomes 

0=(l +-^)(/'+ Ci')-^(1 +P'). 

the  value  of  p  being  given  hy  the  first  of  equationB  (29)  This 
equation  and  the  second  of  equations  (22)  are  sufficient  to  det^mioe 
x"  and  x"  in  the  special  case  under  consideration. 

The  second  of  equations  (22)  may  be  treated  in  predsety  the  same 
manner,  so  that  when  X'"  =  X",  it  becomes 

o=(i  +  ^)(^+q.")-^Ci  +  -P"). 

and  thia  must  be  solved  in  connection  with  the  first  of  these  equations 
in  order  to  find  x'  and  x". 

98.  As  soon  as  the  numerical  values  of  x'  and  x"  have  been 
derived,  those  of  r'  and  r"  may  be  found  by  means  of  the  eqnationa 
(26)  and  (24).    Then,  according  to  (41)(,  we  have 


_g8inC/  1-4')^ 


am  z 

^,^ii"sin(:^'+0^y. 


(81J 


The  heliocentric  places  are  then  found  from  p'  and  p"  by  means  of 
the  equations  (71)^  and  the  values  of  r'  and  r"  thus  obtained  should 
agree  with  those  already  derived,  rrom  these  places  we  compute 
the  position  of  the  plane  of  the  orbit,  and  thence  the  arguments  of 
the  latitude  for  the  times  t'  and  t". 

The  values  of  r',  r",  u',  «",  n,  n",  n',  and  n'"  enable  us  to  deter* 
mine  r,  r"',  «,  and  «'".     Thus,  we  have 

[//']  =  //' sin  («"-«0. 
and,  from  the  equations  (1)  and  (3)„ 
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M    =^' £'''"]. 

[<"'"■:  =~,[r'r'% 
''■'T=^  [''•"]■ 

r  sin  (u'  —  «)      =  —  r"  sin  («"  —  W), 
r  sin  («"  —  «)     =  -  /  sin  («"  —  t*')i 
r"'  sin  («"'-  «")  =  -i  r'  sin  («"  -  u'), 
t"'  sin  («'"  —  «')  ^  -TH  r"  sin  («"  —  «^. 


CSS) 


From  the  first  and  eeoood  of  these  equations,  by  addition  and  sab- 
tradion,  we  get 


(33) 
■•co«((i.' -«)+ J  («"-»'))  ='—;p- <»«1  (""- «■). 

from  which  we  may  find  r,  u'  —  u,  and  «  =  u'  —  («'  —  «). 

In  a  simihir  manner,  from  the  thiM  and  fourth  of  equations  (32), 
we  obtain 

/"  .in  ((«"'-  u")  +  j  («"  -»■))  =  '^  +„"'''  sin  J  (»"  -  «•), 

(»4) 


from  which  to  find  r'"  and  «'". 

When  the  approximate  values  of  r,  r',  r",  r'",  and  w,  u',  tt",  it'" 
liave  been  found,  by  means  of  the  preceding  equations,  from  the 
assumed  values  of  I",  P",  Q',  and  Q",  the  second  approximation  to 
the  elements  may  be  commenced.  But,  in  the  case  of  an  unknown 
orbit,  it  will  be  expedient  to  derive,  first,  approximate  values  of  f ' 
and  r",  using 

P  =^  P  =;^ 

and  then  recompute  P*  and  P"  by  means  of  the  equations  (14)  and 
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(18),  liefore  finding  u'  and  u".  The  terms  of  the  eecoiid  order  will 
thus  be  completely  taken  into  account  in  the  first  approximation.       - 

99.  If  the  times  of  obaervation  have  not  been  corrected  for  tbe 
time  of  abenatioD,  aa  in  the  case  of  an  orbit  wholly  unknown,  this 
correction  may  be  applied  before  the  second  approzimatioD  to  the 
elements  is  efiected,  or  at  least  before  the  final  approximation  is  com-: 
aeaced.  For  this  purpose,  the  distances  of  the  body  from  the  earth 
for  the  four  observations  must  be  determined;  and,  since  the  curtate 
distances  p'  and  p"  are  already  ^ven,  there  remun  only  p  and  p"'  to 
be  found.  If  we  eliminate  p'  Irom  the  first  two  of  equations  (3),  the 
result  is 

n"sina"-r) 
'      ^    «Bin(r  — -I)  ^**"-' 

n^ain(J'— 0)— jrBin(r— Q')+n".B"ain(r— 0") 
"^  nsin(i'  — i)  ' 

and,  by  eliminating  p"  from  the  last  two  of  these  equations,  we  also 
obtain 

"    -^«'" sin  (I'" -J")  ^^^^ 

n'RfAn  {X"  —  Q')—R'  sin  (J"—  0")  +  W"  S"  sin  (J"  —  0"*) 

n"'Bin(i"'  — i")  ' 

by  means  of  which  p  and  p'"  may  be  found.  The  combination  of 
the  first  and  second  of  equations  (3)  gives 

^  =  j'cosCi'-J)-^'cosCr-i)  (37) 

«JtcOS(.t  — 0^—^008  (^  —  00  + W".B"  COB  O  —  O'O 

"*"  n  * 

and  from  the  third  and  fourth  we  get 

(38) 

w'  .g  cos  (A"'—  00  — jg"  COS  (J'"—  O")  +  n'"-g"  co»  (->"  —  O  "') 
"*"  n'" 

Further,  instead  of  these,  any  of  the  various  formalie  which  have 
been  given  for  finding  the  ratio  of  two  curtate  distances,  may  be 
employed;  but,  if  the  latitudes  /9,  ^,  &C.  are  very  small,  the  values 
(^  p  and  p'"  which  depend  on  the  diEFerences  of  the  observed  longi- 
tudes of  the  body  must  be  preferred. 
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Tlie  values  of  /K^aod  />"'  may  also  be  derived  by  computiDg  the 
hcliooentric  places  of  the  body  for  the  times  (  and  t'"  by  means  of 
the  equations  (S2)„  and  then  finding  the  geocentric  places,  or  those 
which  belong  to  the  points  to  which  the  observations  have  been 
reduced,  by  means  of  (90)i,  writing  p  in  ,pla*«  of  Jooafi.  This 
process  affords  a  verification  of  the  numerical  calculation,  namely, 
the  values  of  i  and  X"'  thus  found  should  agree  with  those  furnished 
by  observation,  and  the  agreement  of  the  computed  latitndes  ^  and 
/}"'  with  those  observed,  in  case  the  latt«r  are  given,  will  show  how 
nearly  the  position  of  the  plane  of  the  orbit  as  derived  from  the 
second  and  third  observations  represents  the  extreme  latitudes.  If 
it  were  not  desirable  to  compute  it  and  X'"  in  order  to  check  the 
calculation,  even  when  ^  and  ^"'  are  given  by  observation,  we  might 
derive  p  and  p'"  from  the  equations 

P    =rain«Binicot^, 

p'"  =  r"'  Bin  «"'  sin  t  cot  (S"'.  ^^^' 

when  the  latitudes  are  not  very  small. 

In  the  final  approsimation  to  the  elements,  and  especially  when 
the  position  of  the  plane  of  the  orbit  cannot  be  obtained  with  the 
required  precision  from  the  second  and  thini  observations,  it  will  be 
advantageous,  provided  that  the  data  furnish  the  extreme  latitudes 
fi  and  /9"',  to  compute  p  and  p"'  as  soon  as  p'  and  />"  have  been 
found,  and  then  find  /,  I'",  b,  and  b'"  directly  from  these  by  means 
of  the  formula  (71)i-  1'he  values  of  £i  and  t  may  thus  be  obtained 
from  the  extreme  placed,  or,  the  heliocentric  places  for  the  timea  ^ 
and  ("\  being  also  computed  directly  from  //  and  />",  from  those 
which  are  best  suited  to  this  purpose.  But,  since  the  data  will  be 
more  than  sufficient  for  the  solution  of  the  problem,  when  the  extreme 
latitudes  are  used,  if  we  compute  the  heliocentric  latitudes  6'  and  6"^ 
from  the  equations 

tan  b'  =  tan  t  sin  (?  —  JJ). 
tan  b"  =  tan  »■  sin  (/"  —  ft ), 

they  will  not  agree  exactly  with  the  results  obtained  directly  from  p' 
and  p",  unless  the  four  observations  are  completely  satisfied  by  the 
elements  obtained.  The  values  of  r'  and  r",  however,  computed 
directly  from  p'  and  p"  by  means  of  (71)s,  must  agree  with  those 
derived  from  x'  and  a/'. 

The  corrections  to  be  applied  to  the  times  of  observation  on  account 
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of  aberration  may  now  be  found.     Thns,  if  ^  V>  V?  ^^^  W"  ^■^ 
the  nncorrected  times  of  observation,  the  oorreoted  values  will  be 


1    =!.- 

-C«^f. 

f=C- 

-cp'K^e, 

'■=C 

-Cp"iu^K 

r=c 

■-Cf"'^r, 

-wherein  log  (7=7.760523,  and  from  these  we  derive  the  correotwl 
values  of  r,  r',  r",  r'",  and  r,'. 

100.  To  find  the  valut-^  of  J",  P",  Q',  and  Q",  which  will  be 
exact  when  r,  r',  r",  r"',  and  tt,  «', «", «"'  are  accurately  known,  we 
have,  according  to  the  equations  (47)^  and  (61)^  since  ^  =  }Q, 


*         '«"  '  rr"  COB  J  C«"  —  «')  COS  j  («" U)  COB  J  C"'  —  ") 

In  a  similar  manner,  if  we  designate  by  «"'  the  ratio  of  the  sector 
formed  by  the  radii-vectorea  r"  and  r'"  to  the  triangle  formed  by 
the  same  radii-vectores  and  the  chord  joining  their  extremities,  wa 
find 


V  —i^»  Vf"'coB4  («"'  —  «")  cos  J  («"'  —  «')  co8i  («"  —  «')■ 

The  formulie  for  finding  the  valae  of  s'"  are  obtained  from  those  fi}r 
«  by  writing  j^",  f",  O'",  Ac  in  place  of  jf,  y,  G,  &c.,  and  using 
r",  r"',  u'"  —  «"  instead  of  r',  r",  and  u"  —  u',  respectively. 

By  means  of  the  results  obtained  from  the  first  approximation  to 
the  values  of  P*,  P",  Q',  and  Q",  we  may,  from  equations  (41)  and 
(42),  derive  new  and  more  nearly  accurate  values  of  these  quantities, 
and,  by  repeating  the  calculation,  the  approximations  to  the  exact 
values  may  be  carried  to  any  extent  which  may  be  desirable.  When 
three  approximate  values  of  P'  and  Q',  aud  of  P"  and  Q",  have 
been  derived,  the  next  approximation  will  be  fecilitated  by  the  use 
of  the  formulffi  (82)„  as  already  explained. 

When  the  values  of  J",  P",  §',  aud  Q"  have  been  derived  witb 
iufficient  accuracy,  we  proceed  from  these  to  fiod  the  elements  of  the 
orbit.  After  Si,  i,  r,  r',  r",  t"',  m,  «',  «",  and  w'"  have  been  found, 
the  remaining  elements  may  be  derived  from  any  two  radii-vectores 
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and  the  conespODding  arguments  of  the  latitude.  It  will  be  most 
accurate,  however,  to  derive  the  elementa  from  r,  r*", «,  and  «'". 
If  the  values  of  f ,  P",  Q',  and  Q"  have  been  obtained  with  great 
accuracy,  the  results  derived  from  stay  two  places  will  agree  with 
those  obtained  from  the  extreme  places. 
In  the  first  place,  from 

t^Z.  =  \— . 
einT",  COB  (?,  =  Bin  i  (""'  —  «)>  (*8) 

sin  r,  sin  O,  =  cos  ^  («'"  —  u)co6  2;^ 
COS  ;■,  =  cos  ^  (t*^"  —  «)  Bin  2/„ 
we  find  j-g  and  (?^    Then  we  have 

J,^'^^'.  (44) 


fiiom  which,  by  means  of  Tables  XIII.  and  XIV.,  to  find  ^  and  x^ 
We  have,  fiirther, 

/«.o^"Bin(ii'"-M)\'^ 

and  the  agreement  of  the  value  of  p  thus  found  with  the  separata 
results  for  the  same  quantity  obtained  from  the  combination  of  any 
two  of  the  four  places,  will  show  the  extent  to  which  the  approxima- 
tion to  P",  P",  Q',  and  Q"  has  been  carried.  The  elements  are  now 
to  be  computed  from  the  extreme  places  precisely  as  explained  in  the 
preceding  chapter,  using  r'"  in  the  place  of  r"  in  the  formulie  there 
given  and  introducing  the  necessary  modifications  in  the  notation, 
which  have  been  already  suggested  and  which  will  be  indicated  at 
once. 

101.  Example. — For  the  purpose  of  illustrating  the  application 
6f  the  formulfe  for  the  calculation  of  an  orbit  from  four  observations, 
let  118  take  the  following  normal  places  of  JEurynonie  ®  derived  by 
comparing  a  series  of  observations  with  an  ephemeris  computed  from 
approximate  elements. 


Qrerawioh  M.  T. 

. 

f. 

863  Sept.  20.0 

14° 

30"  35".6 

+    9" 

23'  4»".7, 

Deo.     9.0 

9 

64  17  .0 

2 

68  41  .8, 

864  Feb.     2.0 

28 

41  34.1 

9 

6    2.8, 

April  30.0 

74 

29  68.9 

+  19 

36  41  .6. 
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These  nonusls  give  the  geocentric  places  of  the  planet  referred  to  tlie 
mean  equinox  and  equator  of  1864.0,  and  free  from  aberration.  For 
the  mean  obliqait^  of  the  ecliptic  of  1864.0,  the  American  NavUofU 
Almanao  gives 

.  =  23<'27'24".49, 

and,  by  means  of  this,  converting  the  observed  right  ascensions  and 
declinations,  as  given  by  the  normal  places,  into  longitades  and  lati- 
tudes, we  get 


Greenwjcli  M.  T. 

X 

f 

ISeSSept.  20.0 

16» 

69-    9".42 

+  2° 

.56'  44".68, 

Deo.     9.0 

10 

14  17  .67 

—  1 

16  48  .82, 

1864  Feb.     2.0 

29 

63  21  .99 

2 

29  67  .38, 

AprU  30.0 

76 

23  46  .90 

-3 

4  44  .49. 

These  places  are  referred  to  the  ecliptic  and  mean  equinox  of  1864.0, 
and,  for  the  same  dates,  the  geocentrio  latitudes  of  the  sun  referred 
al»o  to  the  ecliptic  of  1864.0  are 

+  0".60,  +0".53,  +0".86,  +0".19. 

For  the  rednotioQ  of  the  geocentrio  latitudes  of  the  planet  to  tha 
point  in  which  a  perpendicuUr  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuta  that  plane,  the  equation  (6),  g^ves  the 
corrections  —  0".67,  —  0".38,  —  0".18,  and  ~  0".07  to  be  applied  tc 
these  latitudes  respectively,  the  logarithms  of  the  approximate  dis- 
tances of  the  planet  from  the  earth  being 

0.02618,  0.13356,  0.29033,  0.44990. 


(   =     0.0,  -I    =16°  59*    0".42,  fl    =  +  2°  56' 44".01, 

t  =   80.0,  -e  =10    14  17  .57,  fi"  =—.1    15  49  .20, 

r  =  135.0,  i"  =29    63  21  .99,  /J"  =  —  2   29  57  .66, 

e"  =  223.0,  i'"  =  75   23  46  .90,  j9"'  =  —  3     4  44  .66 ; 

and,  for  the  same  times,  the  true  places  of  the  sun  referred  to  the 
mean  equinox  of  1864.0  are 

0    =177'    0'58".6,  logR    =0.0015899. 

O'  =266   68  35.9,  logJT  =9.9932638, 

©"  =312   67  49  .8,  logiT  =9.9937748, 

©'"=   40   21  26.8,  log  fi"'  =  0.0035149. 
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From  the  eqnatitMU 

tan  vS  =  -:— 7-,i T-TT.  tan  +  =  — 

„  tan,S"  ^        „      ta 

Bin(r— 0")" 

W«  obtMD 


V  =113''15'20".10. 
+"=   76    66  17  .75, 


log(JrcoB4')  =9.5896777^ 
log(je'Bin4')  =9.9664624, 
log  {^' cos +")  =  9-3478848, 
log(^'8m+")  = 


The  quadrant  in  vhich  i|/  muet  be  taken,  ia  indicated  by  the  condi- 
tion that  coai^  and  coe(^' — O^  most  have  the  same  sign.  The 
same  condition  ezista  in  the  case  of  ■^",    Then,  the  formulte 

3=co8|9"BinCr  — i), 
3  =  co3jS'8iiiC'l"'— •I'). 

-o') 


-1  = 

0= 

COB  J? 

liny"'- 
B 

A. 

-A"), 

o' 

=  Sc 

»♦'+ 

a' 

=  fl"  ««!+"— 

fl'   =A'iJ"0O8+"  + 

c"  =  A"J?coB4'  — - 
fi  Bin  (A  —  e) 


■R"ain(r'— o") 
C 
if' Bin  ( J— Q") 


.1 

n(r'-O') 


jy"sin(r'— o'") 


give  the  following  results: — 

4=9 
logs  =  9 

=  0.2785685., 
log  a'  ^  0.8834880., 
log*/ =0.9012910^ 
l(^d'  =  0.4650841, 

We  are  now  prepared  to  make  the  first  hypothesis  ia  r^;ard  to  the 
values  of  I",  Q',  P",  and  Q".  If  the  elements  were  entirely  ud- 
known,  it  would  be  necessary,  in  the  first  instance,  to  assume  for  tb«w 
.tnantities  the  values  given  by  the  expressions 


logt7  = 
logD  =  9.9577271, 
log  A"  =  0.1048468, 
loga"  =  9.9752915., 
logo"  =  9.7267348^ 
logd"  = 
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then  approximate  values  of  r'  and  r"  are  readily  obtained  hj  laeana 
of  the  equations  (27),  (26),  and  (24)  or  (25).  The  first  assumed 
value  of  x'  to  be  used  in  the  second  memb^  of  tbe  first  of  equations 
(27),  is  obtained  from  tbe  expression  whicb  results  from  (22)  by 
putting  $'  =  0  and  Q"  =  0,  namely, 

y_';'+/'e."-/'^-«'. 

i-rr 

after  which  the  values  of  x'  and  x"  will  be  obtained  by  trial  from 
(27).  It  should  be  remarked,  further,  that  in  the  first  determination 
of  an  orbit  entirely  unknown,  the  intervals  of  time  between  the  ob- 
servations will  generally  be  small,  and  hence  the  value  of  a/  derived 
from  the  assumption  of  Q'  ^  0  and  Q"  ^  0  will  be  sufficieutly  ap- 
proximate to  fitcilitate  the  solution  of  equations  (27). 

Aa  soon  as  the  approximate  values  of  r'  and  r"  have  thus  been 
found,  those  of  i"  and  P"  must  be  recomputed  from  the  expressions 

With  the  results  thus  derived  for  i"  and  P",  and  with  the  values  of 
^  and  Q"  already  obtained,  the  first  approzimatjoa  to  the  elements 
must  be  completed. 

When  tbe  elements  are  already  approximately  known,  the  first 
assumed  values  of  I",  P",  Q',  and  ^'  should  he  computed  by  means 
of  these  elements.     Thus,  from 

^r'T^'sinCc''  — g")  „  ^  it*  sin  ft/— 1») 

rr"  sin  tn"  —  o) '  rr"  sin  (»"  —  ti) ' 

,_/V"Bin(i»"'— p")  „,_  r'/'ajpft/'  — t.*) 

"~??"ein(*"'-v')'  "    ~^/"8in(«"'-i/y 

we  find  n,  n',  n",  and  n'".    The  approximate  elements  of  Earynom^ 

givtf 

V   =322''55'    9".3,  logr    =0.308327, 

i/  =353    19  26  .3,  logr'  =0.294225, 

r"=   14   46    8.5,  log/' =0.296088, 

1^=   47    23  32.8,  log/"  =  0.317278. 


Ogle 
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and  hence  we  obtain 

logo  =9.653052, 
logo' =  9.825408, 


logn"  =  9.8 
log»"'=  9.633171. 


n 


e=('.+»"-i)>". 

e"  =  (rf+»"'-l)r», 


we  get 


log  i"  =9.846216, 
log  P"=  9.807763, 


log  C=  9.840771, 
loge"=9.8( 


The  values  of  these  t^uaotities  may  aleo  be  computed  by  meana  of  tha 
equations  (41)  and  (42). 


„      P"if'+  o" 
°-  -   l+P"' 

log<i'=0.541344j 
logii"  =  9.807665„ 


/"  =  ,- 


log/  =  0.047658,, 
log/"  =9.889385. 


If  Mai' 

?  ' 
_gBinV_ 
"    aina" 


cos/ 


_  ,R"  Bin  ^" 
aina" 


ftom  which  to  find  r*  and  r".     In  the  firet  place,  from 

a!'  =  l/r"-ii"8m'4', 
we  obtain  the  approximate  value 

log  ar'  =  0.242737. 
Then  the  first  of  the  preceding  eqoations  givfii 
loga^'  =  0.237687. 
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From  Uiis  we  get 

,"  =  29^  8'  11".7,  log."  =  0.296092 ; 

and  then  the  equation  for  x'  gives 

log  x'  =  0.242768. 
Hence  we  have 

»'  =  27"  20*  S9".6,  log  r'  =  0.294249 ; 

&nd,  repeatiDg  the  operatioD,  using  these  reeults  for  x'  aud  r*,  we  get 

log  «"  =  0.237678,  log  a!  =  0.242757. 

The  oorrect  value  of  \ogx'  may  now  be  foaud  by  meana  of  equation 
(28).     Thus,  iu  uuits  of  the  sixth  decimal  place,  we  have 

o,  =  242768— 242737  =  +  31,  o,'  =  242757  — 242768=— 11, 

and  for  the  correotion  to  be  applied  to  the  last  value  of  log  a/,  ia 
nnits  of  the  sixth  decimal  place, 


Therefore,  the  corrected  value  ia 

log  «'  =  0.242760, 
and  from  this  we  derive 

log  a;"  =  0.237681. 

These  results  satisfy  the  equations  for  x'  and  x",  and  give 

«'=27''21'    1".2,  log/ =  0.294242, 

<"  =  29     3  12  .9.  log/' =0.296087. 

To  find  the  cnrtate  distancea  for  the  first  and  second  observations, 
the  fortnnlffi  are 

'       J?'aip(^  +  4')-.^  .„_fl"Bin(/'  +  4")...„, 

.  ^ ^~ CMP,  *    = : — 57 COSP^, 

■^  sinjr  •  Bin/'  ' 

which  give 

log  /  =  0.133474,  log  /'  =  0.289918. 

Then,  by  means  of  the  equationit 
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r*  COB  6' COS  (f  —  ©')     =/>'coa(i'— O')  — -fi*. 
i>  C08  6'  ein  ij  —  ©')     =  />'  sin  (.1'  —  ©'), 
r*  ein  i'  =  p'  tan  j?, 

t"  cos  6"  cos  it'  —  O")  =  /."  008  (J"  —  O")  —  -R", 
r"  COB  6"  sin  (/"  —  O")  =  //'  sin  (i"  —  0")i 
r"  sin  6"  =  /t"  tan  ^', 

we  find  the  following  heliocentric  places : 

f  =  37'  86'  26".4,  log  tan  6'  =  8.182861,,  log/  =  0.2942J3, 

r  =  58   58  16.3,  log  tan  6"  =  8.634209^  log  r"  =  0.296087. 

The  agreement  of  these  values  of  log  r'  and  logr"  with  those  obtained 
directly  from  z'  and  s"  is  a  partial  proof  of  the  numerical  calcu'v 
tion. 

From  the  equations 

tan  t  sin  (^  (r  +  f )  —  £1 )  =  i  (tan  ft"  +  tan  6')  sec  4  (r  —  0. 
tan  *  co8(J  (r  +  f )  —  ft  )  =  Utan  J"  —  tan  V)  cosec}  (^  —  T), 


^..^^^Sf^, 

t^(f'-a) 

cosi       ■ 

we  obtain 

a  =  206°  42*  24".0, 

i  =     4°36'«".2, 

u-  =  190   65    6  .6 

«"  =  212   20  63  .5. 

Then,  from 

»"=i^('+.^). 

n   =n"i", 

»-rTF.('+^). 

»'"  =  n'i", 

wes:et 

log  »"  =  9.806832, 

logn    =9.653048, 

logn'  =  9.825408, 

logn'"  =  9.633171. 

Mid  the  equatioDB 

■-.in  ((«'-«) +  {(«"-«■)) 
■•co.((»' -«)  +  )(•"-«•))       =!^;^^  cos  !(»"-«'). 
I-"  .in  ((."'-«■■)  +  i  K  -  «0)  =  !:-i?^  .in  J  («-  -  «-), 

-«■), 


„*^iOOglc 
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logr    =0.308379,  u   =  160"  SO"  57".6, 

log  r"'  =  0.317273,  «"'  =  244   59  32.5. 

I7ext,  hj  means  of  the  formube 

tiui(^ — £J)    ^costtauu,  taab    =txaian{l — Q), 

tan(?"—  ft)  =  coettanu"',  tany"  =  tant8m(r"— ft), 

pof)8{X —  o)         =rcoB6oo8{/—  O)  4--fi. 

^  sin  (J  —  ©  )         =  r  COB  6  sin  (/  —  0)i 

p  tan  0  =  r  sin  6 ; 

/>"'  COB  (i'"  —  O'")  =  f^"  COB  b'"  008  (f" —  ©"')  +  R", 

p'"  sin  (/"  —  O'")  =  /"  cos  b'"  sin  (/"  —  ©'"). 
p'"  tan  ^"  ^  r"'  sin  fi"', 

we  obtain 

/  =   7"  16'  51".8,  r  =   91"  37'  40".0, 

b  =  +    1  32  14  .4,  6'"  =  —  4  10  47  .4, 

.i  =   16  59  9  .0,  i'"  =      75  23  46  .9, 

fi=+    2  56  40  .1,  ?"  =  —   3  4  43  .4, 

log  p  =  0.025707,  log  p'"  =  0.449258. 

The  value  of  X'"  thus  obtained  agrees  exactly  with  that  given  by 
observation,  but  X  differs  0".4  from  the  observed  value.  This  differ* 
ence  does  not  exceed  what  maj  be  attributed  to  the  unavoidable 
errors  of  calculation  with  logarithms  of  six  decimal  places.  The 
differences  between  the  computed  and  the  observed  values  of  j8  and 
^"  show  that  the  position  of  the  plane  of  the  orbit,  as  determined 
by  means  of  the  second  and  third  places,  will  not  completely  satisfy 
the  extreme  places. 

The  four  curtate  distances  which  are  thus  obtained  enable  as,  in 
tJie  case  of  an  orbit  entirely  unlcoown,  lo  complete  the  correction  for 
aberration  according  to  the  equations  (40). 

The  calculation  of  the  quantities  which  are  independent  of  P*, 
P",  §',  and  Q",  and  which  are  therefore  the  same  in  the  sucoesaive 
hypotheses,  should  be  performed  as  accurately  as  possible.  The 
value  of  -^  required  in  finding  x"  from  x',  may  be  computed 
directly  from 

the  values  of  n  an<l  tt  being  foaad  by  means  of  the  equations  (29); 
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and  a  Bimikr  method  may  be  adopted  ia  the  case  of  >p  Furtlier, 
in  the  computatioD  of  scf  and  x",  it  may  in  some  cases  be  advisable 
to  employ  ODe  or  both  of  the  equations  (22)  for  the  final  trial.  Thus, 
in  the  preaent  case,  x"  is  found  from  the  first  of  equations  (27)  by 
means  of  the  difference  of  two  larger  numbers,  and  an  error  in  the 
last  decimal  place  of  the  logarithm  of  either  of  these  numbers  affecta 
in  a  greater  d%ree  the  result  obtained,     fiut  as  soon  as  r"  is  known 

O" 
80  nearly  tliat  the  logarithm  of  the  factor  \-\--jj^  remains  unchanged, 

the  second  of  equations  (22)  ^vea  the  value  of  x"  by  means  of  the 
sum  of  two  smaller  numbers.  In  general,  when  two  or  more  for- 
mulee  for  finding  the  same  quantity  are  given,  of  those  which  are 
otherwise  equally  accurate  and  coavenient  for  logarithmic  calculation, 
that  in  which  the  number  sought  is  obtained  from  the  sum  of  smaller 
numbers  should  be  preferred  instead  of  that  in  which  it  is  obtained 
by  taking  the  difference  of  lai^r  numbers. 

The  values  of  r,  r',  r",  t"',  and  u,  u',  u",  u'",  which  result  from 
the  first  hypothesis,  suffice  to  correct  the  assumed  values  of  I",  P", 
Q',  and  Q",    Thus,  from 

r  =  i(t"— C).  T"  =  JCf— 0,  T"'  =  k(f'—r), 

tmz  =  \yy  tany^-^-,  tan/"  =  -^-^, 

sin ;-  cos  G  =  sin  4  C«" —  u*),  sin  /'  cos  €f"  =  sin  ^  (u' —  «), 

sin  r  sin  G  =  cos  J  (u" —  u')  cos  2/,    sin  /'  sin  G"  =  cos  J  (u' —  «)  cos  ^, 

coBj-  ^coB^u" — «')8iu2)f,     cos;-"  =cos^(«' — u)Bia2/", 

sin  j"'  cos  ff"  ^  sin  ^  («'"  —  «"), 

Bin  /"  sin  G'"  =  cos  ^  («'"  —  u")  cos  2j^" 

cos  /"  :=  cos  i  («'"  —  «")  sin  2x'''  '$ 

T"cos'y                     „       T"'coH'y" 
m  =  -ii — T-,  m'= ~~, 

r'cOS^r  j-iis';- 

._Bin^ir  ^,^ain'jr" 

■^         cos  r  '  COB ;-"  ' 


in  connection  with  Tables  XIII.  and  XIY.  we  find  »,  s",  and  «'", 
The  results  ore 
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log  r  =  9.9759441, 
r  =  45°    8'39".l, 
r=-10   42  65.9, 
log  r»=  8.186217, 
logj  =7.948097, 
log.  =0.0085248, 

Then,  hj  means  of  the  fonanle 
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log  »"=  0.1386714, 
l"=44°32'    1".4, 
r"=  15    13  45  .0, 
login"=  8.616727, 
logj"=  8.260013, 
log  ."=0.0174621, 
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logT"'=  0.1800(141, 
jt"'=45°41'65".2. 
r"'=16  22  48.6, 
log  m"'=  8.590596, 
log/"=  8.325366, 
logy"=  0.020406St. 


*  ~  '  »"   rr"  oo. i («"-«■)  008  i(«"-«)co«i («'—«)' 


we  obtain 


«"'Vr"' 


«  ^  («'"  _  «")  cos  i  («'"  -  «-)  COB  4  («"  -  u-y 


log  P'  =  9.8462100,  log  C  =  9.8407536, 

log  P"  =  9.8077615,  log  §"  =  9.8824728. 

with  which  the  Dozt  approximation  may  be  completed. 

We  now  recompute  c^',  Ct", /',/",  a?',  x",  &c.  precisely  aa  already 
illastrated ;  and  the  results  are 


logV  =  0.6413485^ 

logC=9.8076649„ 

log/  =  0.0476614^ 

log/'  =9.8893861, 

log«'  =  0.2427528, 

logj?'  =0.2376762, 

f*  =  27°  21'  2".71, 

•"  =  29'3'14".09, 

log  r"  =0.2942369, 

logr"  =0.2960826, 

log/  =  0.1334635, 

iogp"  =0.2899124, 

logo  =9.6630445, 

log  n"  =9.8068346, 

log»'  =  9.8254092, 

log  »'"  =  9.6331707. 

Then  we  obtain 

i' =  37°  35' 27".88,        log  tan  V» 

=  8.1828572„       log  i'  =  0.2942369. 

i»=68  68  16.48,       log  tan  4"  = 

=  8.6342073„       log^'=  0.2960827. 

These  Hsulta  for  logr'  and  logr"  agree  with  those  obtained  directly 
from  z'  and  z",  tbos  checking  the  calculation  of  ^'  and  ^'  and  of 
the  heliocentric  places. 
Next,  we  derive 


a  =  206°  42"  25".89, 
«'  =  190   66    6  .27, 


=     4°  86'  47".20, 
:■  212    20  52  .96, 


.,ooglc 
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and  from  it" —  u',  r',  r",  n,  n",  n',  and  n'",  we  obtain 

l<^r   =0.3083734,  u    =  160"  30' 55".45, 

logr"'=  0.3172674,  «"'  =  244    69  31.98. 

For  the  purpose  of  proving  the  accaracy  of  the  namerical  result*, 
we  compute  also,  as  in  the  first  approximation, 

/=        V 16'  5l".54,  l"'=      91"  37'  41".20, 

4  =  +    1    32  14  .07,  6"'=—   4    10  47  .36, 

X=      16   69    9  .38,  X'"=      75   23  46  .99, 

^=+    2   66  39  .64,  ?"=—   3     4  43  .33, 

log  (>  =  0.0256960,  log  />'"  =  0.4492539. 

The  values  of  X  and  X"'  thus  found  difier,  respectively,  only  0".04 
and  0".09  from  those  given  by  the  normal  places,  and  hence  the 
aocuraty  of  the  entire  calcnlation,  both  of  the  quantities  which  are 
independent  of  P',  P",  Q',  and  §",  and  of  those  which  depend  on 
the  successive  hypotheses,  is  completely  proved.  This  condition, 
however,  must  always  be  satisfied  whatever  may  be  the  assumed 
values  of  P',  P",  §',  and  §". 
From  r,  r',  u,  u',  &e.,  we  derive 

Iog»  =  0.0085254,        log*"  =  0.0174637,        log*"' =0.0204076, 

and  hence  the  corrected  values  of  P",  P",  Q',  and  Q"  become 

logP'  =  9.8462110,  log  C  =  9.8407524, 

log  P"  =  9.8077622,  log  Qf'  =  9.8824726. 

These  values  differ  so  little  from  those  for  the  second  approximation, 
the  intervals  of  time  between  the  observations  being  very  lai^e,  that 
a  further  repetition  of  the  calculation  is  unnecessary,  since  the  results 
which  would  thus  be  obtained  can  differ  but  slightly  from  those 
which  have  been  derived.  We  shall,  therefore,  complete  the  deter- 
mination of  the  elements  of  the  orbit,  using  the  extreme  places. 
Thus,  from 


=  A(C"^  0.  tan^,=  -yf  — , 


liiir.co. 

0. 

=  !mj 

(«■" 

-«) 

0. 

=  00.  J 

(«"• 

-«) 

oos2;„ 

00!  r, 

=  co.J 

(«'" 

-») 

™27.. 

fr+' 

^y^5?K' 

J. 

cosr. 

m. 

-S- 

'l+j.+  e; 
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we  get 

logr,  =  0.5838863.  logtan  G,=  8.0521963^ 

r,=  42°  14'  30".17,  log m,=  9.7179026, 

log  V  =  0.2917731,  log  X,  =  8.9608397. 

The  formula 

/vr"'ein(u"'-tt)V' 

gives 

log;)  =  0.3712401; 

and  if  we  compote  the  same  quantity  hj  means  of 

^  /  <r'/'ain(«"— w*)  \'^  /  g-VBrnCV— u)  V'^  /  a"VV"aiD  fu"'— n")  y 

the  separate  results  are,  respectively,  0.3712397,  0.3712418,  and 
0.3712414.  The  differences  between  these  results  are  very  small,  and 
arise  both  from  the  unavoidable  errors  of  calculation  and  from  the 
deviation  of  the  adopted  values  of  P*,  F",  Q',  and  Q"  from  the 
limit  of  accuracy  attainable  with  logarithms  of  seven  decimal  places. 
A  variatiou  of  only  0".2  in  the  values  of  u' — «  and  u'"  —  tt"  wil' 
produce  an  entire  accordance  of  the  particular  results. 
From  the  equations 


nj(£"'-£)  =  t/a^. 


ni(u"'-u) 


VW; 


p 

acoBf 
we  obtain 

i  {£'"  —  £)  =  17"  35'  42".12,  log  (a  coa  j>)  = 

log  000  7  =  9.9915516. 
The  formulffi 

eBin(«  — iC«™+«))  = 

«  COB  («~  J  («'"+«))  = ^^-==- sec  i  («'"-«). 

cos  ra  Vrt'" 
give 

m  =  197"  38'  8".48,  log  e  =  log  sin  ^  =  9.2907881, 

7  =  11"  16'  52".22,  >r  =  «  +  Q=44°20'  34".37. 

This  result  for  <p  gives  log  cos^  =  9.9916521,  which  differs  only  3 
in  the  last  decimal  place  from  the  value  found  from  p  and  a  coe  <p. 
Then,  from 
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=  _£_ 
C08'  !»' 


the  Tftlne  of  it  being  expressed  in  secoDds  of  arc,  or  log  i  =  3. 5fi0O066, 
we  get 

log  o  =  0.3881359,  log  /» =  2.9678027. 

For  the  eccentric  anomalies  we  have 

taxt^E  =tani(u  —a.)  1^(45"  — Jf-), 
tanj^'  =tanj{u'  —  »)  tan  (45"  —  ^y), 
tan  Ie"  =  tan  i  (m"  —  »)  tan  (45°  —  y), 
tan  J£"'  =  tan  i  («"'—  J)  tan  (45°  —  ^j-) 

from  which  the  resnlte  are 

£=329°11'46".01,  £"=12°    5'33".63, 

£'  =  354   29  11  .84,  £'"=39   34  34  .65. 

The  value  of  J  (E'"  —  E)  thus  derived  differs  only  0".03  from  that 
obtained  directly  from  x^ 

For  the  mean  anomalies,  we  have 

M  =E-~etiaE,  M"  =E"  —  e«iaE", 

if  =  E'  —  e%\a  E',  W"  =  E'"  —  e  sin  E"\ 

which  give 

M  =  834°  55'  39".32,  M"-  =   9°  44'  52".82, 

if' =  355   33  42  .97,  3r"  =  32    26  44  .74. 

Finally,  if  M^  denotes  the  mean  auomaly  for  the  epodi  T=  1864 
Jan.  1.0  mean  time  at  Greenwich,  from 

=  if "- /i  (c  -  D  = -If '"-/•(*"'- r), 

we  obtain  the  four  valnes 

3*i  =  l°29'39".40 
39  .49 
39  .40 
89.40, 

the  agreement  of  which  completely  proves  the  entire  calculation  of 
the  elements  from  the  data.  Collecting  together  the  several  resultB, 
we  have  the  following  elements: 
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Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=     1°  29'  S9".42 

"=     4   36  47   20i      ^"'-"'l'^"- 

<f=   11    15  52.22 
log  a  =  0.3881359 
l(^;.  =  2.9678027 

/.  =  928".54447. 

102.  The  elements  thaR  derived  completely  represent  the  four  ol>- 
served  longitudes  and  the  latitudes  for  the  second  and  third  places, 
which  are  the  actual  data  of  the  problem ;  but  for  the  extreme  lati- 
tudes the  residuals  are,  computation  minus  observation, 

4^  =  —  4".47,  0"  =  +  1".23. 

These  remaining  errors  arise  chiefly  from  the  circumstanoe  that  the 
position  of  the  plane  of  the  orbit  cannot  be  determined  from  the 
second  and  third  places  with  the  same  degree  of  precision  as  from 
the  extreme  places.  It  would  be  advisable,  therefore,  in  the  final 
approximation,  as  soon  as  p',  p",  n,  n",  n',  and  n'"  are  obtained,  to 
compute  from  these  and  the  data  furnished  directly  by  observation 
the  curtate  distances  for  the  extreme  places.  The  corresponding 
heliocentric  places  may  then  be  found,  and  hence  the  position  of  the 
plane  of  the  orbit  as  determined  by  the  first  and  fourth  observations. 
Thus,  by  means  of  the  equations  (37)  and  (38),  we  obtain 

log/.  =  0.0256953,  logp'"  =  0.4492542. 

With  these  values  of  p  and  p'",  the  following  heliocentric  places  are 
obtained : 


/   =   7°  16' 61".64,        logtanS    =^8.4289064,        logr   =0.3( 

f"  =  91    37  40  .96,        log  tan  &'"  =  8.8638649.,      log/"  =0.3172678. 


tan  t  sin  (^  (f"  +  /)  —  Q  )  =  J  (tan  b'"  +  tan  6)  sec  ^  (?"  —  0, 
tan i  cos(i  (/"'  -|-  /)  —  SI)  =  ^  (tan b'"  —  tan  6)  cosec ^  (f"  —  I), 

we  get 

Jl  =  206°  42'  45".23,  i  =  4°  36'  49".76. 

For  the  arguments  of  the  latitude  the  results  are 

«=160<'30'  35".99.  «"'=244°  59' 12".53. 
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The  equations 

tan  ft'  =t«itBiii(f —  JJ), 
tan  ft"  =  tan  t  Bin  (r  —  ft), 
give 

1(^  tan  6'  =  8.1827129^  log  tan  ft"  =  8.6342104_ 

and  the  comparison  of  these  reaulta  with  those  derived  directly  from 
p'  and  p"  exhibits  a  difference  of  +  1".04  in  h',  and  of  —  0".06  in 
6".  Hence,  the  poeition  of  the  plane  of  the  orbit  as  determined  from 
tlie  extreme  places  very  nearly  satisfies  the  intermediate  latitudes. 

If  we  compnte  the  remaining  elements  by  means  of  these  Tsloee 
fif  r,  r'",  and  u,  u'",  the  separate  resnlts  are : 

log  tan  0,  =  8.0522282^  log  in„  =  9.7179026, 

log  »*  =  0.2917731,  log  x^  =  8.9608397, 

logp  =  0.3712405,  \  {E"  —  E)  =  17°  35'  42^.12, 

Iog(o  cos  y)  =  0.3796884,  log  cos  ?-  =  9.9915521, 

<«  =  197°  37'  47".72,  log  e  =  9.2907906, 

f=   11    15  52.46,  Iogcosp  =  &.9915520, 


loga^  0.3881365,  log/»  =  2.9 

E  =  329=  ]  1'  47".24,  E'"  =  39°  34'  35".70, 

.tf=334   55  40  .46,  Jtf'"  =  32    26  45  .49, 

if,=     I    29  40  .36,  a/,  =   1    29  40  .37. 

Hence,  the  elements  are  as  follows : 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=  V  29'  40".36 
IT  =  44  20  32.95 
ft  =  206  42  46  .23 
t=  4  36  49  .76 
y  =    11    15  52  .46 


Ecliptic  and  Mean 
Equinox  1864.0. 


;.  =  928".5427. 

It  appears,  therefore,  that  the  principal  effect  of  n^lecting  tbe 
extreme  latitudes  in  the  determination  of  an  orbit  from  four  ol^ei 
vations  is  on  the  inclination  of  the  orbit  and  on  the  longitude  of  tLt. 
ascending  node,  the  other  elemeiita  being  very  slightly  changed.  The 
elements  thus  derived  represent  the  extreme  places  exactly,  and  if 
we  compute  the  second  and  third  places  directly  from  these  elements, 
n~e  obtain 

if' =  355°33'43".88,  M"=   9°  44' 53".73, 

E'  =  354   29  12  .93.  E"  =12     5  34  .81, 

jf    =  353    16  59  .07,  t>"   =14   42  46  .96. 
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log/  =  0.2942366,  log  r"  =  0.2J 

u'=      190"  54'  46".79,  u"=      212-  20'  33".68, 

l'==        87   35  27  .75,  1'=        68   58  16  .50, 

4'=—     0   52  21  .25,  b"  =  —     2    27  59  .06, 

i'=        10    14  17  .35,  r=        29    53  21  .99, 

f  =  —     1    16  47  .$7,  ?'  =  —     2   29  57  .62, 

logp'  =  0.1334634,  log/>"=  0.2899122. 

ITeneo,  th«  residuals  for  the  secnnd  and  third  places  of  the  planet 

are — 

.  Comp.  —  Obfl. 
aX'  =  —  0".22,  i/?  =  +  1".53, 

Ai"=      0  .00,  4fS"=  — 0  .06; 

nnd  the  elements  very  nearly  represent  the  fonr  normal  places.  Since 
the  interval  between  the  extreme  places  ie  223  daya,  these  elements 
must  represent,  within  the  limits  of  the  errors  of  observation,  the 
entire  series  of  observations  on  which  the  normals  are  based.  It 
may  be  observed,  also,  that  the  successive  approzimations,  in  the 
case  of  intervals  which  are  very  lar^,  do  not  converge  with  the 
same  degree  of  rapidity  as  when  the  intervals  are  email,  and  that  in 
such  cases  the  numerical  calculation  is  very  much  abbreviated  by  the 
determination,  in  the  first  instance,  of  the  assumed  values  of  P',  P", 
Q",  and  Q"  by  means  of  approximate  elements  already  known.  For 
the  first  determination  of  an  unknown  orbit,  the  intervals  will  gene- 
rally be  so  small  that  the  first  assumed  values  of  these  quantiUes,  as 
determined  by  the  equations 

F'  = 
P"=  _ 

will  not  differ  much  from  the  correct  values,  and  two  or  three 
hypotheses,  or  even  less,  will  be  sufficient.  But  when  the  intervals 
are  lai^,  and  especially  if  the  eccentricity  is  also  considerable,  several 
hypotheses  may  be  required,  the  last  of  which  will  be  iacilitated  by 
using  the  equations  (82),. 

The  application  of  the  formuls  for  the  determination  of  an  orbit 
from  fonr  observations,  is  not  confined  to  orbits  whose  inclination  to 
the  ocliptic  is  very  small,  corresponding  to  the  cases  in  which  the 
method  of  finding  the  elements  by  means  of  three  observations  &ils, 
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or  at  least  becomes  very  uncertain.  On  the  contraiy,  these  formula 
apply  equally  well  in  the  case  of  orbits  of  any  inclination  whatever, 
and  since  the  labor  of  computing  an  orbit  from  four  obaervations 
does  not  much  exceed  that  required  when  only  three  observed  placea 
are  used,  while  the  results  must  evidently  be  more  approximate,  it 
will  be  expedient,  in  very  many  cases,  to  use  the  formuls  given  in 
this  chapter  both  for  the  first  approximation  to  an  unknown  orbit 
md  for  the  eubeequent  determinatiou  from  more  complete  daU. 
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CHAPTER  VI. 


103.  In  the  case  of  the  discovery  of  a  planet,  it  is  oitea  ooDve- 
nieat,  before  Bufficient  data  have  been  obtained  for  the  determioatioD 
of  elliptic  elemeots,  to  compute  a  system  of  circular  elements,  an 
ephemerie  computed  from  these  being  sufficient  to  follow  the  planet 
for  a  brief  period,  and  to  identify  the  comparison  stars  used  in  dif- 
iferential  observations.  For  this  purpose,  only  two  observed  places 
are  required,  there  beiog  bat  four  elements  to  be  determined,  namely, 
£i,  i,  a,  and,  for  any  instant,  the  longitude  in  the  orbit.  As  soon  as 
a  has  been  found,  the  geocentric  distances  of  the  planet  for  the 
instants  of  observation  may  be  obtained  by  means  of  the  formulee 


d"  =  ^' cos +"  +  l/o' —  £"' sin' 4", 

the  values  of  4'  ^^^  4'"  being  computed  from  the  equations  (42),  and 

(43)j.     For  convenient  logarithmic  calculation,  we  may  first  find  s 

and  z"  from 

A  sin  4                 •     ,,      B"Bin+"  ,«, 

Bma  = ,  8uis"  = ^  (2) 

since  the  fbrmulie  will  generally  be  required  for  cases  such  that  thewi 
angles  may  be  obtained  with  safiBcient  accuracy  by  means  of  their 
einea.     Then  we  have 

,  =  ?-»!ii+«cosA  ,-  =  -«"".'^'  +  *"'co.r.      (3) 

^  aina  '^'  '^  Bin^'  '       ^  -^ 

firom  which  to  find  p  and  p".     These  having  been  found,  we  have 

psm(i  —  Q) 


n(i-0)  = 


>C08(A  — O)— i? 

_  ^  tani^ 


« 


flin  6  = , 

for  the  determination  of  I  and  b,  and  similarly  for  I"  and  b".     The 

L-.,.„i,.,-^  „*^lUOJ^IL' 
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iDclinatioQ  of  tbe  orbit  and  the  loDgitude  of  the  ascending  node  are 
then  found  by  means  of  the  formulffi  (76)s,  and  the  at^menta  of  the 
latitude  by  means  of  (77)j.  Sinoe  u" — u  is  the  distance  on  the  celes- 
tial sphere  between  two  points  of  which  the  heliocentric  spherical 
co-<>rdiD&t«s  are  I,  b,  and  I",  b",  we  have,  alao,  the  equations 

Bin  («"  —  It)  sin  fi  =  cos  6"  sin  (/'  ~  0, 

Bin  («"  —  u)  COB  £  =  cos  &  sin  &" — sin  fr  cos  6"  cos  t^  —  I), 

i^osCti^  — m)  =Bin6sini"+  cos  &  cos  6^' cos  (f — I), 

for  the  determioation  of  u" — u,  the  angle  opposite  the  side  90°  —  b" 
of  the  spherical  triangle  being  denoted  by  £.  The  solution  of  these 
equations  is  facilitated  by  the  introduction  of  auxiliary  angles,  as 
already  illustrated  for  similar  cases. 

In  a  circular  orbit,  the  eccentricity  being  equal  to  zero,  u" — » 
expresses  the  mean  motion  of  the  planet  during  the  interval  C — t, 
and  we  must  also  have 

l"-l  =  ^K-"),  (6) 

the  value  of  k  being  expressed  in  seconds  of  arc,  or  log  h  ^  3.6500066. 
These  formulse  will  be  applied  only  when  the  interval  t" — t  ia 
Bmall,  and  for  the  case  of  the  asteroid  planets  we  may  first  assume 


which  is  about  the  avera^  mean  distance  of  the  group.  With  this 
we  compute  p  and  p"  by  means  of  the  equations  (2)  and  (3),  and  the 
corresponding  heliocentric  places  by  means  of  (4).  If  the  inclination 
is  small,  u" —  u  will  differ  very  little  from  I" —  I.  Therefore,  in  the 
first  approximation,  when  the  heliocentric  longitudes  have  been  found, 
the  corresponding  value  of  t"~  t  may  be  obtained  from  equation  (5), 
writing  I"  —  I  in  place  of  u"  —  u.  If  this  comes  out  less  than  the 
actual  interval  between  the  times  of  observation,  we  infer  that  the 
assumed  value  of  a  is  too  small;  but  if  it  comes  out  greater,  tbe 
assumed  value  of  a  is  too  large.  The  value  to  be  used  in  a  repetitiua 
of  the  calculation  may  be  computed  from  the  expression 

log  a  =  i  (log  if  -  0  +  log  i  -  log  («"  -  «)), 

the  difference  w" — u  being  expressed  in  seconds  of  arc  With  this 
we  recompute  /*,  p",  I,  and  l",  and  6nd  also  6,  b",  £i,  i,  u,  and  ti". 
Then,  if  the  value  of  a  computed  from  the  last  result  for  w" — u 
differs  Irom  the  last  assumed  value,  a  further  repetition  of  the  calcu- 

L-.,.„i,.,-^  „*^ii.)(.n'K- 
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lation  becomes  oeceseaiy.  Bat  when  three  successive  approxioiate 
values  of  a  have  been  found,  the  correct  value  ma^  be  readily  intei^ 
pointed  according  to  the  process  already  illustrated  for  similar  cases. 

As  soon  as  the  value  of  a  has  been  obtained  which  completely 
Batisfiee  equation  (5),  this  result  and  the  corresponding  values  of  Si, 
i,  and  the  argument  of  the  latitude  for  a  fixed  epoch,  complete  the 
system  of  circular  elements  which  will  exactly  satisfy  the  two  observed 
places.  If  we  denote  by  u^  the  ailment  of  the  latitude  for  the'e|)Ocb 
T,  we  shall  have,  for  any  instant  t, 

u  being  the  mean  or  actual  daily  motion  computed  irom 

k 
"^^-^ 

The  value  of  «  thus  found,  and  r  =  a,  substituted  in  the  formalie  fw 
computing  the  places  of  a  heavenly  body,  will  furnish  the  approxi- 
mate ephemeris  required. 

The  corrections  for  parallax  and  aberration  are  n^lected  in  the 
first  determination  of  circular  elements ;  but  as  soon  as  these  approxi- 
mate elements  have  been  derived,  the  geocentric  distances  may  be 
computed  to  a  degree  of  accuracy  sufficient  for  applying  these  cor- 
rections directly  to  the  observed  places,  preparatory  to  the  determi- 
nation of  elliptic  elements.  The  assumption  of  r'^=a  will  also  be 
cu£Gcient  to  take  into  account  the  term  of  the  second  order  in  the  first 
aBsumed  value  of  P,  according  to  the  first  of  equations  (98),. 

104.  "Wlien  approximate  elements  of  the  orbit  of  a  heavenly  body 
have  been  determined,  and  it  is  desired  to  correct  them  so  as  to  satisfy 
as  nearly  as  possible  a  series  of  observations  including  a  much  longer 
interval  of  time  than  in  the  case  of  the  observations  used  in  finding 
these  approximate  elements,  a  variety  of  methods  may  be  applied. 
For  a  very  long  series  of  observations,  the  approximate  elements 
being  such  that  the  squares  of  the  corrections  which  must  be  applied 
to  them  may  be  neglected,  the  most  complete  method  is  to  form  the 
equations  for  the  variations  of  any  two  spherical  co-ordinates  which 
fix  the  place  of  the  body  in  terms  of  the  variations  of  the  six  ele- 
ments of  the  orbit;  and  the  differences  between  the  computed  places 
for  diSereot  dates  and  the  corresponding  observed  places  thus  furnish 
equations  of  condition,  the  solution  of  which  gives  the  corrections  to 
be  applied  to  the  elements.     But  when  the  observations  do  not  in- 
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elude  a  very  long  interval  of  time,  instead  of  forming  the  equations 
for  the  variations  of  the  geocentric  places  in  terms  of  the  variations 
of  the  elements  of  the  orbit,  it  will  be  more  convenient  to  form  the 
equations  for  these  variations  in  terms  of  quantities,  less  in  number, 
from  which  the  elemeute  themselves  are  readily  obtained.  If  no  as- 
sumption is  made  iu  regard  to  the  form  of  the  orbit,  the  quantities 
which  present  the  least  difficulties  in  the  numerical  calculation  are 
the  geocentric  distances  of  the  body  for  the  dates  of  the  extreme 
observations,  or  at  least  for  the  dates  of  those  which  are  best  adapted 
to  the  determination  of  the  elements.  As  soon  as  these  distances  are 
accurately  known,  the  two  corresponding  complete  observations  are 
sufficient  to  determine  all  the  elements  of  the  orbit. 

The  approximate  elements  enable  us  to  assume,  for  the  dates  t  and 
^',  the  values  of  J  aud  J";  and  the  elements  computed  from  these 
by  means  of  the  data  furnished  by  observation,  will  exactly  represent 
the  two  observed  places  employed.  Further,  the  elements  may  be 
supposed  to  be  already  known  to  such  a  degree  of  approximation  that 
the  squares  and  products  of  the  corrections  to  be  applied  to  the 
assumed  values  of  J  and  J"  may  be  neglected,  so  that  we  shall  have, 
for  any  date, 


C08*4o  =  C08  3  j-j-  4^  + 


^3=  ^AJ  + 


dS      ,   ,  dS 


(6) 


dd  "    "^  dd"  "     ■ 

If,  therefore,  we  compare  the  elementa  computed  from  A  and  J"  with 
any  number  of  additional  or  iutermediate  observed  places,  each  ob- 
served spherical  co-ordinate  will  furnish  an  equation  of  condition  for 
the  correction  of  tlie  assumed  distances.  But  in  order  that  the  equa- 
tions (6)  may  be  applied,  the  numerical  values  of  the  partial  difileren- 
ttal  coefficients  of  a  and  d  with  respect  to  J  and  d"  must  be  found. 
Ordinarily,  the  best  method  of  effecting  the  determination  of  these  is 
to  compute  three  systems  of  elements,  the  first  from  J  and  J",  the 
second  from  d  -\-  D  and  A",  and  the  third  from  J  and  J"-\-  D",  J> 
and  D"  being  small  increments  assigned  to  J  and  A"  respectively. 
If  now,  for  any  date  t',  we  compute  a'  and  d'  from  each  system  of 
elements  thus  obtained,  we  may  find  the  values  of  the  difiereutiol 
coefficients  sought.  Thus,  let  the  spherical  co-ordinates  for  the  time 
('  computed  from  the  first  system  be  denoted  by  a'  and  8';  those 
computed  from  the  second  system  of  elements,  by  a'  +  aaecS'  and 
d'  -\-  d_;  and  those  from  the  third  system,  by  a'4-  a"  sec  3'  and  8'-\-  d". 
Then  we  shall  have 
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i  tlic  eqnatio 


ij    if' 

)gi" 

c<.«'4.'  =  5 

4JH- 

y"". 

'''=» 

4J  + 

^^""- 

(7) 


(8) 


In  the  same  maaner,  computing  the  places  for  various  dates,  for 
'whicli  observed  places  are  given,  by  means  of  each  of  the  three  systems 
<if  elements,  the  equations  for  the  correction  of  J  and  J",  as  deter- 
mined by  each  of  the  additional  ol»ervations  employed,  may  be 
formed. 

105.  For  the  purpose  of  illustrating  the  application  of  this  method, 
let  ua  suppose  that  three  observed  places  are  given,  referred  to  the 
ecliptic  as  the  fundamental  plane,  and  that  the  corrections  for  parallax, 
aberration,  precession,  and  nutation  have  all  been  duly  applied.  By 
means  of  the  approximate  elements  already  known,  we  compute  the 
values  of  J  and  J"  for  the  extreme  places,  and  from  these  the  helio- 
centric places  are  obtained  by  means  of  the  equations  (71),  and  (72)„ 
writing  J  cos  ;8  and  J"  cos  ^"  in  place  of  p  and  />".  The  values  of 
Si,  i,  u,  and  u"  will  be  obtained  by  means  of  the  formulse  (76)j  and 
{77)j;  and  from  r,  r"  and  w"  —  w  the  remaining  elements  of  the 
orbit  are  determined  as  already  illustrated.  The  lirst  system  of  ele- 
ments is  thus  obtained.  Then  we  assign  an  increment  to  J,  which 
we  denote  by  2),  and  with  the  geocentric  distances  ^  +  D  and  J" 
we  compute  in  precisely  the  same  manner  a  second  system  of  ele- 
ments. Next,  we  assign  to  J"  an  increment  D",  and  from  d  and 
J"  -f~  -D"  a  third  system  of  elements  is  derived.  Let  the  geocentric 
longitude  and  latitude  for  the  date  of  the  middle  observation  com- 
puted from  the  first  system  of  elements  be  designated,  respectively, 
by  ii  and  A'  i  ^o^  ^^^  second  system  of  elements,  by  i,'  and  ^,' ; 
and  from  the  third  system,  by  ^'  and  ^,'.     Then  from 

a   =(V-V)co8^;,  d  =;3.'-jS,',  .^^ 

a"  =  (V  —  *,')  cos  i9,',  d"  =  fi,'  —  (S,',  '-"-' 

we  compute  a,  a",  d,  and  d",  and  by  means  of  these  and  the  valotii 
of  D  and  D"  we  form  the  equationa 
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"  00) 


ibr  the  determinatioD  of  the  eorrectiona  to  be  applied  to  the  £nt 
aeaumed  values  of  A  and  J",  by  meaos  of  the  difierenoes  between 
observation  and  computation.  The  observed  longitude  and  latitude 
being  denoted  by  if  and  ^',  reepeetively,  we  shall  have 


co«/»'»J'=(/  — V)e08ft 
i.f!  =  f/-lt;, 


(11) 

for  finding  the  values  of  the  second  members  of  the  equations  (10), 
8nd  then  by  elimination  we  obtain  the  values  of  the  corrections  a^ 
and  &A"  to  be  applied  to  the  assumed  values  of  the  distances. 
Finally,  we  compute  a  fourth  system  of  elements  corresponding  to 
the  geocentrio  distances  J  +  aJ  and  d"  -(-  A  J"  either  directly  from 
these  values,  or  by  interpolation  from  the  three  systems  of  elements 
already  obtained ;  and,  if  the  first  assumption  is  not  oonsiderably  in 
error,  these  elements  will  exactly  represent  the  middle  place.  It 
should  be  observed,  however,  that  if  the  second  system  of  elements 
represents  the  middle  place  better  than  the  first  system,  X^  and  ^,' 
should  be  used  instead  of  X^'  and  ^/  in  the  equations  (11),  and,  in 
this  case,  the  final  syst«m  of  elements  must  be  computed  with  the 
distances  d  -\-  D  -^  ^d  and  d"  +  a  J".  Similarly,  if  the  middle 
place  is  beat  represented  by  the  third  system  of  elements,  the  cor- 
rections will  be  obtained  for  the  distances  need  in  the  third  hy- 
pothesis. 

If  the  computation  of  the  middle  place  by  means  of  the  final  ele- 
mente  still  exhibits  residuals,  on  account  of  the  n^lected  terms  of 
the  second  order,  a  repetition  of  the  calculation  of  the  corrections 
&d  and  aJ",  using  these  residuals  for  the  values  of  the  second 
members  of  the  equations  (10),  will  furnish  the  values  of  the  dis- 
tances for  the  extreme  places  with  all  the  precision  desired.  The 
increments  D  and  D"  to  be  assigned  successively  to  the  first  assumed 
values  of  d  and  d"  may,  without  difficulty,  be  so  token  that  the 
true  elements  shall  differ  but  little  from  one  of  the  three  systems 
computed ;  and  in  all  the  formulee  it  will  be  convenient  to  use,  in- 
stead of  the  geocentric  distances  themselves,  the  logarithms  of  these 
distances,  and  to  express  the  variations  of  these  quantities  in  units 
of  the  lost  decimal  place  of  the  logarithms. 

These  formula  will  generally  be  applied  for  the  correctioa  of 
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spprozimate  elements  by  means  of  several  observed  places,  which 
may  be  either  single  observations  or  normal  places,  each  derived  from 
several  observations,  and  the  two  places  selected  for  the  computation 
of  the  elements  from  J  and  d"  should  not  only  be  the  most  accurate 
possible,  but  they  should  also  be  such  that  the  resulting  elements  are 
not  too  much  affected  by  small  errors  in  these  geocentric  places. 
They  shonld  moreover  be  as  distant  from  each  other  ae  possible,  the 
other  considerations  not  being  overlooked.  When  the  three  systems 
of  elements  have  been  computed,  each  of  the  remaining  observed 
places  will  famish  two  equations  of  condition,  according  to  equations 
(10),  for  the  determination  of  the  corrections  to  be  applied  to  the 
assumed  values  of  the  geocentric  distances;  and,  since  the  number 
of  equations  will  thus  exceed  the  number  of  unknown  quantities, 
tbe  entire  group  must  be  combined  according  to  the  method  of  least 
squares.  Thus,  we  multiply  each  equation  by  the  coefficient  of  aJ 
in  that  equation,  taken  with  its  proper  algebraic  sign,  and  the  sum 
of  all  the  equations  thus  formed  gives  one  of  the  final  equations 
required.  Then  we  multiply  each  equation  by  the  coefficient  of  aJ" 
in  that  equation,  taken  also  with  its  proper  algebraic  sign,  and  the 
sum  of  all  these  gives  the  second  equation  required.  From  these 
two  final  equations,  by  elimination,  the  most  probable  values  of  aJ 
and  A  J"  will  be  obtained ;  and  a  system  of  elements  computed  with 
the  distances  thus  corrected  will  exactly  represent  the  two  funda- 
mental places  selected,  while  the  sum  of  the  squares  of  the  residuals 
for  the  other  places  will  be  a  minimum.  The  observations  are  thus 
supposed  to  be  equally  good;  but  if  certain  observed  places  are 
entitled  to  greater  influence  than  the  others,  the  relative  precision 
of  these  places  must  be  taken  into  account  in  the  combination  of  the 
equations  of  condition,  the  process  for  which  will  be  fully  explained 
in  the  next  chapter. 

When  a  number  of  observed  places  are  to  be  used  for  the  correction 
of  the  approximate  elements  of  the  orbit  of  a  planet  or  comet,  it  w'll 
be  most  convenient  to  adopt  the  equator  as  the  fundamental  plane. 
In  this  case  the  heliocentric  places  will  be  computed  from  the  as3ume<l 
values  of  J  and  4",  and  the  corresponding  geocentric  right  ascensions 
and  declinations  by  means  of  the  formulie  {\0Q\  and  (107),;  and  the 
position  of  the  plane  of  the  orbit  as  determined  from  these  by  means 
of  the  equations  (76)j  will  be  referred  to  the  equator  as  the  funda- 
mental plane.  The  formation  of  the  equations  of  condition  for  the 
corrections  aJ  and  aJ"  to  be  applied  to  the  assumed  values  of  the 
distanoes  will  then  be  effected  precisely  as  iu  the  case  of  X  and  ^,  the 
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oecesaaiy  changes  being  made  in  the  notation.  In  a  similar  D>anner, 
the  calculation  may  be  effected  for  any  otber  fundamental  plane  which 
may  be  adopted. 

It  should  be  observed,  further,  that  when  the  ecliptic  is  taken  as 
the  fundamental  plane,  the  geocentric  latitudes  should  be  comected 
by  means  of  the  equation  (6)„  in  order  that  the  latitudes  of  the  sun 
fhall  vanish,  otherwise,  fur  strict  accuracy,  the  heliocentric  places 
must  be  determined  from  4  and  J"  in  accordance  with  the  equations 
(89),. 

106.  The  partjal  diflerential  coefficients  of  the  two  spherical  co- 
nrdioates  with  respect  to  J  and  J"  may  be  computed  directly  by 
means  of  differential  formula;  but,  except  for  special  cases,  the 
numerical  calculation  is  less  expeditious  than  in  the  case  of  the  indi- 
rect method,  while  the  liability  of  error  is  much  greater.  If  we 
adopt  the  plane  of  the  orbit  as  determined  by  the  approximate  values 
of  J  and  J"  as  the  fundamental  plane,  and  introduce  ^  as  one  of  the 
elements  of  the  orbit,  as  in  the  equations  (72)j,  the  variation  of  the 
geocentric  longitude  d  measured  in  this  plane,  neglecting  terms  of  the 
second  order,  depends  on  only  four  elements;  and  In  this  case  the 
differential  formulse  may  be  applied  with  facility.  Thus,  if  we  ex- 
press r  and  v  in  terms  of  the  elements  y,  JEfg,  and  ft,  we  shall  have 

dr dr    dy        dr     dJtfi       dr    dii 

dd~d^'dd  '^dM/''dJ"^di^'dd' 
and 

dv dv    df 

'dS~df'dI'^  d^ '  IT '    _^    „_ 
or 

d(v-\~x) dx    ,   dv    df^        dv     dM,    ,dv    d/t 

dl~'  ~dJ^d^'  dJ  ■•"  IM,  "dT'^d^'dT 

In  like  manner,  we  have 

dii~  dip'  dn'^  dM^  '  dJ   '^  dti'IJ" 
dC^'+x')_di/'   df_       d^    dM^      di/^   ^,^ 
U       ~  dp'dd'^  dif,  '  dJ  +  d/i  '  dJ  "*■  dJ* 

df-'   dJ\  ""^  7-51™  •" 

known,  the  equations  necessary  for  findiog  the  differential  coefficients 
of  the  elements  Xi  9j  ■^•'o.  "nd  ft  with  respect  to  ^  are  thus  provided. 
In  the  case  under  consideration,  when  an  increment  is  assigned  to  J, 
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the  value  of  J"  remaning  nachaaged,  r"  and  v"  +  X  ^'^  ^°^  chaDged, 
and  hence 

"dj"-"*  dJ      ""• 

To  find  -jj  and   ■    ■■■ — ■  from  the  equations 

Jc081JC08tf  =  a!  +  X, 

J  008 1)  sin  ff  =  y  +  Y, 

in  which  7  is  the  geocentric  latitude  in  reference  to  the  plane  of  the 
orbit  computed  from  d  and  4"  as  the  fundamental  plane,  and  X,  Y 
the  geocentric  co-ordioates  of  the  etin  referred  to  the  same  plane,  we 
get 

dx  ^  cos  ^  cos  0  dA, 

dy^coBTj  sin  8  dd, 

or,  substituting  for  dx  and  dy  their  values  given  hy  (73),, 

<x>s-^c<MOdd  =  cfMudr  —  rain«d(v  +  /), 
cosijsintfrfJ  =svau dr  -[-rcoawd(c +;);). 

Eliminating,  successively,  d(i'  +  3f)  and  dr,  we  get 


|^  =  C<»,CO.(»-l.), 

d(„  +  ,^      1                                                       ^'2) 

Therefore,  we 

shall  have 

dz  ,    dt 

dr    ,     d„     dU,   ,     d«      df       1 

7i  +  W 

•  ai  +  3^  • -5  + -J.- d7 = ; "»"  ""t' — '■ 

dr 

dio    ,     dr      dM„    ,     dr      d/i                       ,„         . 

dr 

df    ,    dJ'     dM,   ,    d,/'     dr       „                            *■    ' 

dy    ,    di" 

d2  +  -W 

■SJ+S^'Tj  +  ^-JJ""' 

d<" 

i,    ,    *■■     dM,   ,    dr"     dr      „ 

-If 

and  if  we  compute  the  numerical  values  of  the  differential  coeffidenta 

of  T,  r",  Vf  and  v"  with  respect  to  the  elements  f,  Jf„  and  /t,  these 

equations  will  fiimish,  by  elimination,  the  values  of  the  four  un- 

....      dx  df    dM,        ,  dii 
known  quantities  -^,  ^.  -^,  and  ^ 

Tn  precisely  the  same  manner  we  derive  the  following  equations 
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for  the  determination  of  the  partial  differential  ooeffioieDte  of  then 
elements  with  respect  to  J": — 

dx    ■    ih     df        dv     dM,  ■   dv     dtt  - 

dr  '^  ir"d^     dM,'  dr  '*'  dr'  di'  ~'' 

dr     df         dr     dM^       dr^     dit  

J,  '  di"  +  dU,  '  dl'  +  *  ■  di"  ~   '  ,    , 

dx     ,  Ji"     dr    ,    dv"     dM.   ,  dJ'     df         1  „   .    ,,,       *"' 

dr"     d?    ^  d/'     dlf.   ^  dr"     d,  „       ,„        _ 

d^-dj^+d^-dj'  +  s-dy"''"'  "»('— o- 

Since  the  geocentric  latitude  i;  is  affected  chiefly  by  a  change  of  tbe 
position  of  the  plane  of  the  orbit,  ivhile  the  variation  of  the  lon^tude 
0  ia  independent  of  £1  and  i  when  the  squares  and  products  of  the 
variations  of  the  elements  are  neglected,  if  we  determine  the  elements 
which  exactly  represent  the  places  to  which  A  and  d"  belong,  as-  well 
as  the  longitudes  fur  two  additional  places,  or,  if  we  determine  those 
which  satisfy  the  two  fundamental  places  and  the  longitudes  for  any 
number  of  additional  observed  places,  so  that  the  sum  of  the  sqoares 
of  their  residuals  shall  be  a  minimum,  the  results  thus  obtained  will 
very  nearly  satisfy  the  several  latitudes. 

Let  (?'  denote  the  geocentric  longitude  of  the  body,  referred  to  the 
plane  of  the  orbit  computed  from  d  and  d"  as  the  fundamental  plane^ 
tor  the  date  t'  of  any  one  of  the  observed  places  to  be  used  far  cor- 
recting these  assumed  distances.  Then,  to  find  the  partial  di^reDtiaJ 
coefficients  of  (?'  with  respect  to  J  and  J",  we  have 


"'  dix'~il"  (16) 


-f-C081J   - 


d'3  dx    da'    '         '  dp    dJ     '  dM,    da" 


+  c 


,d^     dj^ 


dJ"' 
and  by  means  of  the  results  thus  derived,  we  form  the  eqoatioa 

V  ^— -rw=,  2jrA^'.  (16) 

A  fourth  observed  place  will  furnish,  in  the  same  manner,  the  addi- 
tional equation  required  for  finding  &d  and  ^d".     If  more  than  two 
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obeeiT&tiona  are  used  in  addition  to  tbe  fundamental  places  on  which 
the  assumed  elements  as  derived  from  d  and  d"  are  based,  the  several 
longitudes  will  famish  each  an  equation  of  condition,  and  the  most 
probable  values  of  &J  and  aJ"  will  be  obtained  by  combining  the 
entire  gronp  of  equations  of  condition  according  to  the  method  of 
least  squares. 

107.  In  the  actual  application  of  these  formule  to  the  correction 
of  the  approximate  elements,  afler  all  the  preliminary  corrections 
have  been  applied  to  the  data,  we  select  the  proper  observed  places 
for  determining  the  elements  from  the  corresponding  assumed  dis- 
tances d  and  d",  according  to  the  conditions  which  have  already  been 
stated,  and  from  these  we  derive  the  six  elements  of  the  orbit.  Since 
the  data  furnished  directly  by  observation  are  the  right  asoensions 
vid  the  declinations  of  the  body,  the  elements  will  be  derived  in 
reference  to  the  equator  as  the  plane  to  which  the  inclination  and  the 
longitude  of  the  ascending  node  belong.  These  elements  will  exactly 
represent  the  two  fundamental  places,  and,  if  the  assumed  distances 
d  and  d"  are  not  much  in  error,  they  will  also  very  nearly  saUsfy 
the  remaining  places. 

We  now  adopt  as  the  fundamental  plane  the  plane  of  the  approxi- 
mate orbit  thus  determined,  and  by  means  of  the  equations  (83),  and 
(85)„  or  by  means  of  {87)«  writing  a,  S,  JJ',  and  i'  in  place  of  X,  fi, 
JJ,  and  i,  respectively,  we  compute  the  values  of  S,  7,  and  7-  for  the 
dates  of  the  several  places  to  be  employed.  Then  the  residuals  for 
each  of  the  observed  places  are  found  from  the  formulie 


=  sin )-  A^  +  cos )-  COS  *  i», 
:=  coa  r  A''  —  Bio  r  cos  J  4«, 


(17) 

the  valnes  of  4a  and  id  for  each  place  being  found  by  subtracting 
from  the  observed  right  ascension  and  declination,  respectively,  the 
right  ascension  and  declination  computed  by  means  of  the  elements 
derived  from  d  and  d".  The  values  of  d,  7,  and  jr  being  required 
only  for  finding  cosiy  ifl,  a;j,  and  the  differential  coefficients  of  d  and 
I],  with  respect  to  the  elements  of  the  orbit,  need  not  be  determined 
with  great  accuracy. 

Next,  we  compute  t-j  and  — ^ —  from  equations  (12),  and  from 

(16),  the  values  of  -r-,  -,— ,  -^,  -f-.  -p->  &«■,  by  means  of  which, 

^     "  df    d</>    dv    dip   dM^        '    '  ' 

using  the  value  of  tt  in  reference  to  the  equator,  we  form  the  equa- 
tions (13).    The  accent  is  added  to  jf  to  indicate  that  it  refers  to  tlie 
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equator  as  the  plane  for  defining  the  elements.  Thas  we  obtain  four 
equationa,  from  which,  hy  eliminalioD,  the  values  of  the  differential 
GOeGBcieDts  of  jr',  jp,  Jlf^  and  p  with  respect  to  J  may  be  obtained. 
In  the  namerical  solation,  by  subtracting  the  third  equation  from 
the  first,  the  unknown  quantity  -rj  is  immediately  eliminated,  bo  that 
we  have  three  equations  to  find  the  three  unknown  quantities  ^^  - 
-Tj^i  and  -rj    These  having  been  found,  -r^  may  be  obtained  from 

the  first  or  from  the  third  equation. 

In  the  same  manner  we  form  the  equations  (14),  and  thenoe  derive 

the  values  of  -nr,'  tif,'  -rnri  and  -r^-     Then,  by  means  of  the  for- 
dJ     dJ     dJ  d4'  '    ■' 

mulfe  (76),,  (78)„  and  (79),,  we  compute  for  the  date  of  each  place 

to  be  employed  in  correcting  the  assumed  distances  the  values  of 

cosn'-i-i' oos!j'-ni  Ac,  and  hence  from  (15)  the  values  of  coan'T-: 

*^     d/  ^f  .  .  .     ^^ 

and  cos  tj'  -=-y,-    The  results  thus  obtained,  tc^ether  with  the  residuals 

computed  by  means  of  the  equations  (17),  enable  us  to  form,  accord- 
ing to  (16),  the  equations  of  condition  for  finding  the  values  of  the 
corrections  bJ  and  nA".  The  solution  of  all  the  equations  thus 
formed,  according  to  the  method  of  least  squares,  will  give  the  most 
probable  values  of  these  quantities,  and  the  system  of  elements  which 
corresponds  to  the  distances  thus  corrected  will  very  nearly  satisfy 
the  entire  series  of  observations.  Since  the  values  of  cosi;'  &9'  are 
e:[pressed  in  seconds  of  arc,  the  resulting  values  of  aJ  and  aJ"  will 
also  be  expressed  in  seconds  of  arc  in  a  circle  whose  radius  is  equal 
to  the  mean  distance  of  the  earth  from  the  sun.  To  express  them  in 
parte  of  the  unit  of  space,  we  must  divide  their  values  in  seconds  of 
arc  by  206264.8. 

The  corrections  to  be  applied  to  the  elements  computed  from  A  and 
A",  in  order  to  satisfy  the  corrected  values  J  +  a  J  and  J"  +  aJ", 
may  be  computed  by  means  of  the  partial  differential  coefficieots 
already  derived.     Thus,  in  the  case  of  jj',  we  have 


v=.','^ 


di       ^  dJ" 


from  which  to  fiiid  e,^' ;  anil  in  a  eimilar  manoer  &tp,  ^M„  and  A/i 
mj  he  obtaiDed.  If,  from  the  valuee  of  ^^^j^'  and  ^-^^y^' 
we  compate 
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dr 


^^r-^i. 


and  apply  these  corrections  to  the  values  of  e  and  t>"  found  from  J 
and  J",  we  obtain  the  true  aooinalies  corresponding  to  the  distauceti 
A-\-  ^^  and  J"  -f*  A  J".  The  corrections  to  be  applied  to  the  values 
of  r  and  r"  derived  from  J  and  d"  are  given  by 

If  aJ  and  ind"  are  expressed  in  seconds  of  arc,  the  corresponding 
values  of  ar  and  br"  must  be  divided  by  206264.8.  The  corrected 
resnlts  thus  obtained  should  agree  with  the  values  of  r  and  r"  com- 
puted directly  from  the  corrected  values  of  i>,  tt",  p,  and  e  by  means 
of  the  polar  equation  of  the  conic  section.    Finally,  we  have 

<fa  =  sin  1}  i^, 

and  umilarly  Jbr  d^' ;  and  the  last  of  equations  (73),  gives 

r  sin  u  &i*  —  r  cos  u  sin  t"  a  £} '        =  gin  i;  &  J, 


r"  rin  «"  &»*  —  r"  cos  u"  sin  i'  a  Q'  =  sin  ij"  a  J", 


(18) 


from  which  to  find  At'  and  A£i',  u  and  u"  being  the  arguments  of 
the  latitude  in  reference  to  the  equator.     We  have  also,  according  to 

a«'=A/  — C03»   AJJ', 

air'  =  A/+2eiD'ii'A(J', 

from  which  to  find  the  corrections  to  be  applied  to  to'  and  ir'.  The 
elements  which  refer  to  the  equator  may  then  he  converted  into  those 
for  the  ecliptic  by  means  of  the  formuls  which  may  be  derived  from 
(109),  by  interchanging  JJ  and  JJ'  and  180°  —  t'  and  i. 

The  final  residuals  of  the  longitudes  may  be  obtained  by  substi- 
tuting the  adopted  values  of  aJ  and  aJ"  in  the  several  equations  of 
condition,  or,  which  afiforda  a  complete  proof  of  the  accuracy  of  the 
entire  calculation,  by  direct  calculation  from  the  corrected  elements ; 
and  the  determination  of  the  remaining  errors  in  the  values  of  t^  will 
show  how  nearly  the  position  of  the  plane  of  the  orbit  corresponding 
to  the  corrected  distances  satisfies  the  intermediate  latitudes. 

Instead  of  y,  M,,,  and  ft,  we  may  introduce  any  other  elements 
which  determine  the  form  and  magnitude  of  the  orbit,  the  necessary 

L-.,.„i,.,-^  „*^lUOJ^IL' 
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ch^Dgea  being  made  m  the  formula.  Thus,  if  we  use  the  elements 
T,  q,  and  c,  these  must  be  written  in  place  of  M^  p.,  and  f,  reapect- 
ivcl^r,  ia  the  equations  (13),  (14),  ami  (16),  and  the  partial  differential 
coefficients  of  r,  r",  v,  and  v"  with  respect  to  these  elemente  must  be 
computed  by  means  of  the  various  differential  formulie  which  hava 
already  been  investigated.  Further,  in  all  these  cases,  the  homo- 
geneity of  the  formulie  must  be  carefully  attended  to. 

108.  The  approximate  elements  of  the  orbit  of  a  heavenly  body 
may  also  be  corrected  by  varying  the  elements  which  fix  the  position 
of  the  plane  of  the  orbit.  Thus,  if  the  observed  longitude  and  lati- 
tude and  the  values  of  £}  and  i  are  given,  the  three  equations  (dl), 
will  contain  only  three  unknown  quantities,  namely,  4,  r,  and  v,  and 
the  values  of  these  may  be  found  by  elimination.  When  the  observeil 
latitude  j8  is  corrected  by  means  of  the  formula  (6)„  the  latitudes  of 
the  sun  disappear  from  these  equations,  and  if  we  multiply  the  first 
by  sin  (O  —  (J)  sin  ^,  the  second  (using  only  the  upper  sign)  by 
—  cos(0  —  Q)s!n^,  and  the  third  by  — sin  (A —  G)co8j9,  and  add 
the  products,  we  get 

°(o-a) 


cosiainjSeoaCO  —  8)  —  ein  i  cos  ^9  sin  ( J  —  ©) 


(19) 


from  which  u  may  be  found.  If  we  multiply  the  second  of  these 
equations  by  sin^,  and  the  third  by  —  cos ^  sin  (-i  —  Q,),  and  add  the 
products,  we  find 

Bsin(0  — ti) 


sin  u  (sin  i  cot  /?  sin  (A  —  JJ )  —  cos  i) 


(20) 


The  expression  for  r  in  terms  of  the  known  quantities  may  also  be 
found  by  combining  the  first  and  second,  or  by  combining  the  first 
and  third,  of  equations  (91),.     If  we  put 

ncoBiV=ainj9coa(0  —  JJ), 
n  sin  JV=  coa  ?  sin  (I  —  ©). 

the  formula  for  it  becomes 

tan  «  =  ^^^^  tan  (©  -  ft).  (21) 

The  last  of  equations  (91),  shows  that  sinu  and  sin^  mast  have  the 
flame  sign,  and  thus  the  quadrant  in  which  u  must  be  taken  is  deter' 
mined.     Putting,  also, 

m  cos  M^  sin  «, 
msinJf^BinwcotjSainy  —  ft). 
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coBJtf        fiainCe  — £i) 
ooa  {M  + 1)  ein  « 


(22) 


When  any  other  plaoe  is  taken  as  the  fundamental  plane,  the 
latitude  of  the  enn  (which  will  then  refer  to  this  plane)  will  he  re- 
tained in  the  equations  (91),  and  in  the  resulting  expressions  lor  u 
ud  r. 

The  value  of  u  may  also  be  obtained  by  first  computing  w  and  '^ 
by  means  of  the  equations  (42)„  and  then,  if  z  denotes  the  angle  at 
the  planet  or  comet  between  the  earth  and  sun,  the  values  of  u  and 
t,  as  may  be  readily  seen,  will  be  determined  by  means  of  the  rela- 
tions  of  the  parts  of  a  spherical  triangle  of  which  the  sides  are  ■ 
180°  —  («  +  ■^),  180°  +  ©  —  a,  and  u,  the  angle  opposite  to  the 
side  «  being  that  which  we  designate  by  to,  and  the  side  180°  +  O  —  £} 
being  included  by  this  and  the  inclination  t.  Let-S^lSO' — (a  +  ij/), 
and,  according  to  Napier's  analc^ies,  this  spherical  triangle  gives 

tan  1  (5'  +  «)  = 


COS  i  (i  +  w) 
sin  j  (t  —  to)  , 


from  which  8  and  «  are  readily  found.     Then  we  have 

.  =  180°  — +  —  5, 

sins 
to  &nd  r. 

If  we  assume  approximate  values  of  £i  and  i,  as  given  by  a  system 
of  elements  already  known,  the  equations  here  given  enable  us  tp  find 
r,  »,  r",  and  it"  from  k,  ^  and  i.'\  j9",  corresponding  to  the  dates  ( 
and  i"  of  the  fundamental  places  selected,  and  from  these  results  for 
two  radii-vectores  and  arguments  of  the  latitude,  the  remaining 
elements  may  be  derived.  From  these  the  geocentric  place  of  the 
body  may  be  found  for  the  date  ('  of  any  intermediate  or  additional 
observed  place,  and  the  difference  between  the  computed  and  the 
observed  place  will  indicate  the  degree  of  precision  of  the  assumed 
values  of  £i  and  i.  Then  we  assign  to  (J  the  increment  iJJ,  t 
remaining  unchanged,  and  compute  a  second  system  of  elements,  and 
from  these  the  geocentric  place  for  the  time  t'.  We  also  compute  a 
third  system  from  £}  and  i  +  di,  and  by  a  process  entirely  analogous 
to  that  already  indi<ated  in  the  case  of  the  variation  of  two  geocentric 
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Histanoes,  we  obtain  the  nnmerical  values  of  the  difierential  coeffi* 
rdente  of  A'  and  ^'  with  respect  to  £i  and  t.     Thus  the  equations 


^'^         dfi  *"  +  (ft 


(26) 


for  finding  the  corrections  A£i  and  At  to  be  applied  to  the  assumed 
values  of  these  elements,  will  be  formed;  and  each  additional  obser- 
vation or  normal  place  will  funiii>h  two  equations  of  condition  for 
the  determination  of  these  corrections. 

If  the  observed  right  ascensions  and  declinations  are  used  directly 
instead  of  the  longitudes  and  latitudes,  the  elements  Q,  and  t  most 
be  referred  to  the  equator  as  the  fundamental  plane,  and  the  declintt- 
tions  of  the  sun  will  appear  in  the  formulie  for  u  and  r  obtained  from 
the  equations  (91),,  thus  rendering  them  more  complex.  Tbeir  deri- 
vation ofiers  no  difBcuItf,  being  similar  in  all  respects  to  that  of  the 
equations  (19)  and  (20),  and  since  they  will  be  rarely,  if  ever,  re- 
quired, it  is  not  necessary  to  give  the  process  here  in  detail.  In 
general,  the  equations  (23)  and  (24)  will  be  most  convenient  for 
finding  r  and  u  from  the  geocentric  spherical  co-ordinates  and  the 
elements  Q,  and  i,  since  w,  -^f  w",  and  if-"  remain  unchanged  for  the 
three  hypotheses. 

When  the  equator  is  taken  as  the  fuudamental  plane,  4'  i^  ^^ 
distance  between  two  points  on  the  celestial  sphere  for  which  the 
geocentric  spherical  co-ordinates  are  A,  D  and  a,  d,  those  of  the  sun 
being  denoted  by  A  and  D.     Hence  we  shall  have 

Bin4sinfi;=Cos^8in(<i  —  A), 

sin  +  coaB  =  co8i)8in3  —  gin  D  cos  ^  cos  (a  —  A),  (26) 

C08+  ^=BinZ)8ini+eo8£'co8*cos(»  —  -4), 

from  which  to  find  4"  and  B,  the  angle  opposite  to  the  side  90°  —  8 
of  the  spherical  triangle  being  denoted  by  B.  Let  K  denote  the 
right  ascension  of  the  ascending  node  on  the  equator  of  a  great  circle 
passing  through  the  places  of  the  sun  and  comet  or  planet  for  the 
time  t,  and  let  u,  denote  its  inclination  to  the  equator;  then  we  shall 
have 

sin  to,  cos  (^4  —  K)^coaB, 

sin  w,  sin  (^  —  10  =  eiaBaiaD,  (27) 

COS  10,  =siaBcosD, 

from  which  to  find  w,  and  K.    In  a  similar  manner,  we  may  com- 
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pute  the  values  of  u"  —  u,  ^j  fui<J  i  from  the  heUooentric  epherical 
oo-ordinatea  I,  b  and  I",  b". 
From  the  equatioos 


C03i(i'+«.,) 

"  am  ^  (t'  +  lif,) 


coticn'-jT), 


the  accente  being  added  to  distinguish  the  elementa  in  refereuce  to 
tlie  equator  from  those  with  respect  to  the  ecliptic,  the  values  of -^ 
and  tt  (in  reference  to  the  equator)  may  be  found.  Let  s,  denote  the 
angular  distance  between  the  plaee  of  the  suo  and  that  point  of  the 
equator  for  which  the  right  ascension  is  K,  and  the  equation 

cot «,  ^  cos  M,  cot  C^—  A)  (29) 

gives  the  value  of  Sg,  the  quadrant  in  which  it  is  situated  being  deter- 
mined by  the  condition  that  cme^  and  co3(£' — jl)  shall  have  the 
same  sign.     Then  we  have  S^S^  —  «„,  and 

j  =  180°  — +  —  &  +  «„ 

^^fisin*  (30) 

sine  ' 
from  which  to  find  r, 

109.  In  both  the  method  of  the  variation  of  two  geocentric  dis- 
tances and  that  of  the  variation  of  Q,  and  i,  instead  of  using  the 
geocentric  spherical  coHDrdinates  given  by  an  intermediate  observa- 
tion, iu  forming  the  equations  for  the  corrections  to  be  applied  to  the 
assumed  quantities,  we  may  use  any  other  two  quantities  which  may 
be  readily  found  from  the  data  furnished  by  observation.  Thus,  if 
we  compute  r'  and  u'  for  the  date  of  a  third  observation  directly 
from  each  of  the  three  systems  of  elements,  the  differences  betweeo 
the  successive  results  will  furnish  the  numerical  values  of  the  partial 
differential  coefficients  of  r'  and  u'  with  respect  to  J  and  d",  or  with 
respect  to  ^  and  i,  as  the  case  may  be.  Then,  computing  the  values 
of  t'  and  u'  from  the  observed  geocentric  spherical  co-ordinates  by 
means  of  the  values  of  £J  and  i  for  the  system  of  elements  to  be 
corrected,  the  differences  between  the  results  thus  derived  and  thoeo 
obtained  directly  from  the  elements  enable  us  to  form  the  equations 


dd        ^  dS 


aJ"  =  a«', 
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or  the  corresponding  expressions  in  the  case  of  the  variation  oT  Q 
and  i,  by  means  of  which  the  corrections  to  be  applied  to  the  as- 
sumed values  will  be  determined.  In  the  numerical  application  of 
these  equations,  au'  being  expressed  in  seconds  of  arc,  Ar'  should  also 
be  expressed  in  seconds,  and  the  resulting  values  of  &J  and  A  J"  will 
oe  converted  into  those  expressed  in  parts  of  the  unit  of  space  by 
dividing  them  by  206264.8. 

When  only  three  observed  places  are  to  be  used  for  correcting  an 
ajiprozimate  orbit,  from  the  values  of  r,  r',  r"  and  m,  it',  u"  obtained 
by  means  of  the  formulie  which  have  been  given,  we  may  iind  j>  and 

a  or the  latter  in  the  ease  of  very  eccentric  orbita — from  the  first 

and  second  places,  and  also  from  the  first  and  third  places.  If  these 
results  agree,  the  elemeuta  do  not  require  any  correction;  but  if  a 
difference  is  found  to  exist,  by  computing  the  differences,  in  the  case 
of  each  of  these  two  elements,  for  three  hypotheses  in  regard  to  J 
and  J"  or  in  regard  to  £2  and  i,  the  equations  may  be  formed  by 
means  of  which  the  corrections  to  be  applied  to  the  aasumed  values 
of  the  two  geocentric  distances,  or  to  those  of  Si  and  t,  will  be 
obtained. 

110.  The  formuin  which  have  thus  far  been  given  for  the  correc- 
tion of  an  approximate  orbit  by  varying  the  geocentric  distances, 
depend  on  two  of  these  distances  when  no  assumption  is  made  in 
regard  to  the  form  of  the  orbit,  and  these  furmulfe  apply  with  equal 
facility  whether  three  or  more  than  three  observed  places  are  used. 
But  when  a  series  of  places  can  be  made  available,  the  problem  may 
be  successfully  treated  in  a  manner  such  that  it  will  only  be  necessary 
to  vary  one  geocentric  distance.  Thus,  let  x,  ^,  z  be  the  rectangular 
heliocentric  co-ordinates,  and  r  the  radius-vector  of  the  body  at  the 
time  t,  and  let  X,  K,  ^be  the  geocentric  co-ordinates  of  the  snn  at 
the  same  instant.  Let  the  geocentric  co-ordinates  of  the  body  bo 
designated  by  x^,  y^,  z,,,  and  let  the  plane  of  the  equator  be  taken  aa 
the  fundamental  plane,  the  positive  axis  of  x  being  directed  to  the 
vernal  equinox.  Further,  let  p  denote  the  projection  of  the  radius- 
vector  of  the  body  on  the  plane  of  the  equator,  or  the  curtate  dis- 
tance with  respect  to  the  equator;  then  we  shall  have 

x^^peo&a,  y,  :=/>Bin»,  z,^/>tand.  ^32) 

If  we  represent  the  right  asrension  of  the  sun  by  A,  and  ita  deoluu* 
tion  by  D,  we  also  have 
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X^=Rc(MDaoBA,  Y=RixBDBiaA,  Z  =  ^8ini).    (83) 

The  futulamental  equations  for  the  undisturbed  motioo  of  the  planet 
or  comet,  neglectiug  its  mass  ia  comparison  with  that  of  the  sun,  are 


bnt  since 

and,  neglecting  also  the  moss  of  the  earth, 


■fir  =  o.         Te+^  =  <>- 


these  become 


SubeUtuting  for  x„  y„  and  Zg  their  values  in  terms  of  a  and  9,  and 
putting 

.x(i-i)=.   .-Wi-i)=„   M^-V\=^.  C3^> 


^  +  ^>i..+,  =  0,  (86) 

'IMfibrentistmg  the  equations  (32)  with  respect  to  ^  we  find 
dx,  dp  .      da 

dy,  _  .      dp  , 


•S  +  "^'di' 


dt  - 


,1,1.0, Google 


3o0  THBOBETICAL  AtfTSONOinT. 

DiffereDtJatiDg  again  with  reepect  to  t,  and  substitating  in  the  eqok- 
tions  (36)  the  values  thus  found,  the  results  are 

If  we  multiply  the  first  of  these  equations  by  sin  a,  and  the  aeoaai 
)jy  —  cos  a,  and  add  the  products,  we  obtain 

dt  "  *  da 

dt 
Now,  from  (35)  we  get 

fsiua  —  i!Cosa^jy(-=  —  —  \ScoaDian(_u  —  A), 
and  the  preceding  equation  becomes 

<U 
The  value  of  -j-  thus  found  is  independent  of  the  differential  co- 
efficients of  3  with  respect  to  t.  To  find  another  value  of  — •  nsing 
all  three  of  equations  (38),  we  multiply  the  first  of  these  equations 
by  sin  A  tan  3,  the  second  by  —  cos  A  tan  d,  and  the  third  hy 
—  sin  (a  —  A).  Then,  adding  the  products,  since  S  bid  A  ^=  ^  oos  A, 
the  result  is 


from  which  we  get 

~      sP — d5         --      — dj  •    ^*" 


<lt 


eot(»  —  -^)  jT  —  ootiaec**- 
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When  the  ecliptic  i3  taken  as  the  fundametttal  plane,  the  last  term 
of  the  numerator  of  the  second  member  of  this  equation  vaniaheB, 
and  the  equation  may  be  written 

|'=0,  (41) 

the  coefficient  Cbein^  independent  of  p. 


in  terms  of  the  data  furnished  directlj  by  observation  and  of  the 
differential  coefficients  of  a  and  S  with  lespcct  to  t  from  equation 
(39),  or  from  (40),  the  latter  being  preferred  when  the  motion  of  the 
body  in  right  ascension  is  very  slow.  The  value  of  -jt  having  been 
found,  we  may  compute  the  velocities  of  the  body  in  directions 
parallel  to  the  co-ordinate  axes.     Thus,  since 

die  equations  (37)  give 

dx  dp  .      da,      dX 

-  =  cos.5^-,.sma^-_-, 


=  tan(I-T-  +  /)sec'a 


dY 
dl' 
dZ 

dt       dt' 


(42) 


^  —  —  """l  —  may  be  determiDed. 
,dX  dr      ,dZ  , 
!(•  If'  '■'^  S' 


give,  by  differentiation. 


X=BcoaO, 
Y=Re:\aQ  cos*, 
Z  =  RamQ  Aa i. 


do 


dY       .    ^         dB  , 


,  =.mO 
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Now,  according  to  etjuation  (62)„  we  have 

do  _  ll/(l-0(l+)B.)  (s.. 

"dT ^ '  ^"' 

vtg  deooting  the  mass  of  the  earth,  and  ^  the  eocentndty  of  its  orbit 
The  polar  equation  of  tae  conic  section  gives 

dr i*e  sin  tr   do 

dF"^        W 

Let  r  denote  the  longitude  of  the  sun's  perigee,  and  this  equation 
gives 

dJg_.R'e,aia(0— JQ    ^  ^^ 

dl  1  — e,'  '  di         i/r^ 

If  we  neglect  the  square  of  the  eccentricity  of  the  earth's  orbit^  we 
have  simply 

do  _hV^TT^      d}i_,, :r-r--~ 

-^  = ^ '  -^  =  *Vl+tB,e,BinCO-r).  («J 

The  values  of  — jr  and  -jr  having  been  found  by  means  of  theea 

AIT  AV 
formulEe,  tlie  equations  (43)  give  the  required  results  for  -r-i  -r-i  and 
dZ  ***     •** 

-j-,  and  hence,  by  means  of  (42),  we  obtain  the  velocities  of  the 

comet  or  planet  in  directions  parallel  to  the  co-ordinate  axes. 

112.  The  values  of  x,  y,  and  z  may  be  derived  by  means  of  the 
equations 

«=  Jcoa^cosB  — X, 
y  =  ^  cos  J  sin  a  —  Y, 
«  =  J  sin  J  —  2, 

and  from  these,  in  connection  with  the  corresponding  velocities,  the 
elements  of  tlie  orbit  may  be  found.  The  equations  (32),  give  im- 
mediately the  values  of  the  inclination,  the  semi-parameter,  and  the 
right  ascension  of  the  ascending  node  on  the  equator.  Then,  th« 
position  of  the  plane  of  the  orbit  being  known,  we  may  compute  r 
and  u  directly  from  the  geocentric  right  ascension  and  declination  by 
means  of  the  equations  (28)  and  (30).  But  if  we  use  the  values  of 
the  heliocentric  co-ordinates  directly,  multiplying  the  first  of  equa- 
tions (93),  by  cos  £2,  and  the  second  by  sin  Q,  and  adding,  the  pro- 
ducts, we  have 
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r  sin  u  ^  s  cosec  i, 

rcosw  =  sco8fl  +yBinft,  ^    ■ 

from  \t-hich  r  and  u  may  be  found,  the  argument  of  the  latitude  u 
being  referred  to  the  plane  of  xy  aa  the  fundamental  plane.  The 
equation 

pves 

dr X    dx      y    '^V  i'    ^ 

*  ~  f  ■  5F  "*■  r  '  dt  "•"  f  ■  S' 
and,  since 


(48; 


shall  have 

dr      r'eiimv   dv                dv 
dt           p      -df               dt 

Vp   dr 

"'•"=-r-s- 

v=P~l, 


(49) 


from  which  to  find  e  and  v.     Then  the  distance  between  the  peri- 
helion and  the  ascending  node  ia  given  by 


The  semi-transverse  axis  ia  obtained  from  p  and  e  by  means  of  the 
relation 


Finally,  from  the  value  of  v  the  eccentric  anomaly  and  thence  the 
naean  anomaly  may  be  found,  and  the  latter  may  then  be  referred  to 
any  epoch  by  mesna  of  the  mean  motion  determined  from  a. 

In  the  case  of  very  eccentric  orbits,  the  perihelion  distance  will  be 
given  by 

and  the  time  of  perihelion  passage  may  be  found  from  v  and  e  by 
means  of  Table  IX.  or  Table  X.,  as  already  illustrated. 

The  equation  (2]},  gives,  if  we  substitute  for  /  ita  value  In  terms 
of  p,  denote  by  V  the  1  inear  velocity  of  the  planet  or  comet,  and  neg- 
lect the  maaa, 

Let  -4'g  denote  the  angle  which  the  tangent  to  the  orbit  at  the  ex- 
tremity of  the  radius-vector  makes  with  the  prolongation  of  this 
radius-vector,  and  we  shall  have 
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_  dr  dx   ,      dv   ,      dt 

BO  Ihat  the  prectidiag  equation  gives 

i^=  rV8in'4,. 
HeDoe  we  derive  the  eqiiationB 

„  dx   ,      dy   ,      dz  '™> 

from  which  Vr  and  i^,  niay  be  found.     Then,  since 

we  shall  have 

^  =  ^-F'.  (51) 

hy  means  of  which  a  may  be  determined,  and  then  e  may  be  found 
by  means  of  this  and  the  value  of  p. 
The  equations  (49)  and  (50)  give 

F' 
e  aiu  (u  — 1«)  =  ^r  sin  *,  cos  4„ 

and,  eince 


tbese  are  easily  transformed  into 

2ae  sin  (u  —  »)  =  (2o  —  r)  sin  24j, 

2ae  cos  (u  —  <")  =  —  {2a  —  r)  cos  24,  ~  r. 

If  we  multiply  the  first  of  these  equations  by  —  cos  u  and  the  second 

by  sin  u,  and  add  the  products ;  then  multiply  the  first  by  sin  n  and 

the  second  by  cos  w,  and  add,  we  obtain 


2<«!8in«.  =  -(2a-r)BiQ(24,  +  «) 

—  rainw. 

2««  cos  <«  =  -  (2a  -  r)  cos  (24,  +  «) 

—  rcoBit, 

(62)         I 


These  equations  give  the  values  of  a>  and  e, 

113.  We  have  thus  derived  all  the  formulte  necessary  for  finding 
the  elements  of  the  orbit  of  a  heavenly  body  from  one  geocentrio 
distance,  provided  that  the  first  and  second  difierential  coefBdents  of 
a  and  3  with  respect  to  the  time  are  accurately  known.     It  remaina, 
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tliei'efore,  to  devise  the  means  by  which  these  differential  coefficients 
may  be  determined  with  accuracy  from  the  data  furnished  by  obser- 
vation. Tiie  approximate  elements  derived  from  three  or  from  a 
small  number  of  observations  will  enable  us  to  correct  the  entire 
series  of  observations  for  parallax  and  aberration,  and  to  form  the 
normal  places  which  shall  represent  the  aeries  of  observed  places. 
We  may  now  assume  that  the  deviatioo  of  the  spherical  co-ordinates 
computed  by  means  of  the  approximate  elements  from  those  which 
'would  be  obtained  if  the  true  elements  were  used,  may  be  exactly 
represented  by  the  formula 

Ae  =  A  +  Bh+Ch\  (53) 

h  denoting  the  interval  between  the  time  at  which  the  deviation  is 
expressed  by  A  and  the  time  for  which  this  difference  is  &8.  The 
diEPerences  between  the  normal  places  and  those  computed  with  the 
approximate  elements  to  be  corrected,  will  then  suffice  to  form  equa- 
tions of  condition  by  means  of  which  the  values  of  the  coefficients 
A,  JB,  and  C  may  be  determined.  The  epoch  for  which  h^'O  may 
be  chosen  arbitrarily,  but  it  will  generally  be  advantageous  to  fix  it 
at  or  near  the  dat«  of  the  middle  observed  place.  If  three  observed 
places  are  given,  the  difference  between  the  observed  and  the  com- 
puted value  of  each  right  ascension  will  give  an  equation  of  condition, 
according  to  (53),  and  the  three  equations  thus  formed  will  furnish 
the  numerical  values  of  A,  B,  and  C.  These  having  been  deter- 
mined,  the  equation  (53)  will  give  the  correction  to  be  applied  to  the 
computed  right  ascension  for  any  date  within  the  limits  of  the 
extreme  observations  of  the  series.  When  more  than  three  normal 
places  are  determined,  the  resulting  equations  of  condition  may  be 
reduced  by  the  method  of  least  squares  to  three  final  equations,  from 
which,  by  elimination,  the  most  probable  values  of  A,  B,  and  C  will 
be  derived.  In  like  manner,  the  corrections  to  be  applied  to  the 
ooiciputed  latitudes  may  be  determined.  These  corrections  being 
applied,  the  ephemeris  thus  obtained  may  be  assumed  to  represeut 
the  apiMirent  path  of  the  body  with  great  precision,  and  may  be  em- 
ployed as  an  auxiliary  in  determining  the  values  of  the  differential 
coefficients  of  a  and  8  with  respect  to  t. 

Let  /(a)  denote  the  right  ascension  of  the  body  at  the  middle 
epoch  or  that  for  which  A  ^  0,  and  let/(a  ±  iwu)  denote  the  value  of 
a  for  any  other  date  separated  by  the  interval  na>,  in  which  n»  is  the 
inter%'al  between  the  successive  dates  of  the  ephemeris.  Then,  if  we 
put  n  successively  equal  to  1,  2,  3,  &c.,  we  shall  have 
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,/'(.-5-) 


The  series  of  functions  and  differences  may  be  extended  in  the  same 
manner  in  either  direction.  If  we  expand  f{a  +  noi)  into  a  series, 
the  result  is 

«°  +  "-'  =  -  +  -3f»-  +  J3?"" +'3?""'+"*"'" +*"' 
or,  putting  for  brevity  j4  =  -^  w,  B  =  J  t-^  w',  &o., 

/(a  +  wb)  =  tt  +  uln  +  Bn»  +  Ch'  +  i>n*  +  Ac. 

If  we  now  putn  successively  equal  to  — 4,  — 3,  — 2,  — 1,  — U,  +1, 

Ac,  we  obtain  the  values  of  f{a  —  4a»),/(o  —  3«i), /{a  +  4«>) 

in  terms  of  A,  S,  C,  &c.  Then,  taking  the  sucoessive  orders  of 
differences  and  symbolizing  them  as  indicated  above,  we  obtain  a 
series  of  equations  by  means  of  which  A,  B,  C,  &e.  will  be  deter- 
mined in  terms  of  the  successive  orders  of  differences.  Finally,  re- 
placing A,  S,  C,  &o.  by  the  quantities  which  they  represent,  and 
putting 

ir(.-j»)+j/'(«+j-)  =/'(<■). 
ir'(»-j") +j/"'(«  +  w  =/'"(■>).  *«•. 

wo  obtain 

SF = -^  <^"^'"'  -  tV"«  +  .w"  w  -  thf-M + *«•;. 
^=-^  (/"(•)-)/"■(«)  +  &.). 
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by  meaoB  of  which  the  SDCceeeive  differential  coefficients  of  a  with 
rcepect  to  t  may  be  determined.  The  derivation  of  these  coefficients 
in  the  case  of  d  is  entirely  analogous  to  the  process  here  indicated  for 
a.  Since  the  successive  differences  will  be  expressed  in  seconds  of 
arc,  the  resulting  values  of  the  differential  coefficients  of  a  and  3  with 
respect  to  t  will  also  be  expressed  in  seconds,  and  must  be  divided  hy 
.^06264.8  in  order  to  express  them  abstractly. 

We  may  adopt  directly  the  values  of  -^i  -^,  -rrt  and  -^  determined 

by  means  of  the  competed  ephemeris,  or,  if  the  observed  places  do 
not  include  a  very  long  interval,  we  may  determine  only  the  values 

of  -^.  -jT^,  &c.  by  means  of  the  ephemeris,  and  then  find  -jr  and  -^ 

directly  from  the  normal  places  or  observations.  Thus,  let  a,  a',  a" 
be  three  observed  right  ascensions  corresponding  to  the  times  f,  (',  C, 
and  we  shall  have 

•"=»'+^('"-f)+!^'('"-0'+i^'c<"-f)-+,v5'(!"-i')'+Ac 

14'hich  give 

da'      ,  ,y.      .,  d'a 


(65, 


These  equations,  being  solved  nnmerically,  will  give  the  values  of  -^ 
and  -J-,  and  we  may  thus  by  triple  combinations  of  the  observed 
places,  using  always  the  same  middle  place,  form  equations  of  con- 
dition for  the  determination  of  the  most  probable  values  of  these 
differential  coefficientt<  by  the  solution  of  the  equations  according  to 
the  method  of  least  squares. 

In  a  similar  manner  the  values  of  -j~  and  -rr  may  be  derived, 

114.  In  applying  these  formulie  to  the  calculation  of  an  orbit, 
after  the  normal  places  have  been  derived,  an  ephemeris  should  be 
computed  at  intervals  of  four  or  eight  days,  arranging  it  bo  that  one 
of  the  dates  shall  correspond  to  that  of  the  middle  observation  or 
normal  place.     This  ephemeris  should  be  computed  with  the  utmost 
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care,  since  it  is  to  be  employed  as  an  anziliarj  in  determining  qaan- 
tities  on  which  depends  the  accuracy  of  the  final  results.  The  com- 
parison  of  the  ephemeris  with  the  observed  places  will  fomish,  liy 
means  of  equations  of  the  form 

A  +  5A  4-  CR'  =  4o', 
A'-\-Sh+Ch!'=i>.lf, 

h  being  the  interval  between  the  middle  date  t'  and  that  of  the  place 
used,  the  values  of  A,  B,  C,  A',  &o. ;  and  the  corrections  to  be 
applied  to  the  ephemeris  will  be  determined  by 

A  +  Bnm  +  O*'™'  =  a», 
A'  +  Bfn-  +  Cn'a.'  =  Li. 

The  unit  of  h  may  be  ten  days,  or  any  other  convenient  interval, 
observing,  however,  that  luo  in  the  last  equations  must  be  expressed 
in  parts  of  the  same  unit.     With  the  ephemeris  thos*  corrected,  we 

compute  the  values  of  jt.  -rrp  -j-.i  and  -j^  as  already  explained.    These 

differential  coefficients  should  be  determined  with  great  care,  since  it 
is  on  their  accuracy  that  the  subsequent  calculation  principally  de- 
pends.    We  compute,  also,  the  velocities  -n->  -ji>  and  -57  by  meaoB 

rf(7)  dR  at     at  at 

of  the  formnlie  (43),  -jj-  and  -^  being  computed  from  (46).     The 

quantities  thus  far  derived  remain  unchanged  in  the  two  hypotheses 
with  regard  to  d. 

Then  we  assume  an  approximate  value  of  d,  and  compute 

P  =  Jcosd; 
and  by  means  of  the  equation  (40)  or  (39)  we  compute  the  value  ol 
J-.     It  will  be  observed  that  if  we  put  the  equation  (40)  in  the  form 

p 
the  coefficient  -^  remains  the  same  in  the  two  hypotheses.     The  three 

equations  (38)  may  be  so  combined  that  the  resulting  value  of  -~ 
will  not  contain  -3^-  This  transformation  is  easily  effected,  and  may 
be  advantageous  in  special  cases  for  which  the  value  of  -^  is  veiy 
ancertatn. 

The  heliooentric  spherical  co-ordinates  will  be  obtained  from  the 


BEI^A.TION  BETWEEN   TWO   PLACES  IN  THE  OBBIT.  339 

asHumed  value  of  J  by  means  of  the  equations  (106)j,  and  the  rw>- 
taogular  oo-ordinatea  from 

y  ^  r  COB  5  sin  ^  i 


The  velocities  -j->  -~,  and  -jt  will  be  given  by  (42),  and  from  these 

and  the  co-ordinates  x,  y,  z  the  elemeuts  of  the  orhit  will  be  com- 
puted by  means  of  the  equations  {32)„  (47),  (49),  &c.  With  the 
elements  thus  derived  we  compute  the  geocentric  places  for  the  dates 
nf  the  normals,  and  find  die  differences  between  computation  and 
observation.  Then  a  second  system  of  elements  is  computed  from 
4  +  S^,  and  compared  with  the  observed  places.  Let  the  difference 
between  computation  and  obeervstion  for  either  of  the  two  spherical 
co-ordinates  be  denoted  by  n  for  the  first  system  of  elements,  and  by 
n'  for  the  second  system.  The  final  correction  to  be  applied  to  J,  in 
order  that  the  observed  place  may  be  exactly  represented,  will  be 
determined  by 


t2J 


(«'-«)  + n  =  0.  (56) 


Each  observed  right  ascension  and  each  observed  declination  will 
thus  furnish  an  equation  of  condition  for  the  determination  of  aJ, 
observing  that  the  residuals  in  right  ascension  should  in  each  case  be 
multiplied  by  cos  d.  Finally,  the  elements  which  correspond  to  the 
geoceutric  distance  J  +  a  J  will  be  determined  either  directly  or  by 
interpolation,  and  these  must  represent  the  entire  series  of  observed 
places. 

116.  The  equations  (52),  enable  us  to  find  two  radii-vectores  when 
the  ratio  of  the  corresponding  curtate  distances  is  known,  provided 
that  an  additional  equation  involving  r,  r",  x,  and  known  quanlltics 
IB  given.  For  the  special  case  of  parabolic  motion,  this  additional 
equation  involves  only  the  interval  of  time,  the  two  radii-vectores, 
and  the  chord  Joining  their  extremities.  The  corresponding  equation 
for  the  general  conic  section  involves  also  the  semi-trans  verse  axis 
of  the  orbit,  and  hence,  if  the  ratio  M  of  tlie  curtate  distances  is 
known,  this  equation  will,  in  connection  with  the  equations  (62),, 
enable  us  to  find  the  values  of  r  and  r"  corresponding  to  a  given 
valoe  of  s.     To  derive  this  expression,  let  us  resume  the  equations 
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^  =  £"- JE  ~  2«am  !(£"-£)  006  }C£"  +  -E).      ^^ 

r  +  i''  =  2a  —  2aeco9i(,E"—E)coaliE"  +  E). 

For  the  chord  x  ire  have 

«*  =  (r  +  O*  -  4"^  COS*  J  («"  -  «). 

which,  by  means  of  (fiS)i,  ^ves 

.•  =  (r  +  r")» 

-4a'{<x».*i[E"—E)-2ecmi[E"-E)<x»HE"+E)+i?oafi{E"+E)y, 

and,  subatitutiiig  for  r  +  r"  its  value  given  by  the  last  of  eqnationfi 

(57),  we  get 

«'  =  4a'ain'4C£"  — £)(!—«•  co8'i(ir'  +  £)).  (68) 

I^t  UB  now  introduce  an  auxiliary  angle  h,  such  that 

COB  A  =  e  cos  j  (E"  +  E), 
the  condition  being  imposed  that  h  shall  be  less  than  180°,  and  put 

g  =  i(E"-E'); 
then  the  equations  (67)  and  (58)  become 


—  ^  2ff  —  2  sin  o  cos  A, 
a* 

r  -f  r"  =  2a  (1  —  cos  ^  cos  A), 
K  =  2a  sin  ^  Bin  A. 
Further,  let  as  put 

A  —  g^S,  A4-y  =  «, 

and  the  last  two  of  equations  (59)  give 

r  +  r"  +  K  ^  4o  sin*  |f, 
r  -\-i"  —  K  ^  4a  sin'  ^9. 


(59) 


(60J 


Introducing  3  and  e  into  the  first  of  equations  (69),  it  becomes 

^=(c-BinO-(a-Bina).  (61) 

The  formulfe  (60)  enable  us  to  determine  e  and  3  from  r  -f  f^'i  X, 
and  a,  and  then  the  time  r'  =  £  (f"  —  f)  may  be  determined  &om 
(61).     Since,  according  to  (68)^, 

V'rr"cos  J(«"  —  «)  ^o(oosy  —  cos  A)  ^  2  sin  jc  sin  (4, 
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and  since  sin  )e  is  necessarily  positive,  it  appears  that  when  u"  —  « 
exceeds  180",  the  value  of  sin  ^3  most  be  negative,  and  when 
tt" — «^180*,  we  have  3^0;  and  thua  the  quadrant  in  which 
S  must  be  taken  \b  determined.  It  will  be  observed  that  the  value 
of  JE,  as  given  by  the  first  of  equations  (60),  may  be  either  in  the 
first  or  the  eeoond  quadrant ;  but,  in  the  actnal  applicatioa  of  the 
fbrmulffi,  the  ambiguify  is  easily  removed  by  means  of  the  known 
circumstances  in  regard  to  the  motion  of  the  body  during  the  in- 
terval t"  —  t. 

In  the  application  of  the  equations  (&2)y  by  means  of  an  approxi- 
mate value  of  X  we  compute  d,  and  thenoe  r  and  r".  Then  we  com- 
pute e  and  9  corresponding  to  the  given  value  of  a,  and  from  (61) 
we  derive  the  value  of 

If  this  agrees  with  the  observed  interval  t"  —  t,  the  assumed  value 
of  X  is  correct;  but  if  a  difference  exists,  by  varying  X  we  may 
readily  find,  by  a  few  trials,  the  value  which  will  exactly  satisfy  the 
equations.  The  formulsQ  (70),  will  then  enable  us  to  determine  the 
curtate  distances  p  and  p",  and  from  these  and  the  observed  spherical 
co-ordinates  the  elements  of  the  orbit  may  be  found. 

As  soon  as  the  values  of  u  and  u"  have  been  compated,  sinoe 
•  —  3  =  JE" —  E,  we  have,  according  to  equation  (86)4, 

cosp  =  -----rp zr  vrr", 

which  may  be  used  to  determine  f  when  the  orbit  is  very  ecoentrio. 
To  find  p  and  q,  we  have 

p=:a  coa'  j>,  q  =  2a  sin'  (45°  —  jy); 

and  the  value  of  m  may  be  found  by  means  of  the  equationa  (87)4  or 
(88),. 

116.  The  process  here  indicated  will  be  applied  chiefly  in  the  d^ 
termination  of  the  orbits  of  comets,  and  generally  fbr  cases  in  which 
a  is  large.  In  such  cases  the  angles  g  and  9  will  be  small,  so  that 
the  slightest  errors  will  have  considerable  influence  in  vitiating  the 
value  of  ("—  (  as  determined  by  equation  (61);  but  if  we  transform 
this  equation  so  as  to  eliminate  the  divisor  a^  in  the  first  member,  the 
UDcertainty  of  the  solution  maybe  overcome.    The  diferenoa#— sini 
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may  be  expressed  by  a  series  which  coDveiges  rapidly  when  e  is  saalL 
Thud,  let  us  put 

•  —  sin  «  ^  y  sId*  ^(,  ar^sin'J*, 

and  we  have 

-^  =  2  eoeec  Jt  —  |y  cot  j», 

-J-  =  4  coeec  Jt. 
Therefore 

dy  _8—  6ycoBJ«_4  — 3y(l  — 2t) 
dx~'       aa'i*       ~      2a!(l— as)     ' 

If  we  suppose  y  to  be  expanded  into  a  eeries  of  the  form 

we  get,  by  differentiation, 

^  =  (9  +  2r*  +  3«r»  +  Ac., 


asx  +  (4r  —  2,?)  «■  +  CW  —  4r)  IK*  +  *c  =  4  —  8»  +  (6«  —  3yS)  * 
+  (6/9  -  3r)  **  +  (6/ -  3a)  a?  +  &c 
Therefore  we  have 

4— 3<i  =  0,  6»  — 3i9=2if, 

6j9  —  3r  =  4r  —  2^,  6r  —  sa  =  6«  —  4^, 

from  which  we  get 

,  „      4.6  4.6.8         ,      4.6.8.10   . 

"  =  1'        ^  =  3Tff        ''  =  87677*        ^^3.6.7.9'*^ 
Hence  we  obtain 

€— Binr=|Bin'it(l+|Mn'J.+^sin4t+-g^-^Bin«i.+AcV  C6^ 

and,  in  like  manner, 

*~Bina=jBin'ia(n-58in'ia+|^8in*ia+liil^8in»ja+4c.),  t63) 

ft'bich,  for  brevity,  may  be  written 


t  —  Bin  c  ^  j  Q  sin*  ji, 

U,:„l,zec.y  Google 


fM) 
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Combining  these  expressioDs  with  (61),  and  substituting  for  sin  )c  and 
din  i3  their  values  given  by  the  equations  (60),  there  results 

6r'=«(r  +  /'  +  x)i+$'(r  +  r"-x)i,  (65) 

the  upper  sign  being  used  when  the  heliocentric  motion  of  the  body 
is  lesB  than  180°,  and  the  lower  sign  when  it  is  greater  than  180°. 
The  coefficients  Q  and  Q'  represent,  respectively,  the  scries  of  terms 
enclosed  in  the  parentheses  in  the  second  members  of  the  equations 
(62)  and  (63),  and  it  is  evident  that  their  values  may  be  tabulated 
with  the  argument  c  or  d,  as  the  case  may  be.  It  will  be  observed, 
however,  that  the  first  two  terms  of  the  value  of  Q  are  identical  with 
the  first  two  terms  of  the  expansion  of  (cos^)~  >  into  a  series  of 
ascending  powers  of  sin  \t,  while  the  difference  is  very  small  between 
the  coefficients  of  the  third  terms.     Thus,  we  have 


(o«i.)-V  =  a-.in'J.)-!  =  l  +  j«i.'J.  +  |^.i 

a' J. 

and  if  we  put 

0        -®- 

(66) 

we  shall  have 

■».  =  l  +  T^s8h»M«  +  3Wi8in*i.  +  &c 

(67) 

In  a  simiUr  manner,  if  we  put 

„        s; 

(68) 

we  find 

■».'  =  !  +  T?s  sin*  it  +  j",Vs  sin*  ja  +  Ac  C69) 

Table  XV.  gives  the  values  of  B^  or  £/  corresponding  to  e  or  d  from 
0"  to  60"*. 

For  the  case  of  parabolic  motion  we  have 

§  =  1.  §-  =  1, 

and  the  equation  (65)  becomes  identical  with  (56),. 

In  the  application  of  these  formulae,  we  first  compute  e  and  d  by 
means  of  the  equations  (60),  and  then,  having  found  B^  and  B^'  by 
means  of  Table  XV.,  we  compute  the  values  of  Q  and  Q'  from  (66) 
and  (68).  Finally,  the  time  T'=A(f"  —  i)  will  be  obtainM  from  (65), 
and  the  difference  between  this  result  and  the  observed  interval  will 


S44  THEOBETICAL  ABTBONOHT. 

indic&te  whether  the  assumed  value  of  x  must  be  iacnased  or  di- 
minished.    A  few  trials  will  give  the  correct  result. 

117.  Since  the  interval  of  time  i" —  t  canoot  be  determined  with 
sufficient  accunuy  ftvm  .(65)  when  the  chord  X  ia  ver;  small,  it 
becomes  necessary  to  efifect  a  further  trauBformation  of  this  eqiuQon. 
Thus,  let  us  put 

§— §'  =  6P,  «  =  Bin'j.,  a!'  =  Bin'ia, 

aod  we  shall  have 

Now,  when  x  is  very  Bmall,  we  may  put 

cos  jc^cos  jJ, 
and  hence 

,       .  ,,         .  ,,,      Bin'jt— 8in*j» 
X  —  ar  ^  sm*  \t  —  sin'  \li  ^  — 7 fj — =-. 

which,  by  means  of  equations  (60),  becomes 

Therefore  we  have,  when  X  is  very  small. 
If  we  put 

,       r'-f(r  +  /'-.)> 

'•-  e         ' 

the  equation  (66)  becomes,  osiog  only  the  upper  sign, 

(r  +  r"  +  «)1  -  Cr  +  r"-  x)l  =  6r.'.  (7« 

which  is  of  the  same  form  as  (S6)j.     Hence,  according  to  the  equa- 
tions (63)j  and  (66),,  we  shall  have 


tbe  value  of  fi  being  found  from  Table  XI,  with  the  argument 
2r,' 


(711 


D,3,l,zec:,yG00glc 
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It  reoHiiiis,  therefore,  simply  to  find  &  oonveaient  expression  for  r/, 
and  the  determination  of  X  is  effected  by  a  procesa  precisely  the  same 
as  in  the  special  case  of  parabolio  motion. 
Let  aa  now  pat 

-  =  —    ^  : 

Q      40a*  COB*  j/ 
and  we  shall  have 


(76) 
(76) 

(77) 


^--^f(:  +  ^,\ 

■..-i.+'ti' 

..-,.+1^ 

[J— m'J' 

or.  eubetituting  for  Q 

its  value  in  terpia  of  sin  Je, 

Jr=  1+ Asia"  i.  +  ^%  Bin' 

'i.  +  ,WA«i«V 

i.  +  *c 

&T,' 

X      if 

40a    nnH*4> 

Cr  +  ,"-»)l, 

the  expression  for  r,'  becomes 


Table  XV.  gives  the  value  of  log  JP"  corresponding  to  values  of  ■ 
from  e  =  0  to  a  =  60°. 

If  the  chord  x  is  given,  and  the  interval  of  time  ^' —  Ha  required, 
we  compute  ar/  by  means  of  (76),  and,  having  found  r/  from 

,_)cy'r  +  /' 
'•-        2;.       ' 

as  in  the  case  of  parabolic  motion,  wc  have 

It  should  be  observed  that  although  equation  (76)  is  derived  for  the 
case  of  a  small  value  of  »,  yet  it  is  applicable  whenever  the  differ- 
ence « —  3  is  very  small,  whatever  may  be  the  value  of  x.  For 
orbits  which  differ  but  little  from  the  parabolic  form,  it  will  in  all 
cases  he  safficient  to  use  this  expression  for  &r^';  and  for  cases  in 
which  the  difference  between  s  and  3  is  such  that  the  assumption  of 
ntMijt  =  coe\SyX  +  x'  =  2a!,  &c.,  made  in  deriving  equation  (70),  does 
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not  afford  the  required  accutac^,  we  may  compute  botli  Q  and  ^ 
directly,  aud  then  we  have 

(78) 


=j(i_|)(.+.._.,i 


The  values  of  the  (actor  J  1 1  —  -^  J  may  be  tabulated  directly  with 

r+r"  .  "       X 

-,       as  the  vertical  argument  and  -r—  as  the  horizontal  argument; 

l)Ut  for  the  few  cases  in  which  the  value  of  J^  given  by  the  equation 
(75)  is  not  sufficiently  accurate,  it  will  be  easy  to  compute  Q  and  ^ 
by  means  of  the  formulse  (66)  and  (68),  and  then  find  Ar,'  from  (78). 
Further,  when  there  is  any  doubt  as  to  the  accuracy  of  the  result 
g^ven  by  (76),  for  the  final  trial  in  finding  x  from  r  -|-  r"  and  r,  by 
means  of  the  equations  (73)  and  (74),  it  will  be  advisable  to  compute 
ar,'  from  (78). 

It  appears,  therefore,  ibat  for  nearly  all  the  cases  which  actually 
occur  the  determination  of  the  value  of  X,  corresponding  to  given 
values  of  a  and  M=  —>  is  reduced  by  meane  of  the  equation  (72)  to 
the  method  which  ie  adopted  in  the  case  of  parabolic  orbits. 

The  calculation  of  the  numerical  values  of  r  +  r"-|-x  and  r+r" — x 
will  be  most  conveniently  effected  hy  the  aid  of  addition  and  snb- 
traction  logarithms.  If  the  tublea  of  common  logarithms  are  used, 
we  may  first  compute 

and  then  we  have 

r  +  /'  +  «  =  2  (r  +  /')  sin'  (46»  +  ^/), 
r  +  r"  -  K  =  2  (r  +  r")  cos'  (45'  +  i/). 

118.  In  the  cose  of  hyperbolic  motion,  the  semi-transverse  axis  is 
negative,  and  the  values  of  sin^  and  sln}^  given  hy  the  equations 
(60)  become  imaginary,  so  that  it  is  no  longer  possible  to  compute 
the  interval  of  time  from  r  +  r"  and  X  by  means  of  the  auxiliary 
angles  e  aud  8.     Let  us,  therefore,  put 

sin'  it  ^  —  m*,  sin'  ^3  =  —  n' ; 

then,  when  a  is  negative,  m  and  n  will  be  real.     Now  we  have 

Jt^sin"  v' —  m',  J3  =  wn~  V' — n*, 

«Qd 

Jc  V^  =  log,  (cos  i.  +  1  ^=i  sin  J.). 


.,ooglc 
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Seuce  wo  derive 

•  =  2  sin"'  1/^1^=  -r=  log.  iVl  +  m' +  m), 

3  =  2  Bin  "' V^^T^' =  — E=  log.  (»/r+^  +  »)• 

Sut^titutiDg  these  values  in  the  equation  (61),  and  writing  —  a  in- 
stead of  a,  since 

sin  •  =  2ffn/ —  I  ■  l/l  +  m', 
we  shall  have 

-J  =  2m  |/l+m'  -  2  log.  (i/r+^+  m)  ^^9) 

T  (2»  »^r+^  —  2  log,  C/r+T»  +  »)), 

the  upper  sign  being  used  when  the  heliocentric  motion  ia  less  than 
180°,  and  the  lower  sign  when  it  is  greater  than  180°.  Therefore, 
if  we  compute  m  and  n  from 

regarding  the  hyperbolic  semi-transverse  axis  a  as  positive,  the  for- 
mula (79)  will  determine  the  interval  of  time  r'  =  A  {t"  —  t). 

The  first  two  terms  of  the  second  member  of  equation  (79)  may 
be  expressed  in  a  series  of  ascending  powers  of  m,  and  the  last  two 
terms  in  a  series  of  ascending  powers  of  n.     Thus,  if  we  put 

log.{^'^l  +  ">'  +  m)  ^  Mn  +  j9m' +  r"*' +  ^*  +  Ac., 
we  get,  hy  diSerentiation, 

y  =  •  +  2^m  +  3rm'  +  iitrf  +  5em'  +  Ac; 

and  sinoe 


v'l  +  v 
e  have 


.  =  1,         ,9  =  0,         r  =  -i-h 
Hence  we  obtain 


2  log.  ( VT+  m'  +  m)  =  2m  -  jm'  +  i  ■  i  m'  -  i  j^  m'  +  d 
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We  have,  alxo, 

2m  v'l  +  »»*  =  2m  +  m'  —  ^mf  +  j— s  •"'  —  A* 
Therefore, 

2m  l/l  +  m'  —  2  log.  (v'l  +  m'  +  m)  = 

jm»(l  — !-4m'  +  4j;^m*  — & 
and  similarly 
2n  l/r+»'  —  2  log,  (1^1 +n'  +  n)  = 


Substituting  these  values  in  the  equation  (79),  and  denoting  the 
series  of  terms  enclosed  in  the  parentheses  hj  Q  and  Q',  respectivelj, 
we  get 

6r'=C(r  +  /'  +  «)l+§'(r +  /'-»)*  (83) 

which  is  identical  with  equation  (65).  If  we  replace  m*  by  — nn'la 
and  n*  by — ein'jj  in  the  expressions  for  Q  and  Q',  as  given  by  (81) 
and  (82),  we  shall  have  the  expressions  for  these  quantities  in  terma 
of  sin  (e  and  sin  J^,  respectively,  instead  of  sin  \e  and  sin  ^  as  given 
by  the  equations  (62)  and  (63),  namely, 

«  =  I  +  i  ■  i  «n' il- +  4  2-ri  «"»' i' +  i  ^tItI  sS^' i' +  &«>^ 
e'  =  l  +  i-Jsin4a  +  ?^sinM3  +  S^;|;|sin*13  +  &c. 

For  the  case  of  an  elliptic  orbit  it  is  most  oonveoient  to  use  the 
equations  (66)  and  (68)  in  finding  Q  and  Q' ;  but,  since  the  cases  of 
hyperbolic  motion  are  rare,  while  for  those  which  do  occur  the  eccen- 
tricity is  very  little  greater  than  that  of  the  parabola,  it  will  be  suf^ 
ficient  to  tabulate  Q  directly  with  the  argument  m.  The  same  table, 
using  71  as  the  argument,  will  give  the  value  of  Q',  Table  XVI. 
gives  the  values  of  Q  corresponding  to  values  of  m  from  m  =  0  to 
m  =  0.2. 

When  the  values  of  r  +  r",  t',  and  a  are  given,  and  the  chord  x 
is  required,  we  may  compute  &t^'  from  (78),  r,'  from  (77),  and  finally 
X  from  (73). 

It  may  be  remarked,  also,  that  the  formulte  for  the  relation  between 
r',  r+r",  x,  and  a  suffice  to  find  by  trial  the  value  of  a  when  r+r" 
and  X  are  given.     Hence,  in  the  computation  of  an  orbit  from  assumed 
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valaes  of  A  and  J",  the  value  of  X  may  be  computed  from  r,  r",  and 
u"  -  u,  and  then  a  may  be  found  in  the  masner  here  indicated. 

If  we  Bubetitute  in  the  equations  (84)  the  values  of  sin):  and  sin}^ 
ID  temnB  of  r  4-  r",  *,  and  a,  and  tlien  substitute  the  resulting  values 
of  Q  and  Q'  in  the  equation  (66),  we  obtain 

1  ,  ,  (851 

+  B««  ^  ((*■+ 1". +  ")*  =F  C»- +  '''-'')*)  + Ac-. 

the  lower  sign  being  used  when  u"  —  u  exceeds  180°.  When  the 
eccentricity  is  very  nearly  equal  to  unity,  this  series  converges  with 
great  repidity.  In  the  case  of  hyperbolic  motion,  the  sign  of  a  must 
be  changed, 

119.  The  formulee  thus  derived  for  the  determination  of  the  chord  X 
for  the  cases  of  elliptic  and  hyperbolic  orbits,  enable  us  to  correct  an 
approximate  orbit  by  varying  the  semi-transverse  axis  a  and  the 
ratio  M  of  two  curtate  distances.  But  since  the  formuUe  will  gene- 
rally be  applied  for  the  correction  of  approximate  parabolic  elements^ 
or  those  which  are  nearly  parabolic,  it  will  be  expedient  to  use  ~  and 
Jf  as  the  quantities  to  be  determined. 

In  the  first  place,  we  oompute  a  system  of  elements  irom  Jf  and 
/=-;  and,  for  the  determination  of  the  auxiliary  quantities  pn^ 
liminary  to  the  calculatiun  of  the  values  of  r,  r",  and  X,  the  equa- 
tions (41),,  (50)^  and  (51)j  will  be  employed  when  the  ecliptic  is  the 
fundamental  plane.  But  when  the  equator  is  taken  as  the  funda- 
mental plane,  we  must  first  compute  g,  K,  and  Q  by  means  of  the 
equations  (96),.  Then,  by  a  process  entirely  analogous  to  that  by 
which  the  equations  (47),  and  (60)j  were  derived,  we  obtain 

A  cos  C  cos  (ff —  n")  =  M —  cos(»"  —  ■), 

A  cos  :  sin  (ff  —  »")  =  sin  (•"  —  a),  (86) 

AsinC  ^Jftan*"  —  tan  3, 

from  whicli  to  find  H,  C,  and  h;  and  also 

009  f  =  cos  C  cos  £"cos  {  G  —  J)  +  sin  C  sin  K,  (87) 

from  which  to  find  f.  In  this  case,  Z  ^nd  ^will  be  referretl  to  the 
equator  as  the  iiindameutal  plane.  The  angles  4'  *^^  4'"  ^^  ^ 
obtained  from  the  equations  (102)„  or  from  equations  of  the  form 
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of  (26),  and  finally  tlie  auxiliary  quantities  A,  B,  B",  &c.  vilJ  ha 
obtained  from  (51),,  writing  3  and  d"  in  place  of  ^  and  j8",  respect- 
ively. 

As  soon  SB  these  aoziliary  quantifies  have  been  determined,  by 
means  of  (52),  the  value  of  x  must  be  found  which  will  exactly 
satisfy  equation  (65).     To  effect  this,  we  first  compute  c  from 


Bin^  =  v'i/Cr  +  r"  +  x), 
and,  if  it  be  required,  we  aim  find  3  from 


Bin  p  =  v'i/Cr  +  r"  — x), 

using  approximate  values  of  r  +  r"  and  x.  Then  we  find  Q  from 
(66),  and  Ar/  from  (76)  or  from  (78),  the  logarithms  of  the  auxiliary 
quantities  B^  and  N  being  found  by  means  of  Table  XV.  with  the 
argument  e.  The  value  of  t,'  having  been  found  from  (77),  the 
equations  (73)  and  (74),  in  connection  with  Table  XI.,  enable  us  to 
obtain  a  clo»er  approximation  to  the  correct  value  of  x.  With  this 
we  compute  new  values  of  r  and  r",  and  repeat  the  determination 
of  X.  A  few  trials  will  generally  give  the  correct  result,  and  these 
trials  may  be  facilitated  by  the  use  of  the  formula  (67)j,  It  will  be 
observed,  also,  that  Q  and  at,,'  are  very  slightly  changed  by  a  small 
change  in  the  values  of  r  +  r"  and  X,  bo  that  a  repetition  of  the 
calculation  of  these  quantities  only  becomes  necessary  for  the  final 
trial  in  finding  the  value  of  x  which  completely  satisfies  the  equa- 
tions (52),  and  (65).  When  the  value  of  a  is  such  that  the  values 
of  Q  and  ^  exceed  the  limits  of  Table  XV.,  the  equation  (61)  may 
be  employed,  and,  in  the  case  of  hyperbolic  motion,  when  Q  and  Q' 
exceed  the  limits  of  Table  XVI.,  we  may  employ  the  complete  ex- 
pression for  the  time  t'  in  terms  of  m  and  n  as  given  by  (79). 
The  values  of  r,  r",  and  x  having  thus  been  found,  the  equations 

d  =  V1F^^\  p  =  '^  +  g''°^^  p"  =  Mp, 

will  determine  the  curtate  distances  p  and  p".  When  the  equator  is 
the  fundamental  plane,  we  have 

p  =  Jcos3,  p"=  ^"  cos  i". 

From  p,  p",  and  the  corresponding  geocentric  spherical  co-ordinates, 
the  radii-V(!Ctores  and  the  heliocentric  spherical  co-ordinates  I,  I",  b, 
and  b"  will  be  obtained,  and  thence  £J,  t,  u,  u",  and  the  remuniog 
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elements  of  the  orbit,  as  already  illustratecl.  In  the  case  of  elliptic 
motion,  if  we  compute  the  auxiliar;'  quantities  t  and  3  hj  means  of 
the  eqnations  (60),  we  shall  have 

eooBj(£"+£)  =  oo8i(«+3), 

from  whidi  «  and  \{E"+E)  may  be  found,  and  hence,  sinoe 
J  (£"  —  £)  =  1  (e  —  ^,  we  derive  E  and  E".  The  values  of  q  and 
v  may  then  be  found  directly  from  these  and  qnantities  already 
obtained.     Thus,  the  last  of  equations  (43),  gives 

COB  Je COS  J  J5  cos  jo" cos  ^E" 

Vq  Vr  Vq  l^r" 

Multiplying  the  first  of  these  ezpresaions  by  sinjo",  and  the  second 
6y  — sin^v,  adding  the  products,  and  reducing,  we  obtain 

BID  jCp" — ti)ain  jv C08  j  (f"  —  n)  cos  ^E      coaj.E" 

~  Vr  Vr^  ' 


C08J.E" 


I'^tanJCu"— u)      V^r"  sin  j  («"—«)' 

COBJ-E 


(88) 


from  which  q  aud  v  may  be  found  as  soon  as  cos }£ and  cokIE"  are 
known.  In  the  case  of  parabolic  motion  the  eccentric  anomaly  is 
equal  to  zero,  and  these  equations  become  identical  with  (92),,  The 
angular  distance  of  the  perihelion  from  the  asoending  node  will  be 
obt»ned  from 

w  =  «  —  V. 

Since  r  =  a- 


(89) 


MoosE,  and  3  = 

=  a(l- 

—  e),  we  have 

1- 

_'_ 

' 

-1 

<mE=  — 
1- 

Zi~' 

9 

T 

oon-lB-'-l- 

r" 

-1 
-l' 
-1 
-l' 
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Wlien  the  eocentricit^  is  nearly  eqaal  to  ODity,  the  value  of  q  given 
by  spproxiouite  elements  will  be  sufficient  to  compute  cosi^"  and 
cosjf  by  means  of  tbese  equatioua,  and  the  results  thus  derived 
will  be  substituted  in  the  equations  (88),  from  which  a  new  value  of 
q  results.  If  this  should  differ  considerably  from  that  used  in  com- 
puting cos  \B  and  cos  )£",  a  repetition  of  the  calculation  will  give 
the  correct  result. 

In  the  case  of  hyperbolic  motion,  although  £and  E''  are  imagi- 
nary, we  may  compute  the  numerical  values  of  cas^E  and  bosj^" 
from  the  equations  (89),  r^arding  a  aa  negative,  and  the  results  will 
be  used  for  the  corresponding  quantities  in  (88)  in  the  computation 
of  q  and  u  for  tlie  hyperbolic  orbit. 

Next,  we  compute  a  second  system  of  elements  from  Ji'and/+  8f, 
and  a  third  system  from  M-\-  8M  and/,  ^and  SM  denoting  the 
arbitrary  increments  assigned  to  /  and  M  respectively.  The  com- 
parison of  these  three  systems  of  elements  with  additional  observed 
places  of  the  comet,  will  enable  us  to  form  the  equations  of  condition 
for  the  determination  of  tlie  most  probable  values  of  the  corrections 
AJlf  and  a/"  to  be  applied  to  if  and /respectively.  The  formation  of 
these  equations  is  effected  in  precisely  the  same  manner  as  in  the  case 
of  the  variation  of  the  geocentric  distances  or  of  £i  and  i,  and  it  does 
not  require  any  further  illustration.  The  final  elements  will  be  ob- 
tained from  M+  aM,  and/+  a/,  either  directly  or  by  interpolation. 
We  may  remark,  further,  that  it  will  be  convenient  to  use  log  3f  aa 
the  quantity  to  be  corrected,  and  to  express  the  variations  of  log  M 
in  units  of  the  last  decimal  place  of  the  logarithms. 

When  the  orbit  differs  very  little  from  the  parabolic  form,  it  will 
be  most  expeditious  to  make  two  hypotheses  in  r^ard  to  M,  putting 
in  each  case  —  ^=  0,  and  only  compute  elliptic  or  hyperbolic  elements 
in  the  third  hypothesis,  for  which  we  use  Jf  and  /=  8f,  The  first 
and  second  systems  of  elements  will  thus  be  parabolic. 

120.  Instead  of  Mani  -  we  may  use  J  and  -  as  the  quantities  to 
be  corrected.  In  this  case  we  assume  an  approximate  value  of  d  by 
means  of  elements  already  known,  and  by  means  of  {96)j,  (98),,  (102),, 
and  (103)j,  wc  compute  the  auxiliary  quantities  C,  B,  B",  &c.,  re- 
quired in  the  solution  of  the  equations  (104)^.  We  assume,  also,  an 
approximate  value  of  /i"  and  compute  the  corresponding  value  of  r", 
tlie  value  of  r  having  been  already  found  from  the  assumed  ^^lue  of 
J.    Then,  by  trial,  we  find  the  value  of  x  which,  in  connection  witn 
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tbe  assamed  value  of  -.  will  satisfy  the  equations  (104)j  and  (65)  or 
(61).     The  corresponding  value  of  A"  is  given  by 

When  J"  has  thus  been  determined,  the  heliocentric  places  will  be 
obtained  by  means  of  the  equations  (106),  and  (107),,  and,  finally, 
the  coEreaponding  elements  of  the  orbit  will  be  computed.  If  tlie 
ecliptio  is  taken  as  the  fundamental  plane,  we  put  D=-%  A^Q, 
and  write  i.  and  ^  in  place  of  a  and  d  respectively. 

If  we  now  compute  a  second  system  of  elements  from  A-\-3A  and 
J=-,  and  a  third  system  from  d  and/+  if,  the  comparibon  of  tbe 
three  systems  of  elements  with  additional  observed  places  will  fumisb 
the  equations  of  condition  for  the  determination  of  tbe  correctiona 
aJ  and  a/ to  be  applied  to  4  and  -  respectively. 

When  the  eccentricity  is  very  nearly  equal  to  unity,  we  may  as- 
sume/=0  for  the  first  and  second  hypotheses,  and  only  compute 
elliptic  or  hyperbolic  elements  for  the  third  hypothesis. 

121.  The  comparison  of  the  several  observed  places  of  a  heavenly 
body  with  one  of  the  three  systems  of  elements  obtained  by  varying 
the  two  quantities  selected  for  correction,  or,  when  the  required  dif- 
ferential coefficients  are  known,  with  any  other  system  of  elements 
such  that  the  squares  and  products  of  the  corrections  may  be  n^ 
leoted,  gives  a  aeries  of  equations  of  the  form 

mx  -{-ny  =p, 
m'x  +  n'y  =p',  Ac., 

in  which  x  and  y  denote  the  final  corrections  to  be  applied  to  the  two 
assumed  quantities  respectively.  The  combination  of  these  equations 
which  gives  the  most  probable  values  of  the  unknown  quantities,  is 
effected  according  to  the  method  of  least  squares.  Thus,  we  multiply 
each  equation  by  the  coefBcient  of  x  in  that  equation,  and  the  sum 
of  all  tbe  equations  thus  formed  gives  the  first  normal  equation. 
Then  we  multiply  each  equation  of  condition  by  the  coefficient  of  y 
in  that  equation,  and  the  sum  of  all  the  products  gives  the  second 
Dormal  equation.     Let  these  equations  be  expressed  thus : — 

[mm]  X  +  [mn]  y  =  [mp], 
fmn]*  +[nn]y  =[»j)]. 
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in  which  [mm]=vi*+m'*+m"*+&c.,  [mn,]  =mn+m V+m' V+ Ac^ 
aDd  eimilarly  for  the  other  terma.  Theae  two  final  equations  give, 
by  elimination,  the  moat  probable  values  of  x  and  y,  namely,  those 
for  which  the  sum  of  the  squares  of  the  residuals  will  be  a  miuimum. 
It  is,  however,  often  convenient  to  determine  *  in  terms  of  y,  or  y 
in  terms  of  x,  80  that  we  may  find  the  influence  of  a  variation  of  one 
of  (lie  unknown  quantities  on  the  differences  between  computation 
and  observation  when  the  most  probable  value  of  the  other  unknown 
quantity  is  ased.  Thus,  if  it  be  desired  to  find  x  in  terma  of  y,  th« 
most  probable  valne  of  x  will  be 

[mm]        [mm]  "* 

If  we  subetitnte  this  value  of  x  in  the  original  equatioBS  of  condition, 
the  remaining  differences  between  computation  and  observation  will 
be  expressed  in  terms  of  the  unknown  quantity  y,  or  in  the  form 

atf  =  m,+  fl^.  (90) 

Then,  by  assigning  different  values  to  y,  we  may  find  the  correspond- 
ing residuals,  and  thus  determine  to  what  extent  the  correction  y  may 
be  varied  withoat  ceasing  these  residuals  to  surpass  the  limits  of  the 
probable  errors  of  observation. 

In  the  determination  of  the  orbit  of  a  comet  there  must  be  more 
or  leas  uncertainty  in  the  value  of  a,  and  if  y  denotes  the  correction 
to  be  applied  to  the  assumed  value  of  -,  we  may  thus  determine  the 
probable  limits  within  which  the  true  value  of  the  periodic  time 
must  be  found.  In  the  case  of  a  comet  which  is  identified,  by  the 
similarity  of  elements,  with  one  which  has  previously  appeared,  if 
we  compute  the  system  of  elements  which  will  best  satisfy  the  series 
of  ol>servationa,  the  supposition  being  made  that  the  comet  has  per-, 
formed  but  one  revolution  around  the  sun  during  the  intervening 
interval,  it  will  be  easy  to  determine  whether  the  observations  are 
better  satisfied  by  assuming  that  two  or  more  revolutions  have  been 
completed  during  thia  interval.  Thus,  let  T  denote  the  periodic 
time  assumed,  and  the  relation  between  T  and  a  is  expressed  by 

in  which  it  denotes  the  semi-eircaniference  of  a  circle  wboee  ndins 


OBBTT  OF  A  COMET.  35S 

ifl  unit^.  Let  the  periodic  time  corresponding  to  -  +  y  be  denoted 
by  —  ••  then  we  shall  have 

1  ,      1 

and  the  equations  for  the  residuals  are  transformed  into  the  form 

4«  =  (™.-«J)  +  «J.»,  (91) 

If  we  now  assign  to  z,  successively,  the  values  1,  2,  3,  &c.,  the  n>- 
siduals  thus  obtained  will  indicate  the  value  of  z  which  best  satisfies 
the  series  of  observations,  and  hence  how  many  revolutions  of  the 
oomet  have  taken  place  during  the  interval  denoted  by  T, 

122.  In  the  determination  of  the  orbit  of  a  comet  from  three  ob- 
served places,  a  hypothesis  in  regard  to  the  eemi-transverae  axis  may 
with  &cility  be  introdnced  simultaneously  with  the  computation  of 
the  parabolic  elements.  The  numerical  calculation  as  far  as  the  form- 
ation of  the  equations  (52),  will  be  precisely  the  same  for  both  the 
parabolic  and  the  elliptic  or  hyperbolic  elements.  Then  in  the  one 
case  we  find  the  values  of  r,  r",  and  x  which  will  satisfy  equation 
(56)i,  and  in  the  other  case  we  find  those  which  will  satisfy  the  equa- 
tion (65),  aa  already  explained.  From  the  results  thus  obtained,  the 
two  systems  of  elemente  will  be  computed.  Let  /=  ->  then  in  the 
case  of  the  system  of  parabolic  elements  we  have/'=0,  and  the  com- 
parison of  the  middle  place  with  these  and  also  with  the  elliptic  oi 
hyperbolic  elements  will  give  the  value  of 

dS  _  ?,  —  fl, 

in  which  6^  denotes  the  geocentric  spherical  co-ordinate  computed 
from  the  parabolic  elements,  and  <?,  that  computed  from  the  other 
system  of  elements.  Further,  let  &8  denote  the  difference  between 
computation  and  observation  for  the  middle  place,  and  the  correction 
lo  be  applied  to  /,  in  order  that  the  computed  and  the  observed 
values  of  S  may  agree,  will  be  given  by 


Hence,  the  two  observed  spherical  co-ordinates  for  the  middle  place 
will  give  two  equations  of  condition  from  which  a/  may  be  found, 
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md  the  corresponding  elements  will  be  those  which  best  represent 
Ihe  obeervations,  assuming  the  adopted  value  of  Jf  to  be  correct 

123.  The  first  determination  of  the  approximate  elements  of  the 
orbit  of  a  comet  ia  most  readily  effected  by  adopting  the  ech'ptic  as 
the  fundamental  plane.  In  the  subsequent  correction  of  these  ele- 
ments, by  varying  -  and  ^or  J,  it  will  often  be  convenient  to  use 
the  equator  as  the  fundamental  plane,  and  the  first  assumption  in 
ri^rd  to  M  will  be  made  by  means  of  the  values  of  the  distances 
given  by  the  approximate  elements  already  known.  But  if  it  be 
desired  to  compute  Jf  directly  from  three  observed  places  in  reference 
to  the  equator,  without  converting  the  right  asoensioiis  and  declina- 
tions into  longitudes  and  latitudes,  the  requisite  formulsa  may  be 
derived  by  a  process  entirely  analogous  to  that  employed  when  the 
curtate  distances  refer  to  the  ecliptic.  The  case  may  occur  in  which 
only  the  right  ascension  for  the  middle  place  ia  given,  so  that  the 
corresponding  longitude  cannot  be  found.  It  will  then  be  necessary 
to  adopt  the  equator  as  the  fundamental  plane  in  determining  a 
system  of  parabolic  elements  by  means  of  two  complete  observations 
and  this  incomplete  middle  place.  If  we  substitute  the  expressions 
for  the  heliocentric  co-ordinates  in  reference  to  the  equator  in  the 
equations  (4),  and  (5)j,  we  shall  have 

0  =  n  (/I  cos  >  —  i£  cos  Z>  cos  J)  —  (/)'  cos  a' —  if  COS  ly  COS  A') 

+  n"  (/>"  sin  •" —  JJ"  COB  I/'  cos  A'^, 
0  =  n  (/>  ain  »  —  ^  cos  i>  ain  A)  —  (jf  sin  a' —  Bf  (xsal/  am  A'y  (92) 

+  n"  (/>"  sin  a" —  JJ"  cos  i>"  sin  A"), 
0  =  » (|0  tan  a  —  JJ  sin  U)  —  0*'  tan  a*—  if  sin  iX) 

+  n"  ip"  tan  a"  —  £"  sin  D"), 

in  which  p,  p',  p"  denote  the  curtate  distances  with  respect  to  the 
equator,  A,  A',  A"  the  right  ascensions  of  the  sun,  and  Z),  IV,  D" 
its  declinations.  These  equations  correspond  to  (6)j,  and  may  be 
treated  in  a  similar  manner. 

From  the  first  and  second  of  equations  (92)  we  get 

0  =  n  (/)  sin  («'— a)  —  R  cosD  ein  (a'— ^))  +  R  cmUfem  (■'—.4') 

—  n"  if"  sin  («"—  a')  -f-  J?"  COB  i>"  Bin  («'—  A")), 
and  hence 

jf=ei'=4,."°/':;-',\  (98) 

P       n"   8inC«  —  a) 
«B  COB  2>  sin  (.'— J)— g  cos-D'  ein  (a'-  A')  +w"-g'  cos  -D"  ain  (,<^'~A"} 
pn"  sin  (a"  —  •') 
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This  foroiQla,  being  iadependeiit  of  the  declination  d',  may  be  used 
to  compute  M  when  only  the  right  ascension  for  the  middle  place  ia 
given.  For  the  first  aasamptioQ  in  the  case  of  an  unknown  orbil^ 
we  take 

■  ■■_t"  — f     sin  (»'  —  a) 
t  —  t  "einC."  — a')' 

and,  by  means  of  the  results  obt^ned  from  this  hypothesis,  the  com- 
plete expression  (93)  may  be  computed.  Sy  a  process  identical  with 
that  employed  in  deriving  the  equation  (36),,  we  derive,  from  (93), 
the  expression 

,■=,-1.  r'''~'-^  C94) 

and,  patUng 

j,_  «      sioCo'— a) 

'     ^'  Bin(o"  —  •')' 
p_i       i""   '^r-'  ■  j,-,ooBiya\n{a'  —  A'')    Rl\        \\ 


M=^  =  MJF.  (95) 

The  calculation  of  the  aaxUiary  quantities  in  the  equations  (52), 
will  be  efikct«d  by  means  of  the  formule  (96)„  (86),  (87),  (102)„  and 
(51)j.  The  heliocentric  places  for  the  times  (  and  if'  will  be  given 
by  (106)j  and  (107)^,  and  from  these  the  elements  of  the  orbit  will 
be  found  according  to  the  process  already  illustrated. 

124.  The  methods  already  given  for  the  correction  of  the  approxi- 
mate elements  of  the  orbit  of  a  heavenly  body  by  means  of  additional 
observations  or  normal  places,  are  those  which  will  generally  Iw 
applied.  There  are,  however,  modifications  of  these  which  may  ba 
advantageous  in  rare  and  special  cases,  and  which  will  readily  suggest 
themselves.  Thus,  if  it  be  desired  to  correct  approximate  elements 
by  varying  two  radii-vectores  r  and  r",  we  may  assume  an  approxi- 
mate value  of  each  of  these,  and  the  three  equations  (88),  will  con- 
t^n  only  the  three  unknown  quantities  A,  b,  and  I.  By  elimination, 
these  unknown  quantities  may  be  found,  and  in  like  manner  the 
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values  of  A",  h",  and  V.    It  will  be  moet  oonveoieDt  to  compute 
the  angles  i/'  and  i^",  and  then  find  z  and  z"  from 


or,  potting  a*  =  r*  —  i?  «iQ*4',  and  x"*  =  r"*  —  iJ"*  sin'i^",  from 
_  .B  ain  ♦ 


The  curtate  distances  will  be  given  by  the  equations  (3),  and  the 
heliocentric  spherical  co-ordinates  hy  means  of  (4),  writing  r  in  ptaoe 
of  a.  From  these  u" — u  may  be  foond,  and  by  means  of  the  valnea 
of  r,  r",  and  u"  —  u  the  determination  of  the  eleraenta  of  the  orbit 
may  be  completed.  Then,  assigning  to  r  an  increment  Sr,  we  com- 
pute a  second  system  of  elements,  and  from  r  and  r"  +  dr"  a  third 
eystem.  The  comparison  of  these  three  systems  of  elements  with  an 
additional  or  intermediate  observed  place  will  furnish  the  equations 
for  the  determination  of  the  corrections  or  and  br"  to  be  applied  to 
r  and  r",  respectively.  The  comparison  of  the  middle  place  may  be 
made  with  the  observed  geocentric  spherical  oo-ordinatee  directly,  or 
with  the  radius-vector  and  argument  of  the  latitude  computed  directly 
from  the  observed  co-ordinates;  and  in  the  same  manner  any  numbn 
of  additional  observed  places  may  be  employed  in  forming  the  equa- 
tions of  condition  for  the  determination  of  ar  and  at". 

Instead  of  r  and  r",  we  may  take  the  projections  of  these  radii- 
vcctores  on  the  plane  of  the  ecliptic  as  the  quantities  to  be  corrected. 
Let  these  projected  distances  of  the  body  from  the  sun  be  denoted 
by  r,  and  r,",  respectively ;  then,  by  means  of  the  equations  (88)1, 
we  obtain 

.m(i-i)  =  -«°°<^-g'>,  (96) 

from  which  I  may  be  found ;  and  in  a  similar  manner  we  may  find 
/".     If  we  put 

a!,'  =  V  — iPriu'C-l— O), 
we  have 

Let  S  denote  the  angle  at  the  sun  between  the  earth  and  the  plaoa 
of  the  planet  or  comet  projected  on  the  plane  of  the  ecliptic;  then 
we  shall  have 
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BtiLd—O)  (98) 

'"    siny  — i)    ' 
ftnd 

t,>„i  =  'J!£^,  (99) 

bv  means  of  which  the  heliocentric  latitudes  b  and  b"  may  be  found. 
The  calculation  of  the  elements  and  the  correction  of  r,  and  r^"  are 
then  effected  as  in  the  case  of  the  variation  of  r  and  r". 

Id  the  case  of  parabolic  motioD,  the  eccentricity  being  known,  we 
may  take  q  and  T  as  the  quantities  to  be  corrected.  Xf*we  assume 
approximate  values  of  these  elements,  r,  r',  r",  and  v,  »',  »"  will  be 
given  immediately.  Then  from  r,  r',  r"  and  the  observed  spherical 
co-ordinates  of  the  body  we  may  compute  the  values  of  u"  —  u'  and 
u'  —  u.  In  the  same  manner,  by  means  of  the  observed  places,  wo 
compnte  the  angles  w" — u'  and  it' — «  corresponding  to  9+^9  and  T, 
and  to  q  and  T-\-  ST,  Sq  and  JT* denoting  the  arbitrary  increments 
assigned  to  q  and  T,  respectively.  The  compariaon  of  the  helio- 
centric motion,  during  the  intervals  ("  —  C  and  C  —  i,  thus  obtained, 
in  the  case  of  each  of  the  three  ^stems  of  elements,  from  the  ob- 
served geocentric  places  with  the  corresponding  results  given  by 

u"  —  u'  =  v"  —  tj*,  w'  —  «  ^  t/  —  V, 

enables  us  to  form  the  equations  by  which  we  may  find  the  coi^ 
rections  A5  and  dTto  be  applied  to  the  assumed  values  of  q  and  T, 
respectively,  in  order  that  the  values  of  «" — u'and  u'  —  «  computed 
by  means  of  the  observed  places  shall  agree  with  those  given  by  th« 
true  anomalies  computed  directly  from  q  and  T. 
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CHAPTER  VIL 

METHOD  OF  LEAST  SqUABSi,  THSOBT  OT  THE  COMSmATlOS  OF  OBBEBTATIOm,  iMO 
SETERICINATION  OF  THE  HOST  PBOBABLE  STSftEM  Of  SLEHERIS  mOM  A  BXRIXS 
OF  OBSEEVATIOKa. 

125.  When  the  elements  of  the  orbit  of  a  hesveDlj  body  are  known 
to  eucli  a  d^ree  of  approximation  that  the  Bquares  and  products  of 
the  corrections  which  should  be  applied  to  them  may  be  neglected, 
by  computing  the  partial  differential  coefBcieitts  of  these  elements 
with  respect  to  each  of  the  obeerved  spherical  co-ordinates,  we  may 
form,  by  means  of  th&  difTerences  between  computation  and  observa- 
tion, the  equations  for  the  determination  of  these  corrections.  Three 
complete  observations  will  furnish  the  six  equations  required  for  the 
determination  of  the  corrections  to  be  applied  to  the  six  elements  of 
the  orbit;  but,  if  more  than  three  complete  places  are  given,  the 
number  of  equations  will  exceed  the  number  of  unknown  quantities, 
and  the  problem  will  be  more  than  determinate.  If  the  observed 
places  were  absolutely  exact,  the  combination  of  the  equations  of 
condition  in  any  manner  whatever  would  furnish  the  values  of  these 
corrections,  such  that  each  of  these  equations  would  be  completely 
satisfied.  The  conditions,  however,  which  present  themselves  In  the 
actual  correction  of  the  elements  of  the  orbit  of  a  heavenly  body  by 
means  of  given  observed  places,  are  entirely  different.  When  the 
observations  have  been  corrected  for  all  known  instrumental  errors, 
and  when  all  other  known  corrections  have  been  duly  applied,  there 
Btill  remain  those  accidental  errors  which  arise  from  various  causes, 
such  as  the  abnormal  condition  of  the  atmosphere,  the  imperiectiona 
.  of  vision,  and  the  imperfections  in  the  performance  of  the  instrument 
employed.  These  accidental  and  irregular  errors  of  observation  cannot 
be  eliminated  from  the  observed  data,  and  the  equations  of  condition 
for  the  determination  of  the  corrections  to  be  applied  to  the  elements 
of  an  approximate  orbit  cannot  be  completely  satisfied  by  any  ^stem 
of  values  assigned  to  the  unknown  quantities  unless  the  number  of 
equations  is  the  same  as  the  number  of  these  unknown  quaotities. 
It  becomes  an  important  problem,  therefore,  to  determine  the  par- 
ticular combination  of  these  equations  of  condition,  by  means  of  which 
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the  resaltiog  values  of  the  unknown  qnantdtiee  will  be  those  which, 
while  they  do  not  completely  satisfy  the  several  equations,  will  afford 
the  highest  degree  of  probability  in  fever  of  their  accuracy.  It  will 
be  of  interest  also  to  determine,  as  far  as  it  may  be  possible,  the 
degree  of  accuracy  which^  may  be  attributed  to  the  separate  resolts. 
But,  in  order  to  simplify  the  more  general  problem,  in  wbicb  the 
quantities  sought  are  determined  indirectly  by  observation,  it  will  be 
expedient  to  consider  first  the  simpler  case,  in  which  a  single  quantity 
is  obtained  directly  by  observation. 

126.  If  the  accidental  errors  of  observation  could  be  obviated,  the 
different  determinations  of  a  magnitude  directly  by  observation  would 
be  identical ;  but  since  this  is  impossible  when  an  extreme  limit  of 
precision  is  sought,  we  adopt  a  mean  or  average  value  to  be  derived 
from  the  separate  results  obtained.  The  adopted  value  may  or  may 
Dot  agree  with  any  individual  result,  since  it  is  only  necessary  that 
the  residuals  obtained  by  comparing  the  adopted  value  with  the 
observed  values  shall  be  such  as  to  make  this  adopted  valne  the  most 
probable  value.  It  is  evident,  from  the  very  nature  of  the  case,  that 
we  approach  here  the  confines  of  the  unknown,  and,  before  we  pro- 
ceed iarther,  something  additional  must  I>e  assumed. 

However  irregular  and  uncertain  the  law  of  the  accidental  errors 
of  observation  may  be,  we  may  at  least  assume  that  small  errors  are 
more  probable  than  Urge  errors,  and  that  errors  surpassing  a  certain 
limit  will  not  occur.  We  may  also  assume  that  in  the  case  of  a  large 
number  of  observations,  errors  in  excess  will  occur  as  frequently  as 
errors  in  defect,  so  that,  in  general,  positive  and  negative  residuals 
of  equal  absolute  value  are  equally  probable.  It  appears,  therefore, 
that  the  relative  frequency  of  the  occurrence  of  an  accidental  error  d. 
in  the  observed  value  will  depend  on  the  magnitude  of  this  error, 
and  may  be  expressed  by  ^(^.  This  function  will  also  express  the 
probability  of  an  error  ^  in  an  observed  value.  At  the  limit  beyond 
which  an  error  of  the  magnitude  d  can  never  occur,  we  must  have 
^  ( J)  =  0 :  when  J  =  0,  the  value  of  ^  (J)  must  be  a  maximum,  and 
for  equal  positive  and  n^ative  values  of  J  the  values  of  ^  {d)  must 
be  the  same.  Hence,  in  a  given  series  of  observations,  the  number  m 
of  observations  being  supposed  to  be  lai^e,  the  number  of  times  in 
which  the  error  d  occurs  will  be  expressed  by  mf  (J),  and  the  number 
of  times  in  which  the  error  J'  occurs  will  be  expressed  by  my  (J"),  so 
that  we  shall  have 

m  =1  mf  (d)  -\- m^  (J')  +  mf  (^^  +  Ac, 
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Zff(J)  =  l. 


The  sum  S  muHt  be  taken  between  the  limits  for  which  the  aoddeotil 
errom  of  obaervatioa  are  coDBidered  posuble ;  but  since  the  asedgnmeDt 
of  these  limits  is,  in  a  certain  sense,  arbitraiy,  we  must  eridentlr 
have 


the  value  of  f{4)  being  absolutely  zero  for  the  limits  +»  and  — od. 
Within  any  given  limits  there  are  an  infinite  number  of  yalaes, 
any  one  of  which  may  possibly  be  the  true  value  of  4,  and  hencs 
the  number  of  the  functioiis  expressed  by  f{S)  must  be  infinite 
The  probability  of  an  error  4  is  expressed  by  ^{^,  and  will  be  the 
same  as  the  probability  that  the  error  is  contained  within  the  limits^ 
and  J  +  dJ.  The  latter  is  expressed  by  the  aum  of  all  the  frinctions 
f  {J)  between  the  limits  J  and  J  +  dJ,  or  by 

We  conclude,  therefore,  that  the  probability  that  an  error  &lla  betweoi 
the  limits  a  and  b  is  expressed  by  the  integral 

and  this  integral,  taken  so  as  to  include  all  possible  accidental  erron 
of  observation,  is,  according  to  equation  (1), 

/^(J)dJ  =  l.  (2) 

According  to  the  theory  of  probabilities,  the  probability  that  the 
errors  4,  J',  &c.  occur  simultaneously  is  equal  to  the  continued  pro- 
dact  of  the  probabilities  of  the  occurrence  of  these  errors  separately. 
Iiet  P  denote  the  probability  that  these  errors  occur  at  the  same  time 
iu  the  given  series  of  observed  values,  and  we  have 

P=y(J).p(J')-f(J") (8) 

The  most  probable  value  of  the  quantity  sought,  which  we  will  de- 
note by  x,  must  evidently  be  that  which  makes  P  a  maximam.    If 
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we  take  the  logarithms  of  hoth  members  of  equation  (3),  and  diffiu*- 
entiate,  the  condition  of  a  maximum  gives 

Lei  n,  n',  n",  &o.  he  the  observed  values  of  x,  and  in  the  number  of 
observations ;  then  we  have 

J  =  n  —  a!,  d'  =  n'  —  x,  J"  =  »"  —  »,  &c., 

«nd  hence 


Therefore  the  equation  (4)  becomes 

(flogyCn  — 3?)       d log y (»'  —  *)    ,    .  ,-^ 

^=      din-.)       +—dW-x)      +*'=■  f^ 

This  equation  will  serve  to  determine  the  value  of  x  as  soon  as  the 
form  of  the  function  symbolized  by  y>  is  known.  It  becomes  neces- 
sary, therefore,  to  make  some  further  assumption  in  r^ard  to  the 
errors  ^,  J',  J",  &o.,  io  order  that  the  form  of  this  function  may  be 
determined;  and,  although  the  hypothesis  which  presents  itself  gives 
directly  the  most  probable  value  of  x,  since  tlie  function  f[J)  is  sup- 
posed to  be  general,  we  may  thus,  by  the  special  esse,  determine  the 
form  of  this  function;  and  the  result  will  be  applicable  when,  instead 
of  the  value  of  a  single  quantity,  it  is  required  to  find  the  most  pro- 
bable values  of  several  unknown  quantities  determined  indirectly  by 
observation. 

127.  The  principle  may  be  received  as  an  axiom,  that  when  a 
series  of  observed  values  of  a  quantity  is  given,  if  the  circumstances 
under  which  the  separate  observations  were  made  are  similar,  so  that 
there  is  no  reason  for  preferring  one  result  to  another,  the  most  pro- 
bable value  of  the  quantity  sought  is  the  arUkmeiuxil  mean  of  the 
several  results.     Hence  we  have 


i»  being  the  number  of  observed  values.     This  expression  gives 

0  =  {n~x)  +  (n'-ar)  +  (n" - *) -f-  Ac.,  (6) 

from  wbicb  it  appears  that  the  algebraic  sum  of  the  residuals  is  equal 
to  zero.     The  equation  (5)  may  be  written 
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and  the  compariaon  of  thiB  with  (6)  shows  that 

j log y(n— a)   _    d logy ("'  —  *)  _ i  ,7^ 

(n-^)d(n-«)-(n'-«)d(n'-a!)""      *-  *-" 

A  being  a  conBtaut  quantity.     Hence  we  derive 

dIog.y(J)  =  AJ(iJ, 
the  intqpBtioQ  of  which  gives 

log.y(J)  =  ift/l'  +  log,o, 

log,  c  being  the  constant  of  int^^tion.     From  this  equation  t&eio 

results 

y  (4)  =  «**"',  (8) 

in  which  e  is  the  base  of  Naperian  logarithms.  Since  fp{  J)  diminishes 
as  d  increases,  the  quantity  h  must  be  essentially  n^ative,  and  if  we 
put  Ji  =  —  A*,  we  shall  have 

,  (J)  =  ,»-"".  (9) 

If  we  substitate  this  value  of  ^  {d)  in  the  equation  (2),  we  have 

or,  putting  also  t^hJ, 

This  equation  will  give  the  value  of  the  constant  0,  provided  that  the 
value  of  the  int^ral 

ia  known.  Since  the  definite  int^ral  is  independent  of  the  variable, 
let  ns  multiply  it  by  s  similar  one,  in  which  y  is  the  variable ;  bo 
that  we  have 

ID  which  tbu  order  of  integration  is  indiflereut     If  we  pat  y  =  (^ 


ogn 
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'we  have,  BiDce  t  ia  regarded  aa  ooDStant  in  the  integration  with  reepeot 
to  y, 

and  hence 

Then,  nince  we  have,  in  general, 

the  preceding  ecjnation  gives 

(j;"'-'*r=/.'5aT7)=i[»«-.r>j., 

in  which  n  denotes  the  semi-circumferenoe  of  a  circle  whose  radius  is 
unity.    Therefore  we  have 

f',-'di=iv^.  CU) 

and  the  equation  (10)  gives 

o=A.  (12) 

Henoc,  tJie  expression  for  <p  (d)  becomes 

^(J)  =  A«-'^.  (18) 

The  constant  h,  according  to  the  relation  V  ^  —  ]£,  must  depend  on 
the  nature  of  the  observations,  and  will  be  the  same  in  the  case  of 
B^stema  of  observations  in  which  the  probability  of  an  error  J  is  the 
same.  Since  h*^  must  neceesatilv  be  an  abstract  nnmber,  J  and  r 
must  be  homogeneous. 

128.  In  a  given  series  of  observations,  the  probability  that  for  any 
observation  the  error  will  be  within  the  limits  —  8  and  •{-  8  will  be 
expressed  by  ■ 

—  (.-"di;  (14) 

and  in  another  series  of  observations,  more  or  leas  predae,  die  pro- 
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bability  that  the  error  of  an  observation  is  within  the  limits  — If  and 
+  S'  will  be 


jfT'^^dA.  (i5) 


it  appears  that  the  integrals  (14)  and  (15)  are  equal  when  hS  =  h'8'. 
Hence,  if  we  put  h'=^^,  these  int^rals  will  be  equal  when  8=^'2ff, 
and  an  error  of  a  given  magnitude  in  the  first  series  will  have  the 
same  probability  as  an  error  of  half  that  nu^nitude  in  the  second 
series.  The  second  series  of  observations  will  therefore  be  twice  aa 
accurate  as  the  first  series,  and  the  constant  h  may  be  called  the 
measure  of  preemon  of  the  observations.  The  greater  the  degree  of 
precision  of  the  observations,  the  greater  will  be  the  value  of  k. 

The  relative  accuracy  of  two  series  of  observations  may  also  be 
determined  by  a  comparison  of  the  errors  which  are  committed  with 
equal  facility  in  each  series.  If  we  arrange  the  errors  of  the  several 
observations  in  each  series  in  the  order  of  their  absolute  magnitude 
without  reference  to  the  algebraic  sign,  the  errors  which  occupy  the 
same  position  in  reference  to  the  extremes  in  each  case  will  serve  to 
determine  the  relation  sought.  We  select  that,  however,  which  occu- 
pies the  middle  place  in  the  series  of  errors  thus  arranged,  and  since 
the  number  of  errors  which  exceed  this  is  the  same  as  the  number 
of  errors  less  than  this,  if  we  designate  the  error  which  occupies  the 
middle  place  by  r,  the  probability  that  an  error  is  within  th^  limitA 
—  r  and  +  r  will  be  equal  to  J.  The  probability  of  an  error  greater 
than  r  being  the  same  as  the  probability  of  an  error  less  than  r,  the 
error  r  is  called  the  probable  error. 

The  relation  between  r  and  h  is  easily  determined.     Thus,  we  have 

or,  putting  hd  =  t, 

f  «—  dt  =  y^  =  0.44311.  (18j 

If  we  expand  e"""  into  a  series  of  ascending  powers  of  t,  multiply  by 
(H,  and  integrate  between  the  limits  0  and  T,  we  get 
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which  coiiTei^;ea  rapidly  when  7  is  small.  To  fiod  the  value  of  T 
which  correspoods  to  the  value  0.44311  asaigned  to  the  integral,  we 
compute  the  value  of  the  series  (17)  for  the  values  0.45,  0,47,  aud 
0,49  assigned  to  T,  successively,  and  from  the  results  thus  obtained 
it  is  easily  seen  that  when  the  sum  of  the  terms  of  the  Beries  is 
0,44311,  we  have 

r=Ar  =  0.47694, 
or 

r  =  ''^.  (18) 

which  determines  the  relatioD  between  the  probable  error  and  the 
measnre  of  precision. 

The  probability  that  the  error  of  an  observation,  without  regard  to 
flign,  does  not  exceed  nr,  m  expressed  by 


i/; 


fe-^dt,  (19) 


and  this  integral,  therefore,  indicates  the  ratio  of  the  number  of  obser- 
vations aSected  with  an  error  which  does  not  exceed  nr  to  the  whole 
number  of  observations.  Hence,  if  we  assign  different  values  to  n, 
the  integral  (19)  computed  for  the  several  assumed  values  of 

nAr  =  0.47694n 

will  give  the  relative  number  of  errors  of  a  given  magnitude.  Thus, 
if  we  put  n  =  1,  we  obtain 

—   fr"*  (ft  =  0.264, 

trom  which  it  appears  that  in  a  series  of  1000  observations  there 
ought  to  be  264  observations  in  which  the  error  does  not  exceed  Jf, 
It  has  been  found,  in  this  manner,  that  in  the  case  of  an  extended 
series  of  observations  the  number  of  errors  of  a  given  magnitude 
assigned  by  theory  agrees  very  closely  with  that  actually  jpven  by 
the  series  of  observations;  and  hence  we  conclude  that  the  error  com- 
mitted in  extending  the  limits  of  the  summation  in  the  expression  (1) 
to  — CO  and  +qd,  instead  of  the  finite  limits  which  it  is  presumed 
that  the  actual  errors  cannot  exceed,  is  very  slight,  so  that  the  form 
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of  the  function  y)(  J)  which  has  been  derived  niay  be  regarded  as  that 
which  best  satisfies  all  the  conditions  of  the  problem. 

129.  The  relative  accuracy  of  different  series  of  observations  may 
also  be  indicated  by  means  of  what  are  called  the  mean  error  and  the 
nwxwi  of  the  errors  for  each  series,  the  former  being  the  error  whose 
square  is  equal  to  the  mean  of  the  squares  of  all  the  errors  of  the 
series,  and  the  latter  the  mean  of  these  errors  withont  reference  to 
their  algebraic  sign. 

Let  e  denote  the  mean  error ;  then,  since  the  nnmber  of  observa- 
tions having  the  error  ^  is  mf  (d),  we  shall  have,  according  to  the 
definition, 

,.  ^  -J"^  C^)  +  J'my  jJ")  +  Ac.  ^  _y  ^.^  ^^^^ 

But  the  number  of  possible  errors  being  infinite,  the  probability  of 
an  error  J  is  expressed  by  ^  (J)  dJ,  and  we  have 

t*=  f  J'9-  lid)  dJ  =  -^f  e-"^*  Sid, 
which  gives 

Hence,  by  means  of  (18),  we  have 

.=  ^-  =  1.4826r,  ,„. 

Al/2  (21) 

r  =  0.67449t, 

which  determine  the  relation  between  *  and  r. 

Let  7  denote  the  mean  of  the  errors,  and  we  shall  have 

,  =  J"  2J?'C^)dJ  =  -?^  J"  e"*™  HA, 
which  gives 


'-wi 

Therefore,  we  have 

7  =  1.1829r, 


for  the  relation  between  r  and  5. 


(22) 
(23) 
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130.  Let  OB  denote  by  e,  V,  u",  &c  the  differenoes  between  any 
assumed  value  of  z,and  the  obeerved  values  for  a  given  aeries  of 
obEervations,  the  Dumber  of  obsen^tious  being  denoted  by  m;  then 
If  we  put 

[to]  =  c"  +  b"  +  »"'  +  Ac.,  (24) 

and  similarly  in  the  case  of  the  sum  of  any  other  seriee  of  eimilar 
terms,  we  shall  have  for  the  probability  of  the  value  x„ 

i'=^  «-**'-".  (26) 

and  this  probability  will  be  a  maximum  when  [vd]  is  a  minimum 
Now  we  have 

II  =  n  —  x„  v'  =  n'  —  «„  i^^  n"  —  x„  &o., 

n,  n',  n",  &a.  being  the  observed  values  of  x,  and  hence 

[«.]  =  [»«]  — 2  [n]*,  +  »w,' 


It  appean,  therefore,  that  [w]  will  be  a  minimum  when 


caej 


and  this  is  a  necessary  consequence  of  the  assomption  that  the  arith- 
metical mean  of  the  observations  gives  the  most  probable  value  of  x, 
according  to  which  the  form  of  the  function  f(^  was  derived.  But 
although  the  arithmetical  mean  is  the  most  probable  value,  yet  we 
cannot  afBrm  that  this  is  the  exact  value,  so  long  as  the  number  of 
oliservations  is  finite.  It  becomes  important,  therefore,  to  determtn*' 
the  degree  of  precision  of  the  arithmetital  mean. 

Let  x^  denote  the  moat  probable  value  of  »,  for  which  the  residuals 
are  r,  v',  v",  &c.,  and  let  a^^  -|-  J  be  any  other  value  of  x.  Then,  since 
we  may  put 

[t.]=u  +  »'  +  tr  +  ....  =  0, 
and 

[ot]  =  nu". 

the  probability  of  the  value  x^-\-  8  will  be 
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TLe  probftbtlity  that  the  error  of  the  arithmetical  mean  Is  zero  is  in- 
dicated hy 


Id  the  case  of  a  UDgle  observation,  if  P  denotes  the  probability  of 
the  error  «ro,  and  P'  the  probability  of  the  error  i,  we  have 

Hence  it  appears  that  if  k^  denotes  the  measure  of  precimon  of  the 
arithmetical  mean  of  m  observations,  the  relation  between  \  and  h, 
the  measure  of  precision  of  an  observation,  is  given  hy 

V  =  'nA';  (27) 

and  if  Tg  is  the  probable  error  of  the  arithmetical  mean,  and  e,  its 
mean  error,  we  have,  according  to  the  equations  (18)  and  (20), 


l/i»  (28) 

*      Vm 

These  expressions  determine  the  probable  and  the  mean  error  of  ttie 
arithmetical  mean  of  a  number  of  observations  when  these  errors  in 
the  case  of  a  single  observation  are  known. 

131.  The  expressions  for  the  relation  between  the  mean  and  pro- 
bable errors  have  been  derived  for  the  case  of  a  very  lai^  number 
of  observations,  a  number  so  great  that  the  error  of  the  arithmetical 
mean  becomea  equal  to  zero.  In  the  case  of  a  limited  number  of 
observed  values  of  x,  the  residuals  given  by  comparing  the  arith- 
metical mean  with  the  several  observations  will  not,  in  general,  pve 
the  true  errors  of  the  observations ;  but  the  greater  the  number  of 
observations,  the  nearer  will  these  residuals  approach  the  absolute 
errors.  If  J,  J',  J",  &c  are  the  actual  errors  of  the  observations, 
and  V,  v',  v",  &C.  those  which  result  from  the  most  probable  ^lae  of 
X,  we  shall  have,  denoting  the  arithmetical  mean  by  x„  and  the  true 
value  by  *„  +  3, 

a  =  v~9,  J'  =  i/~3,  J"  =  tr"  —  *,  Ac ; 
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fcjcl  hence 

mf  =  [J  J]  =  [to]  +  TOi*.  (29) 

This  eqoatioD  will  enable  aa  to  deteriaine  the  mean  error  of  an  ob- 
eervation  when  S  is  g^ven ;  but,  aoce  this  is  necesaarilj  tiDknowD, 
some  asaumption  in  regard  to  its  value  must  be  made.  If  we  assume 
it  to  be  equal  to  the  mean  error  of  the  arithmetical  mean,  the  re- 
maining error  will  be  wholly  insensible,  and  henoe  the  equation  (29) 
becomes 

mt'  =  [tm]  +  m«,'  ^  \m\  +  •". 

Therefore,  we  shall  have  

•  =  VS'  (30) 

and,  according  to  (21),  

,  =  0.6745 -^/J^I.  (31J 

These  equations  give  the  values  of  the  mean  and  probable  ^rors  of 
a  single  observation  in  terms  of  the  actual  residuals  found  by  com- 
paring the  arithmetical  mean  with  the  several  observed  values. 

The  probable  and  the  mean  error  of  the  arithmetical  mean  will  be 
given  by 


'M, 


w 


m(m-l)  ^32j 


=  0.6745 


JZHZ 


When  the  namber  of  observatione  is  veiy  lai^  the  probahle  error 
of  an  observation  and  also  that  of  the  arithmetical  mean  may  be  de- 
tenniDed  \ty  means  of  the  mean  of  the  errors.  If  we  suppose  the 
number  of  positive  errois  to  he  the  same  as  the  number  of  negative 
errors,  the  mean  of  the  eirtjis  without  reference  to  the  algebraic  sign 
gives 

'  =  ^- 

and  hence  we  have,  according  to  (23), 

r=  0.8463^  (88) 

Por  the  mean  error  of  an  observation  we  have 

.  =  ,1/^;  =  1.2533  £^  (84) 
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If  the  number  of  observations  is  very  great,  the  results  given  oy 
these  equations  will  agree  with  those  given  by  (30)  and  (31);  but  for 
any  limited  series  of  observed  values,  the  results  obtained  by  meoni 
of  the  mean  error  will  afford  the  greatest  accuracy. 

132.  The  relative  accuracy  of  two  or  more  observed  values  of  a 
quantity  may  be  expressed  by  means  of  what  are  called  their  vjeights. 
If  the  observations  are  made  under  precisely  similar  circumstances, 
80  that  there  is  no  reason  for  preferring  one  to  the  other,  they  are  said 
to  have  the  same  weight.  The  weight  must  therefore  depend  on  the 
measure  of  precision  of  the  observations,  and  hence  on  th^  probable 
errors.  The  unit  of  the  weight  ia  entirely  arbitrary,  since  only  the 
relative  weights  are  required,  and  if  we  denote  the  weight  by  p,  the 
value  of  p  indicates  the  number  of  observations  of  equal  aocuntcy 
which  must  be  combined  in  order  that  their  arithmetical  mean  may 
have  the  same  degree  of  precision  as  the  observation  whose  weight  is 
p.  Hence,  if  the  weight  of  a  single  observation  is  1,  the  arithmetical 
mean  of  m  such  observations  will  have  the  weight  m.  Let  the  pro- 
bable error  of  an  observation  of  the  weight  unity  l>e  denoted  by  r, 
and  the  probable  error  of  that  whose  weight  is  p'  by  r* ;  then,  ao- 
cording  to  the  first  of  equations  (28),  we  shall  have 


V'p' 


For  the  case  of  an  observation  whose  weight  is  p"  and  whose  pro- 
bable flrror  is*  r",  we  have 

r'=p'y^=p'j», 

from  which  it  appears  that  the  w&ghti  of  boo  obaemaiuma  are  to  etuk 
other  inversely  as  the  squares  of  their  probable  or  mean  errors,  cmd, 
according  to  (18),  directly  as  the  sqmirea  of  their  measwres  of  precision. 
Let  us  now  consider  two  values  of  x,  which  may  be  designated  by 
x'  and  x",  the  mean  errors  of  these  values  being,  respectively,  e*  and 
t";  then,  if  we  put 

and  suppose  that  both  x'  and  x"  have  been  derived  from  a  large  num- 
ber m  of  observations  (and  the  same  number  in  each  case),  so  that  the 
residuals  v,  v,',  o",  &c,  in  the  case  of  a;' and  the  residuals  u„  v/,  v,", 
&c.  in  the  case  of  x"  may  be  regarded  as  the  actual  errors  of  obser- 
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vation,  the  errors  of  the  value  of  ^  as  detenoined  from  the  several 
observations,  will  be 

V±V„  1^  ±  v/,  </'  ±  «,",  &0. 

Let  the  mean  error  of  JT  be  denoted  hy  E;  then  we  have 

nvE"  =  Siy±.  v,)'  =  [tw]  ±  2  [to,]  +  \y,v,1 ; 

and  since  the  number  of  observed  values  is  supposed  to  be  so  great 
that  the  frequency  of  n^ative  products  w,  is  the  same  as  that  of  the 
similar  positive  products,  so  that  [twj  =  0,  this  equation  gives 

KiE*  =  mt"  +  m«"*, 
or 

£'  =  ."+ ^^ 

Combining  X  vitb  a  third  value  a/"  whose  mean  error  is  ^",  the 
tneau  error  of  x'  ±  x"  ±  a;"'  will  be  found  in  the  same  manner  to  be 
equal  to  ^  + 1"*  +  «"";  and  hence  we  have,  for  the  algebraic  sum 
of  any  number  of  separate  values, 

E  =  v'** +  #'"  +  «'"+&«-,  (35) 

and,  according  to  the  last  of  equations  (21), 

R  =  v'r*  +  T"  +  f/"  +  &o.,  (36) 

R  being  the  probable  error  of  the  algebnuo  sum.  If  the  probable 
errors  of  the  several  values  are  the  same,  we  have 

r  =  /  =  /'=&c. 

and  the  probable  error  of  the  sum  of  m  values  will  be  given  by 

R  =  rV^ 

Hence  tne  probable  error  of  the  arithmetical  mean  of  m  observed 
values  will  be 

m       Vm 

which  agrees  with  the  first  of  equations  (28). 

Ijct  P  denote  the  w^ght  of  the  sum  X,  p'  the  weight  of  a/,  and  j/' 
that  of  x";  then  we  shall  have 


ii.zecy  Google 


374  THEOBETICAL  ASTBOKOmT. 

from  which  we  get 

Since  the  unit  of  weight  ie  arbitraiy,  we  may  take 

qnd  hence  we  have,  for  the  weight  of  the  algebiaio  Bum  of  any 
number  of  values, 


or,  whatever  may  be  the  unit  of  weight  adopted, 


P  +  -^+i^+- 


In  the  caae  of  a  series  of  observed  values  of  a  qoEDtitf ,  if  we 
designate  by  r'  the  probable  error  of  a  residual  found  by  oompariDg 
the  arithmetical  mean  with  an  observed  value,  by  r  the  probable 
error  of  the  observation,  by  x^  the  arithmetical  mean,  and  by  n  any 
observed  value,  the  probable  error  of 

n=x,+  v, 
according  to  (36),  will  be 

r»  =  r,-  +  r"  =  ^  +  /', 
r,  being  the  probable  error  of  the  arithmetical  mean.   Henoe  we  deriva 


and  if  we  adopt  the  value 


J    i     w* 


>'  =  0.8463 


M 


the  expiesdon  for  the  probable  error  cf  an  observatiou  beoomes 

^ (40) 


v'mim  —  1)' 


in  which  [v]  denotes  the  sum  of  the  residuals  r^arded  as  positive, 
and  m  the  number  of  observations. 

133.  Jjct  n,  n',  n",  &c.  denote  the  observed  valnes  of  x,  and  letp, 
p',  p",  &a.  be  their  respective  weights;  then,  according  to  the  defi' 
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Dition  of  the  weight,  the  value  n  may  be  regarded  as  the  arithmetioal 
mean  of  p  observations  whose  weight  is  unity,  and  the  same  is  true 
in  the  case  of  n',  n",  &c.  We  thus  reaolve  the  given  values  into 
p-\-p'  +J'"  +  . . . .  observations  of  the  weight  unity, and  the  arith- 
metical mean  of  all  these  gives,  for  the  most  probable  value  of  x, 

^  ^jm+p'n'  +  p"n"  +  Ac.  ^  jpn] 

'  p+p'  +  p"  +  &Q.  [i>]   ■ 

The  unit  of  weight  being  entirely  arbitrary,  it  is  evident  that  the 
relation  given  by  this  equation  is  correct  as  well  when  the  quantities 
Pt  P'>  P">  <^-  ^^^  fractional  as  when  they  are  whole  numbers.  The 
weight  of  x^  as  determined  by  (41)  is  expressed  by  the  sum 

and  the  probable  error  of  *,  is  given  by 

(421 


•      V'j>+p'  +  ;)"+...      Vip^' 

when  r,  denotes  the  probable  error  of  an  observation  whose  weight 
is  unity.  The  value  of  r,  must  be  found  by  means  of  the  observa- 
tions themselves.  Thus,  there  will  be  p  residuals  expressed  by 
»  —  Xg,  p'  residuals  expressed  by  n'  —  x^,  and  similarly  in  the  case  of 
n",  n'",  &c.     Hence,  according  to  equation  (31),  we  shall  have 


••,  =  0.6745 

in  which  m  denotes  the  number  of  values  to  be  combined,  or  the 
Dumber  of  quantities  n,  n',  n",  &c  For  the  mean  error  of  a:^  wq 
have  the  equations 

If  different  determiDations  of  the  quantity  x  are  given,  for  whidi 
the  probable  errore  are  r,  r",  r",  &c.,  the  reciprocals  of  the  squares 
of  these  probable  errors  may  be  taken  as  the  weights  of  the  respective 
values  n,  n',  n",  &c.,  and  we  shall  have 

5  +  ^  +  ^  +  ---. 
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with  the  probable  error 

-•=„,',  («) 


Tlie  meaD  errors  may  be  used  in  these  equations  inatead  of  the  pro- 
bable errors. 

134.  The  results  thus  obtained  for  the  caae  of  the  direct  observa- 
tion of  the  quantity  sought,  are  applicable  to  the  determination  of 
the  oonditiona  for  finding  the  most  probable  values  of  several  un- 
known quantities  when  only  a  certain  function  of  these  quantities  is 
directly  observed.  In  the  actual  application  of  the  Ibriaulce  it  will 
always  be  possible  to  reduce  the  problem  to  the  case  in  which  the 
quantity  observed  is  a  linear  function  of  the  quantities  sought.  Thus, 
let  F'be  the  quantity  observed,  and  ?,  ^,  ^,  &a.  the  unknown  quaa- 
tities  to  be  determined,  so  that  we  have 

Let  fg,  i^g,  (g,  Ax.  bc  approximate  values  of  these  quantities  supposed 
to  be  already  known  by  means  of  previous  calculation,  and  let  x,  y, 
z,  &c  denote,  respectively,  the  corrections  which  must  be  applied  to 
these  approximate  values  in  order  to  obtain  their  true  values.  Then, 
if  we  suppose  that  the  previous  approximation  is  so  close  that  the 
squares  and  products  of  the  several  corrections  may  be  neglected,  we 
have 

and  thus  the  equation  is  reduced  to  a  linear  form.  Hence,  in  general, 
if  we  denote  by  n  the  difference  between  the  computed  and  the  ob- 
served value  of  the  function,  and  similarly  in  the  case  of  each  obser- 
vation employed,  the  equations  to  be  solved  are  of  the  following 
form : — 

ax   +by  +ei   +  du   +  ew   +Jt   -(-n  =0, 
a'x  +  b'y  -(-  c"*  +  £f«  +  e'w  +ft  +n'  =  0,  (47) 

a"x  +  b"y  +  d'z  +  d"u  +  e"w  +/"*  +  n"  =  0, 
&c.  &c. 


which  may  be  ext«nded  so  as  to  include  any  number  of  unknown 
quantities.  If  the  number  of  equations  is  the  same  as  the  number 
of  unknown  quantities,  the  resulting  values  of  these  will  exactly 
satisfy  the  several  equations;  but  if  the  number  of  equations  exceeds 
the  number  of  unknown  quantities,  there  will  not  be  any  system  of 


METHOD  OF  LEAST  8QUABE8.  377 

values  for  these  which  will  reduce  the  aecond  members  absolutely  to 
zero,  and  we  can  only  determine  the  values  for  which  the  errors  for 
the  several  equations,  which  may  be  denoted  by  v,  v',  v",  &c.,  will  be 
those  which  we  may  regard  as  belonging  to  the  moat  probable  values 
of  the  unknown  quantities. 

Let  J,  d'y  d",  &a,  be  the  actual  errors  of  the  observed  quantities; 
then  tlie  probability  that  these  occur  in  the  case  of  the  observatiooi 
used  in  forming  the  equations  of  condition,  will  be  expressed  by 

and  the  most  probable  values  of  the  unknown  quantities  will  be  those 
which  make  P  a  maximum.  The  form  of  the  function  ^  (J)  has 
been  already  found  to  be 

and  hence  we  shall  have 

p  _  hh'K'. . .    _(«(4l  +  Kt^t  +  Kt^t  + 1».) 


m  being  the  number  of  observations  or  equations  of  condition.     In 
order  .that  P  may  be  a  maximum,  the  value  of 
A' J'  +  A"  J''  +  A"*  J"'  +  Ac. 
must  be  a  minimum.     If  the  observations  are  equally  good,  the  ex- 
pression for  P  becomes 

P  _     ^      — W(4»  +  i1  +  A1  +  4e.) 

and  the  condition  of  a  maximum  probability  requires  that 

iP  +  J''  +  J"'  +  Ac. 
shall  be  a  minimum.  Hence  it  appears  that  when  the  observations  are 
moally  precise,  the  most  probable  values  of  the  unknown  quantities 
are  those  which  render  the  sum  of  the  squares  of  the  residuals  a 
minimum,  and  that,  in  general,  if  each  error  is  multiplied  by  its 
measure  of  precision,  the  sum  of  the  squares  of  the  products  thus 
formed  must  be  a  minimum. 

If  we  denote  the  actual  residuals  by  o,  v',  v",  &a.,  and  r^;ard  the 
observations  aa  hsviog  the  same  measure  of  precision,  the  oondttioo 
Umt  the  sum  of  their  squares  shall  be  a  minimum  gives 

1W=0.  ^  =  0,  S^  =  0,*c, 

ax  ay  '  da  '       ' 


ogle 
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'-1-.  +  '/^.+''' 


dx 


'w+"''ir+--=»'  i« 


•11+'' i+^'w +■■••=«• 

&c.  Sbc. 

If  we  differentiate  the  equations 


03!  -\-hy  +'»  +du  +ew  +/*  +  n  =  r, 
a'a;  +  6'y  +  c"*  +  d'«  +  e'w  +/**  +  »'  =ti', 
b"«  +  6"y  +  e'z  +  (i"«  +  e"w  +/"t  +  »"  =  »", 


i",  4c 


with  reapect  to  x,  y,  x,  &c,  succeesively,  we  obtain 

*1=  ^  =  (^  ^- 

dx  dx         '  dx' 

dv       ,  di/       „  dv"      .„    . 

dy        '  dy  dy  ' 

&c.  &c.  &c. 

TiitroduGiDg  these  values  into  the  equations  (48),  and  substitatiog  fw 
r,  »',  i>",  &C,  their  values  given  by  (49),  we  get 

:<w3»  +  [a6]y  +  Me  +  [(Wflii  +  [ae]«  +  [a/]t  +  [an]  =0; 
:afi]  X  +  [66]  y  +  [fie] ,  +  [M] «  +  [6^]  w  +  [6/]  i  +  [6«]  =  0. 
>]^+  [*"]?  +  M*  +  M«  +  [«]«+  [cHi  +  C<^]  =0.,-;i\ 
■ad\x-\-  [6d]y  +  [«f]«+  [dd]w  +  [tfc]«+[<i/]i  +  [■i«]  =  0.'-^'' 

^]:=  +  My  +  M^  +  M«  +  M«  +  [e/]t  +  [«*]  =0. 
»/]^  +  [6/]y  +  ["/]'  +  W]«  +  [«/]«'  +  m*  +  !>]  =0. 


[aa]  =  <«.  +  oV+aV'  +  .... 
[a6]=aA+a'i'  +  a"6"  +  .... 
[*,]=ac+aV+a"c"  +  ....  t^^) 

[66]  =  66  +  6'6'  +  6"6"  + . . . . 
&C.  Ac. 

The  equations  of  condition  art  thus  reduced  to  the  rame  nomber  ai 
the  number  of  the  unknown  quantities,  and  the  solution  of  these 
will  give  the  values  for  which  the  sum  of  the  squares  of  the  residoala 
will  be  a  minimum.  These  final  equations  are  called  iwrmal  e^^toHciM. 
When  the  observations  are  not  equally  precise,  in  accordance  with 
the  condition  that  AV  +  A'V  +  h'^v"*  +  &c.  shall  be  a  minimnm, 
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each  equation  of  condition  mast  be  multiplied  by  the  measure  of 
precision  of  the  observation ;  or,  since  the  weight  is  proportional  to 
the  square  of  the  nieastire  of  precision,  each  equation  of  condition 
must  be  multiplied  by  the  square  root  of  the  weight  of  the  observa- 
tion, and  the  several  equations  of  condition,  being  thus  reduced  to 
the  same  unit  of  weight,  must  be  combined  as  indicated  by  the  equa- 
tions (51). 

135.  It  will  be  observed  that  the  formation  of  the  first  normal 
equation  is  effected  by  multiplying  each  equation  of  condition  by 
the  coefficient  of  x  in  that  equation  and  then  taking  the  sum  of  all 
the  equations  thus  formed.  The  second  normal  equation  is  obtained 
in  the  same  manner  by  multiplying  by  the  coefficient  of  i/;  and  thus 
by  multiplying  by  the  coefficient  of  each  of  the  unknown  quantities 
the  several  normal  equations  are  formed.  These  equations  will  gene- 
rally give,  by  elimination,  a  system  of  determinate  values  of  the 
nnknown  quantities  x,  y,  z,  &c.  But  if  one  of  the  normal  equations 
may  be  derived  from  one  of  the  others  by  multiplying  it  by  a  con- 
stant, or  if  one  of  the  equations  may  be  derived  by  a  combination  of 
two  or  more  of  the  remaining  equations,  the  number  of  distinct  rela- 
tions will  be  lees  than  the  number  of  unknown  quantities,  and  the 
problem  will  thus  become  indeterminate.  In  this  case  an  unknown 
quantity  may  be  expressed  in  the  form  of  a  linear  function  of  one  or 
more  of  the  other  unknown  quantities.  Thus,  if  the  number  of 
independent  equations  is  one  less  than  the  number  of  unknown 
quantities,  the  final  expreasions  for  all  of  these  quantities  except  one, 
will  be  of  the  form 

X  =  a  +  ?t,  y  = »'  +  ;?(,  t  =  p."  +  j9"(,  Ac.         (531 

The  coefficients  a,  ;9,  a',  )9',  &c,  depend  on  the  known  terms  and  co- 
efficients in  the  normal  equations,  and  if  by  any  means  t  can  be  de- 
termined independently,  the  values  of  x,  y,  z,  &a.  become  determinate. 
It  is  evident,  further,  that  when  two  of  the  normal  equations  may  be 
rendered  nearly  identical  by  the  introduction  of  a  constant  iactor,  tiie 
problem  becomes  so  nearly  indeterminate  that  in  the  numerical  appli- 
cation the  resulting  values  of  the  unknown  quantities  wilt  be  very 
uncertain,  so  tltat  it  will  be  necessary  to  express  them  as  in  the  equa- 
tions (63). 

The  indetermination  in  the  case  of  the  normal  equations  results 
necessarily  trom  a  similarity  in  the  original  equations  of  condition, 
and  when  the  problem  l)ecomes  nearly  indeterminate,  the  identity  of 
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the  equations  will  be  closer  in  the  normal  equations  than  in  tlie  equft- 
tions  of  oonditioD  from  which  they  are  derived.  It  should  beobsem^ 
also,  that  wh«i  we  express  x,  y,  2,  &c.  in  terms  of  ^  as  in  (53),  the 
normal  equation  in  t,  which  is  the  one  formed  hy  mnltiplying  by  Ae 
coefficient  of  I  in  each  of  the  equations  of  condition,  is  DOt  required. 

136.  The  elimination  in  the  solution  of  the  equations  (51)  is  nHxt 
conveniently  effected  by  the  method  of  substitution.  Thus,  the  fint 
of  Uiese  equations  gives 

_[«*]  [oe]  [«f]         {aeS  [of]  .      [an], 

t^"       [aa]'       [<w]"       [m]"       [aa]*       [«.]• 

and  if  we  subetitute  this  for  x  in  each  of  the  remaining  oormal  equa- 
tions, and  put 


[<»■]' 


=  [»/■!]; 


(66) 


(56) 


[J.]-[-^[.»]  =  [h..i],         M-^[»,]  =  [»..ll 

[d»:-t^t«.]=[d».i],       [».]-E^[».]=[«i.i].  (6§) 
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[ii.l]  s  +  IbclJ  z  +  [6il]  «  +  tfe.l]  «  +  [5/.1]  <  +  [Sn.l]  =  0, 
[icl]  ,  +  [ce.1]  .  +  [rf.l]  »  +  [c«.l]  «  +  [c/.l]  I  +  [m.1]  =  0, 
[4il]y+[oi.l]2+[irf.l]»  +  [i«.l]«)  +  [ii/.l](+[iin.I]  =  0,     (59) 
[6«.l]y  +  [o«.l]  »  +  [iJcl] «  +  [ee.l]  »  +  [^.1]  (  +  [ei>.l]  =  0, 
C6/.1]  J  +  [o/.l]  .  +  W.l]  .  +  [e/.l] «.  +  LO-l]  (  +  L/H.1]  =  0. 

These  equations  are  symmetrical,  and  of  the  same  form  as  the  normal 
equations,  the  coelKcients  being  distiognished  by  writing  the  numeral 
]  within  the  brackets. 

The  unknown  quantity  x  is  thus  eliminated,  and  by  a  similar  pro- 
cess y  may  be  eliminated  from  the  equations  (69),  the  resulting  equa- 
tions beiog  tendered  symmetrical  in  form  by  the  introduction  of  the 
Dumend  2  within  the  bt«ckets.    Thus,  we  put 


(60) 


(62) 


:<».l]  -  [|5;jJ  [Je.l]  =  tc.2],         [rf.l]  -  [||?1  [M.1]  =  [«i.2], 

[e».l]  -  [|||U[fa.l]  =  [e».2],        [d^l]-E^U[fc..l]  =  C'i»-2], 
[».!]-  E|iU  [i».l]  =  [m.2l        UH.1]  - K£ [fci.l]  =  0.2], 

and  the  equations  become 

[a.2]  .  +  [rf.2] «  +  [C..2]  11.  +  [e/.2]  1  +  [0..2]  =  0, 
[«i.2].  +  pi2]..  +  [i..2]»  +  [■i/2]l+  [d»,2]  =  0, 
[M.2]  .  +  [<la.2] »  +  [«.2]  f  +  [./.2] !  +  [™.2]  =  0,         '■"•' 
[«-.2] .  +  [d/.2]  1  +  [./.2]  »  +  [#2]  1  + 1>.2]  =  0. 

To  eliminate  z  irom  these  equations,  we  put 

L<ii2]  -  ^  t«i-2]  =  W": ,  W«-2]  -  f|#  [».21  =  [cfca], 

[eii.2]     .'.  W 


i^j-^^-^i'f-^^=w-^y- 
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I''"-2]-eSt"-2]=t''»-'3.  [»..2]-iiii[».2]  =  [».S],^^^ 


[«.2]l- 
and  we  have 


[iiS]  14  +  [<iii.3]  to  +  [d/.3]  I  +  [iii.3]  =  0. 

[de.3J  «  +  [«i.3]  II.  +  [«/.3] !  +  [en.3]  =  0,  (M; 

[(i/.3]  «  +  [e/.3]  »  +  aC3]  ( +  |>.3]  =  0, 

Again  we  put,  in  a  eimilar  manner, 

[#8]-[*?l[*3]=L(r.4],        [■»..3]-^j[d».S]=[CT.4],    (69) 


[>-^]-Elr]  [""■'']  =  i>fl' 


and  the  equations  are 

[«.4]»+[./.4)l  +  [»,.4]  =  0, 

[./.4]t.+  [ir.4]l  +  |>.4]=0.  """ 

Finally,  to  eliminate  lo,  we  put 

U'fl-[Sflt'-'fl  =  "'■•''•       [/"1]-^[«»-fl  =  [/»-6],     (71) 
and  the  resulting  equation  is 

[//■5](+[/n.5]  =  0,  (72) 


which  gives 


C73> 


The  value  of  t  thus  found  enables  ns  to  derive  that  of  w  by  means 
of  the  first  of  equations  (70).  The  value  of  w  being  found,  that  of 
u  will  be  obtained  from  the  first  of  equations  (68).  In  like  manner, 
the  remaining  unknown  quantities  will  be  determined  by  means  of 
the  equations  (64),  (69),  and  (51).  The  determination  of  the  unknown 
quantities  is  thus  reduced  to  the  solution  of  the  following  system  of 
equations : 
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,-;-[!^,4.M.  4.M„  4.M„  +m,  +M  -0 
'T^ [«.]»  + [<«.]'  +m"  +M"  +[«.]'  +M  -"• 

'+ [iil]'+ [563] "+ [Sn]"+ [j5I]'+ [JO] -"• 
[e<i.2]         [...2]         [C/.2]         [CT.2] 
'+  [a.2]  "+  [«..2]  "+  [O0.2]  '+  [«!.2]  -"'    ,     . 

+ [Sig  "  +  [333] '  +  [<«.3]  - "' 

"+[«.4]'+[e..4]       "• 

the  coeffioients  of  which  will  have  been  foand  in  the  process  of  de- 
termiamg  the  several  auxiliary  qoantittes.  It  will  be  observed, 
further,  that  both  io  the  normal  eqDationa  and  in  those  which  result 
after  each  succeasive  elimination,  the  coefficients  which  appear  in  a 
horiKontal  line,  with  the  exception  of  the  coefficient  involving  the 
absolute  terme  of  the  equations  of  condition,  are  found  also  in  the 
corresponding  vertical  line.  The  form  of  the  notation  [66.13i  [^l]t 
&c.  may  be  symbolized  thus : 

[Pr-f-]  -  [^  [-r-A]  =  !>.(/'  + 1)],  (76) 

in  which  a,  ^,  ;•,  denote  any  three  letters,  and  ft  any  numeral, 
-  The  equations  (74)  are  derived  for  the  case  of  six  unknown  quan- 
tities, which  is  the  number  usually  to  be  determined  in  the  correction 
of  the  elements  of  the  orbit  of  a  heavenly  body;  but  there  will  be 
no  difficulty  in  extending  the  process  indicated  to  the  case  of  a  greater 
number  of  unknown  quantities,  except  that  the  number  of  auxiliaries 
symbolized  generally  by  (75)  increases  very  rapidly  when  the  number 
of  unknown  quantities  is  increased. 

137.  In  the  numerical  application  of  the  formulae,  when  so  many 
quantities  are  to  be  computed,  it  becomes  important  to  be  able  to 
check  the  accuracy  of  the  calculation  in  its  successive  stages.  First, 
then,  to  prove  the  calculation  of  the  coefficients  in  the  normal  equa- 
tions, we  pnt 

a+b  +o+d+e+f=3, 

a'  +  6'  +  o'  +  (f-|-e'+/'  =  <',&c 

If  we  multiply  each  of  the  sums  thus  formed  by  the  corresponding 
absolute  term  n,  and  take  the  sum  of  all  the  products,  we  have 
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[on]  +  [*»]  +  [c»]  +  [d»]  +  Em]  +  |>]  =  [m].  (76) 

In  a  aimilar  manner,  multiplying  hj  each  of  the  ooefficieata  in  the 
original  equations  of  condition,  we  find 

[H  +  [«*]  +  [oc]  +  [.ad]  +  [«]  +  [a/]  =  [<«], 
[oA]  +  [66]  +  [6c3  +  ibd]  +  [fie]  +  [6/]  =  [ta], 

[ac]  +  [H  +  ice]  +  [_cd]  +  [ee]  +  [cf]  =  [«], 

[ad]  +  [6rf]  +  [cd]  +  [rfd]  +  [de]  +  [d/]  =  [d«],  t"-* 
[«]  +  [6e]  +  [w]  +  Ide]  +  [M]  +  [e/]  =  [«], 

[«/]  +  [6/]  +  [cf]  +  cci  +  [«/] + in = [>]■ 

Hence  it  appears  that  if  we  compute  the  sums  s,  «',  a",  «'",  &c.,  and 
form  [as],  [6«],  [c«],  <ftc.  simultaneously  with  the  calculation  of  the 
coefficienta  in  the  normal  equations,  the  equation  (76)  mast  be  satia- 
fied  when  the  absolute  terms  of  the  normal  equations  are  correct; 
and  the  equations  (77)  must  be  satisfied  when  the  coefBcienta  of  the 
unknown  quantities  in  the  normal  equations  are  correct. 

The  accuracy  of  the  calculation  of  the  auxiliary  quantities  sym- 
bolized by  the  equation  (75)  may  be  proved  io  a  similar  manner. 
Thus,  we  have 

[6,.i]  =  M-glM, 

which,  by  means  of  the  first  and  second  of  equations  (77),  become* 
r6..1]  =  [66]  -  [g  [a6]  +  [6.]  -  ^  [oc]  +  [6d]  ~  ^  [od] 

[6*.l]  =  [66.1]  +  [6c.l]  +  [6d.l]  +  [6e.l]  +  [6/.1] ;  (78) 

and  similarly  we  derive  the  expressions  for  [c«.l],  [ds-l],  &e.  It  is. 
obvious,  therefore,  that  the  calculation  of  the  coefficients  in  the  equa- 
tions (69),  (64),  (68),  and  (70)  will  be  checked  as  in  the  case  of  the 
coefficients  in  the  normal  equations,  the  auxiliaries  depending  on  • 
being  determined  as  if  a,  s',  a",  &c.  were  the  coefficients  of  an  addi- 
tional unknown  quantity  in  the  several  equations  of  condition,  Hoioe 
we  must  have,  finally, 

lfs.5]  =  lff.61  [«n.5]  =  [>.5].  (79) 

If  we  multiply  each  of  the  equations  (49)  by  its  v,  and  take  tlie 
mm  of  the  several  products,  we  get 

lav]x  +  [6»]y  +  M^  +  [dv}u  +  [«.]«.  +  [>]  ( +  [vn]  =  [«■]. 
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Rut,  according  to  the  equations  (48)  and  (50),  we  have,  for  the  roost 
probable  values  of  the  unknown  quantities, 

[at.]  =  0,  [6f]  =  0,  [«p]  =  0,  Ac ; 

atid  henoe 

[m]  =  [to].  (80) 

tf  we  multiply  each  of  the  equations  (49)  hy  its  n,  and  take  the  sum 
of  all  the  products  thus  formed,  substituting  [tw]  fbr  [vn],  there  re- 
BultS 

[an]  :r  +  [6n]  y  +  [en]  «  +  [''»]  w +  [«"]«  + l>] '  +  [«»]  =  M. 

Substituting  in  this  the  value  of  x  given  hy  the  first  normal  equa- 
tion, it  becomes 

[4».l]  y  +  [fln.1]  »  +  Cdn-1]  «  +  [«*.!]  "  +  [/ii.1]  t  +  [«».l]  =  [m], 
in  which 

[n».l]  =  [n»]-^[a»].  (81) 

Substituting,  further,  for  y  its  value  given  hj  the  first  of  equations 
(59),  and  continuing  the  process  as  in  the  elimination  of  the  unknown 
quantities  hy  successive  substitution,  we  obtain  the  following  equa- 
tions: 

[m.2]  (  +  [dn.2]  u  +  [en.2]  v  -f  Un.2]  t  +  [»m.2]  =  [w], 
[dn.3]  tt  +  [cti.3]  w  +  lfn.z]  t  +  [nn.3]  =  [w], 

[OT.4]  to  +  L/n.4]  *  +  [nn.4]  =  [ot],      (82J 
L/k6](  +  [»n.5]  =  [OT], 
[nn.6]  =  [vij]. 

The  expressions  for  the  auxiliaries  [nn.2],  [nn.3],  Ac.  are 

[ft«.2]  =  [nn.l]  -  M  [6„.l],  [„^3]  =  [nn.2]  -  ^  [m.2]. 

[n«.4]  =  [nn.S]  -  ^]  [rfn.3],  [nn.5]  =  [nn.4]  -  g^  [(m.4], 

[nn.6]  =  [nn.5]  -  ^^^  [^.5].  (835 

The  process  here  indicated  may  be  readily  extended  to  the  case  of  a 
greater  number  of  unknown  quantities,  and  we  have,  in  general,  when 
u  denotes  the  number  of  unknown  quantities, 

[«.]  =  [n«j.].  C«4) 

Si 
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Tbis  equation  affonib  a  complete  verificatioD  of  the  entire  Diimerical 
calculation  involved  in  the  deterDiination  of  the  unknown  quantities 
from  the  original  equatinns  of  condition.  Thus,  after  the  eliminatioa 
has  been  completed,  we  substitute  the  resulting  values  of  x,  y,  z,  &c. 
in  the  equations  of  condition,  and  derive  the  corresponding  values 
of  the  residuals  v,  v',  f",  &c.  Then,  taking  the  sum  of  the  squares 
of  these,  the  equation  (84)  must  be  satisfied  within  the  limtte  of  the 
unavoidable  errors  of  calculation  with  the  logarithmic  tables  em- 
ployed. If  this  condition  is  satisfied,  it  may  be  inferred  that  the 
entire  calculation  of  the  values  of  the  unknown  quantities  front  thft 
given  equations  of  condition  is  correct. 

138.  If  the  values  of  x,  y,  z,  »fec.  thus  found  were  the  absolutely 
exact  values,  the  residuals  r,  v',  v",  &c.  would  be  the  actual  errors 
of  observation.  But  since  the  results  obtained  only  furnish  the  most 
probable  values  of  the  unknown  quantities,  the  final  residuals  may 
differ  slightly  from  the  accidental  errors  of  observation.  Further, 
it  is  evident  that  the  degree  of  precision  with  which  the  several 
unknown  quantities  may  be  determined  by  means  of  the  data  of  the 
problem  may  be  very  different,  so  that  it  is  desirable  to  be  able  to 
determine  the  relative  weights  of  the  different  results. 

It  will  be  observed  that  the  expressions  for  either  of  the  unknown 
quantities  resulting  from  the  elimination  of  the  others  is  a  linear 
^unction  of  n,  n',  n",  Ac,,  so  that  we  have 

«  +  an  +  o'n'  +  «"»"  +  •"'»'"  +  ....  =  0,  (85; 

in  which  the  coefficients  a,  a',  a",  Ac  are  functions  of  the  several 
coeffii-ients  of  the  unknown  quantities  in  the  equations  of  condition. 
If  wc  now  suppose  the  equations  of  condition  to  be  reduced  to  the 
same  unit  of  weight,  the  mean  error  of  the  several  absolute  terms  of 
the  equations  will  be  the  same,  and  will  be  the  mean  error  of  an 
observation  whose  weight  is  unity.  Thus,  if  c  denotes  the  mean 
error  of  an  observation  of  the  weight  unity,  the  mean  error  of  an 
will  be  ae,  that  of  a'n'  will  be  a'i?)and  similarly  for  the  other  terms 
of  (85, ;  and,  according  to  the  equation  (3S),  the  mean  error  of  a 
will  bo 

*,  =  t  v'<i*  +  o'*+«"'-j-&c.  =  r  V\^.  (86) 

Hence  the  weight  of  x  will  be  expressed  by 


D,3,i,z«^.„'Googlc 


HFTHOD  OF   LEAST  SQUARBB.  387 

Let  X,  denote  the  tme  value  of  x,  namely,  that  which  would  be 
ol>tatned  if  the  true  values  of  v,  v',  v",  &c.  were  retained  in  the 
seoond  rnembere  of  the  equations  of  condition  instead  of  putting 
'tliem  equal  to  zero ;  then  it  is  evident  that  the  expression  for  x,  must 
l>e  that  which  would  result  hy  substituting  n  —  c  in  place  of  n  in  the 
formula  for  the  most  probable  value  as  determined  from  the  actual 
data.     Hence  we  have 

a:,  +  «  Cn  —  f)  +  •'(»'  —  t^)  +  ....  =  0, 
and  comparing  this  with  the  expression  (85),  we  obtain 
ar,  =  a;  +  [«v]. 

Substituting  in  this  the  values  of  v,  v',  v",  Ac.  given  by  the  equationii 
(49),  there  results 

a:,  =  a;  +  [m]  «,  +  [»i]  y,  +  [oc]  *,  +  [<«f|«,  +  [m]  w,  +  [-/]  (,  +  [.n], 

and  since,  according  to  (86),  x  +  [an]  =  0,  in  order  to  satisfy  thia 
expression  for  x„  we  must  evidently  have 

[ao]  =  l,     |:a6]=0,      [«C]  =  0,     [a<f|  =  0,     [«]  =  0,      [•/]  =  0.  (88) 

Sinoe  the  values  of  the  unknown  quantities  as  determined  by  the 
normal  equations  must  be  the  same  by  whatever  mode  the  elimination 
may  have  been  performed,  let  us  suppose  the  method  of  indeterminate 
multipliers  to  be  applied  for  the  determination  of  x,  and  let  these 
multipliers  be  designated  by  5,  5',  q",  &c. ;  then,  the  values  of  these 
fiictors  are  determined  by  the  condition  that  the  coefficient  of  z  in 
the  final  equation  shall  be  unity,  and  that  the  coefficieuts  of  the  other 
unknown  quantities  shall  be  zero.     Hence  we  shall  have 

[«a]  g  +  [oft]  9- +  [oo]  3"  +  [od]  9"' +  ■  ■  - .  =  1. 
[at]  9  +  [M]  <j^  +  [60]  9"  +  [6rf]  9"'  +  . . .  -  =  0,  (89) 

lae}q  +  ibc]^  +  [«]?"  +  [wrtT  +  •  •  •  •  =0. 
&c.  &c 

and  also,  retaining  the  residuals  v,  v',  v",  &x,  in  the  formation  of  the 

normal  equations, 

jj,+ [a»]5+ [t»]^+ [o»]9"  +  ...  =  [ai.]9  + [H?'+ [«']9"+ ••■  C90) 

Therefore,  since 

X,  -\-  [an]  ^  [up], 

und  since  the  first  member  of  this  equation  must  be  identical  with 
the  first  member  of  (90),  we  have 

[or]  9  +  [it.]  J-  +  [«.]  9"  +  . . .  =  M  +  -V  +  •"»"  +  . . . . 
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which  ^ves,  by  expanding  the  several  snms, 

aq  +V  +<   +d3"'   +....  =  •, 
a'q  +  b'cf  +tff  +^f'  +....  =  -',  (91) 

a"q  +  i'Y  +  c-Y'  +  JY"  +  •  •  •  •  =  »". 
Ac.  Ac 

Multiplying  each  of  these  equations  by  its  a,  and  adding  die  pro- 
ducts, the  result  is 

[«»]  g +[<.*]  ^  +  M  5"  +  [arf]  5"' +  ■■•■  =  M. 
which,  by  means  of  the  equations  (88),  reduces  to 

q=L  (92) 

Hence  it  appears  that  the  eliminating  Stctor  q  is  the  reciprocal  of  the 
weight  of  X,  and,  since  the  coefEcients  of  q,  q*,  q",  &c.  in  the  equa- 
tions (89)  are  the  same  as  those  of  x,  y,  z,  Ac  in  the  normal  equa- 
tions, that  if  we  put  [(wt]  =  —  1,  [6n]  =  0,  [cn]=0,  &c.,  in  the 
normal  equations,  the  resulting  value  of  x  will  be  the  recipnxtal  of 
the  weight  of  the  most  probable  value  of  this  quantity. 

The  equation  (90)  showA  that  if,  in  the  general  elimination,  by 
whatever  method  it  may  have  been  effected,  we  write  [at],  [6u],  Ac 
instead  of  zero  in  the  second  members  of  the  normal  equations  re> 
spectively,  the  coefficient  of  [a»]  is  the  reciprocal  of  the  weight  of  x. 
It  is  obvious  that  it  will  not  be  necessary  to  know  the  numerical 
values  of  [ot>],  [6ti],  Ac.,  since  only  the  coefficient  q  is  required.  The 
most  probable  value  of  a;  is  found  from  (90)  by  the  condition  of  a 
minimum  of  the  squares  of  the  residuals,  namely,  that 

[aw]  =  0,         [M  =  0,         [ct]  =  0,         Ac. 

The  process  here  indicated  for  the  determination  of  the  weight  of 
the  final  value  of  x  is  general,  and  applies  to  the  case  of  any  other 
unknown  quantity  provided  that  the  necessary  changes  are  made  in 
tiie  notation.  Thus,  the  reciprocal  of  the  weight  of  y  is  determined 
by  writing,  in  the  normal  equations,  —  1  in  place  of  \bn\,  and  putting 
[an],  [en],  Ac,  equal  to  zero,  and  completing  the  elimination.  It 
is  also  the  coefficient  of  [6v]  in  the  value  of  y  when  the  elimination 
is  effected  with  the  symbols  [av],  [&"],  Ac,  retained  in  the  second 
members  of  the  normal  equations. 

139,  It  may  be  easily  shown  that  when  the  elimination  is  effected 
by  the  method  of  successive  substitution,  as  already  explained,  the 
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coefficient  of  the  aaknown  quaotity  which  is  made  the  last  in  the 
elimioatioD,  in  the  final  equatJon  for  its  determination,  is  equal  to  the 
weight  of  the  resulting  value  of  that  quantity.  Thus,  in  the  case  of 
the  equations  for  six  unknown  quantities,  since  the  reciprocal  of  tho 
weight  of  the  most  probable  value  of  f  is  the  value  of  (  obtained 
from  the  normal  equations  by  putting  [^]= — l,and  [an],  [in],  [en], 
&&  equal  to  zero,  the  equations  (63),  (67),  (69),  and  (71)  show  that 
wo  have 

|>]  =  [>1]  =  02]  =  [>.S]  =  |>4]  =  [>5]  =  - 1, 

and  hence,  according  to  (72),  for  the  reciprocal  of  the  weight  of  t. 


which  gives 

y.-UC-S]-  (93) 

The  weight  of  f  is  therefore  equal  to  its  coefficient  in  the  final  equa- 
tion which  results  from  the  elimination  of  the  other  unknown  quan- 
tities by  successive  substitution.  Henoe,  by  repeating  the  elimination, 
successively  changing  the  order  of  the  quantities,  so  that  each  of  the 
unknown  quantities  may  have  the  last  place,  the  weights  will  be 
determined  independently,  and  the  agreement  of  the  several  sets  of 
values  for  the  unknown  quantities  will  be  a  proof  of  the  accuracy  of 
the  calculation.  It  is  not  necessary,  however,  to  make  so  many 
repetitions  of  the  elimination,  since,  in  each  case,  the  weights  of  two 
of  the  unknown  quantities  will  be  given  by  means  of  the  auxiliaries 
used  in  the  elimination.  Thus,  the  reciprocal  of  the  weight  of  w  is 
obtained  by  putting  [en]  ^  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to  zero,  aad  finding  the  corresponding  value 
of  to.     This  operation  gives 


[CT.4]  =  -1,        [/».4]  =  0,        |>.6]  = 
Heace  the  equation  (73)  becomes 

,_         W-i-]    . 

K4JIJ-.6]' 
ar.J  aubstituting  this  value  of  t  io  the  last  of  equations  (70),  we  get 

p.    Uf-6]  [•«•« 

or 
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wliicb  givee  the  weight  of  w  in  terms  of  the  auxilisiy  quantities 
required  m  the  detenniDatioo  of  its  moet  probahle  value. 

If  the  order  of  elimiDation  is  now  completelj  reversed,  so  that  x 
h  made  the  last  in  the  elimination,  the  weights  of  z  and  y  will  he 
determined  by  the  equatJona 

A  third  elimination,  in  which  2  and  u  are  the  unknown  quantities 
first  determined,  will  give  the  weights  of  these  determinations.  It 
appears,  therefore,  that  when  only  foar  unknown  quantities  are  to  be 
found,  a  single  repetition  of  the  elimination,  the  order  of  the  quan- 
tities being  completely  reversed,  will  furnish  at  once  the  weights  of 
the  several  results,  and  check  the  accuracy  of  the  calculation.  When 
there  are  only  two  unknown  quantities,  the  elimination  gives  directly 
the  values  of  these  quantities  and  also  of  their  weights. 

140.  In  the  case  of  three  or  more  unknown  quantities,  the  weights 
of  all  the  results  may  be  determined  without  repeating  the  elimina- 
tion when  certain  additional  auxiliary  quantities  have  been  found. 
The  weights  of  the  two  which  are  first  determined  are  given  in  terms 
of  the  auxiliaries  required  in  the  elimination,  that  of  the  quantity 
which  is  next  found  will  require  the  value  of  an  additional  auxiliary 
quantity,  the  succeeding  one  will  require  two  additional  auxiliaries, 
and  so  on.  The  equations  (74)  show  that  when  the  substitution  is 
f>ffect«d  analytically  the  final  value  of  x  will  have  the  denominator 

D  =  [aa]  [66.1]  [«.2]  [dd.3]  [«.4]  Uf-^l 
and  this  denominator,  being  the  determinant  formed  from  all  the 
cocEBcients  in  the  normal  equations,  must  evidently  have  the  same 
value  whatever  may  be  the  order  in  which  the  unknown  quantities 
are  eliminated.  Let  us  now  suppose  that  each  of  the  unknown 
qnantities  is,  in  succession,  made  the  last  in  the  elimination,  and  let 
the  auxiliaries  in  each  elimination  be  distinguished  from  those  when 
i  is  last  eliminated  by  annexing  the  letter  which  is  the  coefii;ient  if 
the  quantity  first  determined;  then  we  shall  have 

D  =  [<ia-]  [66.1]  [m.2]  [rfrf.3]  [ee.4]  [^.5] 
=  [««].  ibb.ll  [CC.2],  idd.Zl  ar-4].  [ee.6] 
=  [<M]J66.1]^[ce.2],  [«-3L  Cff-*]^  [^^-B] 
=  [<«.].  [66.1].  [dd.2].  lee.3l  [JfAl  [cc.5] 
=  [aa],  [cc.1],  [dd.2\[ee.Z\  UfA^lbb.H'i 
=  [66],  [ccl],  idd.2U^.3X  [ir.4].[ao.5]. 
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It  will  be  observed,  however,  that  when  the  order  of  elimination  ia 
changed,  only  those  auxiliaries  which  involve  the  coefficient  of  the 
quantity  which  is  made  the  last  in  the  changed  order  will  be  changed. 
Hence,  if  we  add  the  distinguishing  letter  only  to  those  anxiliariea 
Thich  have  a  different  value  in  the  new  order,  we  have 

D=[«.][6U]:».2]  [di.3]  [«.4]  [j:5] 
=  [«a]  [».l]  [OI.2]  [ii.3]  ar.4]  [M.6] 
=  [«>][»4.1]  [e».2]  {_ee.i:  UfiUddH: 
=  [»•]  [».l]  ldd.2:  [.e.3].  [J.4],  [0C.5] 
=  M[«.l]  :dd.2l  lee.il  [ir.4].[».5] 

= m  ["-I],  ["iiia.  [««.3].  uf-*:.  [«>-6], 

imd  from  these  equations  we  obtain 


P,=  [m.5]    : 


„  _  rjj  ^1  -   C-ff-^]       ["■«]      W-ifl 

P.-L<»-»J-  j^4j_  •  |-„3,_  ■  [id23.  •-[„.!]_  •     [»]    '■'"J, 

by  means  of  which  the  weights  of  the  six  unknown  quantities  may 
be  det«rmlned.  The  process  here  indicated  may  be  readily  extended 
to  tlie  case  of  a  greater  number  of  unknown  quantities.  The  eqoa- 
tioo  for  j>^  is  identical  with  (94),  the  expression  forp,  introduces  the 
Dew  auxiliary  quantity  l_ff-i}as  ^^^  ^^^^  ^"i^  Pm  iutroduces  two  new 
anxiliaries. 

The  expressions  for  the  new  auxiliaries  [^A']^,  [^Al^  [«-3]^  Ac. 
are  easily  formed  by  observing  that  all  the  auxiliaries  as  far  aa  those 
which  are  designated  by  the  numeral  4  are  not  affected  by  putting  e 
or/ last,  that,  as  far  as  those  which  contain  the  numeral  3,  it  makes 
no  difference  whether  d,  e,  or/  is  placed  last,  that  those  distinguished 
by  the  numerals  I  and  2  are  not  affected  by  making  c,  d,  e,  or/the 
last,  and  that  those  designated  by  the  numeral  1  are  unchanged 
unless  a  is  made  the  last.     Thus,  we  obtain 

[J.4],  =  [#.3]  -  gl]  [./.3],  C97) 


(98) 
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and,  also, 

[«/.3].  =  [«f.2)  -  g^j  [*2],         UrZX=  [#-2]  -  ^j  W2], 

[«.3].=  [^.2]  -  M  [d,.2],        Ur.4].=  [#.3].-[^  W.3], 

In  like  manner  we  may  derive  the  expresaiona  for  the  new  aaxiliariea 
introduced  into  the  equations  for  p^  and  p^  It  will  be  expedient, 
however,  in  the  actual  application  of  the  formube,  to  eliminate  first 
in  the  order  x,  y,  z,  w,  w,  t,  and  the  weights  of  the  results  for  u,  to, 
and  t  will  be  obtained  by  means  of  the  first  three  of  equations  (96), 
the  single  additional  auxiliary  required  being  found  by  means  of 
(97),  Then  the  elimination  should  be  performed  in  the  order  i,  w, «, 
t,  y,  X,  and  we  shall  have 

''.= [Sfl  ["•*]■         t<».*l= I""'!  -  [iil]  I'^-'l' 

bj  means  of  which  the  weights  of  x,  y,  and  z  will  be  determined. 
The  agreement  of  the  two  sets  of  values  of  the  unknown  quantities 
ffill  prove  the  accuracy  of  the  numerical  calculation  in  the  process 
of  elimination. 

'  141.  The  weights  of  the  most  probable  values  of  the  unknown 
quantities  may  also  be  computed  separately  when  certain  auxiliary 
fiictors  have  been  found,  and  these  factors  are  those  which  are  intro- 
duced when  the  equations  (74)  are  solved  by  the  method  of  inde- 
terminate multipliers  instead  of  by  successive  substitution.  Thus, 
in  order  to  find  x,  let  the  first  of  these  equations  be  multiplied  by  1, 
the  second  by  A',  the  third  by  A",  the  fourth  by  A'",  and  so  on, 
and  let  the  sum  of  all  these  products  be  taken ;  then  the  equations 
of  condition  for  the  determination  of  the  several  eliminating  facton 
will  be 


M     rfo«i        rrf.2] 

"-[«<.]  +  [M.l] ''  +  [ct.2]  ^   +  ^  •  (™' 

M       [fa.l]  [...2]  [.i«.3] 

°-M+TSil|^+ES:2j''  +[333]^    +"*• 

M       L^lJ      ^  ["-2]  "*    +[A(.3]^    +[«.4]        + 
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To  determiDe  y  from  the  laat  five  of  equations  (74),  let  the  elirainating 
fitctors  be  denoted  by  B'',  B'",  ^,  and  B',  and  we  shall  have 

In  a  similar  manner,  we  obtain  the  following  equations  for  the  de- 
termination of  the  eliminating  tactors  necesaaiyfor  jinding  the  value* 
of  the  remaining  unknown  quantities : 


(102) 

The  expressions  for  the  values  of  the  anknown  quantitiea  will  there- 
fore become 


„  _  [6n.l]  ,  [0..2]  [<i».3]  [ot.4] 


[CT.2]      [d..3] 
"  ^  [CC.2J  "^  [<i(i.3]  " 
„       W"-3]       [CT 
•"-[AI.3]  +  [^ 


uE>^.  <•<«) 


i,  Google 
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The  liiat  of  theae  equations  will  give  the  reciprocal  of  the  weight  of 
*,  when  we  put  [an]  ^  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to  zero;  the  eecoud  will  give  the  reciprocal 
of  the  weight  of  y  by  putting  [frn]  =  —  1,  and  the  other  abeolute 
terms  of  the  normal  equations  equal  to  zero ;  and,  coDtinuing  the 
process,  finally  the  last  equation  will  give  the  reciprocal  of  the  weight 
of  (  when  we  put^i^=  —  1,  and  [oft],  [pn],  [c»],  &c  equal  to  zero. 
It  remains,  therefore,  to  determine  the  particular  values  of  [in.l], 
£on.2],  &c.,  and  the  expressions  for  the  weights  will  be  complete. 
If  we  multiply  the  first  of  equations  (100)  by  [on],  it  becomes 

[6«.l]  =  [an]^'  +  [6«].  104) 

Multiplying  the  second  of  equations  (100)  by  [on],  and  the  first  of 
(101)  by  [bn],  adding  the  products,  and  introducing  the  value  (^ 
[6n.l]  just  found,  we  get 

which  reduces  to 

[an]  A"  +  [fin]  5"  +  [en]  =  [cn.2].  (105) 

Multiplying  the  third  of  equations  (100)  by  [an],  the  second  of  (101) 
by  [bn],  and  the  first  of  (102)  by  [en],  adding  the  products,  and  re- 
ducing by  means  of  (104)  and  (105),  we  obtain 

0=[*.]-C<*».l]  +  [|^ij  [»»■!] 

+  [^  [»-2]  +  [«»]  ^■"  +  W  «"'  +  M  c", 

which,  by  means  of  the  expressions  for  the  auxiliaries,  is  further  re- 
duced  to 

[an]  A"'  +  [fiH]  B'"  +  [en]  CT"  +  [dn]  =  [dn.3].  (106) 

In  a  similar  manner  we  find,  from  the  remaining  equations  of  (100), 
(101),  and  (102),  the  following  expressions: 

Ian}  A"  +  [6«]  -B"+  [<«']  C"  +  [rfn]  !>"+  [«n]  =  [en.4], 

[«nj  A'  +  [6n] B'  +  im}C'  +  [dn] D'  +  [en] £'  +  [jn]  =  [/n.5].  *-^  "' 

The  equations  (104),  (105),  (106),  and  (107),  enable  us  to  find  tie 
particular  values  of  [tn.l],  [cti.2],  &e.  required  in  the  expressions  for 
the  reciprocals  of  the  weights.     Thus,  for  the  weight  of  x,  we  have 

[an]  =  —  1,         [fin]  =  [wi]  =  [dn]  =  [en]  =  [>]  =  0 ; 
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and  these  equal  Ioub  give 


[Jn.l]  =  — J',               [«n.2]  = 

-A", 

[in.3]  =  -J" 

For  the  caae  of  the  weight  of  y,  we 

ihave 

[4,]=-l,         M  =  [»] 

=  [<!»]  = 

[«]  =  |>]  =  0, 

and  the  same  equations  give 

[4n.l]  =  -l,              [«n.2]  =  . 
[e».4]  =  -£'-, 

[/"■6]  = 

Wa.3]  =  -»". 

We  have,  also,  for  the  weight  of  z. 

L™.2]=-1,        [<i7.,S]=-C"', 

[».4]=- 

-C".        [/».5]  =  - 

for  the  weight  of  «, 

id^3:  =  -l,          [«».4]  =  - 

-rf, 

[/».6]  =  — JJ-; 

for  the  weight  of  w. 

[«.*]=-    1, 

[/».5]  = 

•  -E-; 

and  finally,  for  the  weight  of  (, 

C/».5]  = 

=  -1. 

Introducing  these  particular  values  into  the  equations  (103),  the  cor- 
responding values  of  the  unknown  quantities  are  the  reciprocals  of 
the  weights  of  their  most  probable  values,  respectively;  and  hence 
we  derive 


1 

[«.]  "^  [66.1]  ■^  [«!.2l  "T  [ii.3]  "T  [.=.4]  "T  [55]  ■ 

J g'J"       g"^"       g-g'       gg 

[44.1]  +  [».2]  +  ldd.3:  +  [«!.4]  +  LPT 

1     ,  c"'C"'     C"C"     O'er 


p.      [ee.2)  ^  [<id.3]  ^[a.4]  ^    [#5]' 

1  _      1  ffVW-       B\D^  ^™' 

y--[<ia]+[».4]+[if.5]' 

1 ^1_      £•£■ 

S;""[««.4]+Uf.6]' 

1  1 

r^lPT 

The  equations  (103)  and  {108)  will  serve  to  determine  separately 
the  value  of  each  uuknowQ  quantity  and  also  that  of  ita  weight,  the 
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auxiliary  factors  A',  A",  B",  &c.  having  been  found  from  the  equa- 
tions (100),  (101),  and  (102).  If  we  reverse  the  operation  and  re- 
compose  the  equations  (74)  by  meauB  of  the  expressions  for  the  un- 
known quantities  given  by  (103),  the  conditions  which  immediately 
follow  furnish  another  series  of  equations  for  the  determination  of  the 
auxiliar}'  factors.  The  equations  thus  derived  will  give  first  the  values 
of  A',  B",  C",  3>%  and  £';  then,  those  of  A",  B'",  C",  D";  and  so 
on.  They  are  equally  as  convenient  as  those  already  given,  provided 
that  the  values  of  all  the  unknown  quantities  are  required  as  well  as 
their  respective  weights. 

142.  The  formula  already  given  for  the  relations  between  the  data 
of  the  problem  and  the  weights  of  the  most  probable  values  of  the 
unknown  quantities,  are  those  which  are  of  the  greatest  practical 
value.  It  will  be  apparent  from  what  has  been  derived  that  there 
must  be  a  variety  of  methods  which  may  be  applied,  but  that  all  of 
these  methods  involve  essentially  the  same  numerical  operations. 
The  peculiar  symmetry  of  the  normal  equations  affords  also  a  variety 
of  expressions  applicable  to  the  different  phases  under  which  the 
problem  presents  itself. 

According  to  the  general  theory  of  elimination,  the  expression  for 
any  unknown  quantity,  as  determined  from  the  normal  equations, 
may  be  put  in  the  form 

«  =  - 1  [«n]  -  f  [^]  -  ^  [m]  -  &c.,  (109J 

in  which  D  is  the  determinant  formed  from  all  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations,  and  in  which  A,  A',  A", 
&c.  are  the  partial  determinants  required  in  the  elimination.  Thus, 
A  is  the  determinant  formed  from  the  coefficients  of  all  the  unknown 
quantities  except  x,  in  all  the  equations  except  the  first;  A^  is  the 
determinant  formed  from  the  coefficients  of  y,  z,  dec,  in  all  the  equa- 
tions except  the  second;  and  the  values  of  A",  A'",  &c.  are  formed 
in  a  similar  manner.  Now,  since  the  value  of  x  which  results  when 
we  put  [an]  =  — 1,  and  the  other  absolute  terms  of  the  normal 
equations  equal  t^  zero,  is  the  reciprocal  of  the  weight  of  the  most 
probable  value  of  this  unknown  quantity  as  given  by  (109),  we  have 

In  like  manner,  the  expreaaion  for  the  most  probable  value  of  y  wJU  he 
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y  =  -  1 1««]  -  f  [H  -  5  [^]  -  *<=-  f"l> 

S,  S' ,  B",  &C.  being  the  partial  determinante  formed  when  the  co- 
efficients of  y  are  omitted ;  and  for  its  weight  we  have 

P,  =  f-  (112) 

The  formulfe  for  the  most  probable  value  of  2  and  for  its  weight  are 
entirely  analc^ous  to  those  for  x  and  y,  bo  that  the  process  here  indi- 
oatet)  may  be  extended  to  the  case  of  any  number  of  unknown  quan- 
tities. It  appears,  therefore,  that  the  weight  of  the  most  probable 
value  of  any  unknown  quantity  is  found  by  dividing  the  complete 
determinant  of  all  the  coefficients  by  the  partial  determinant  formed 
vrben  we  omit  the  normal  equation  corresponding  particularly  to  this 
unknown  quantity,  and  when  we  omit  also  the  coefficients  of  this 
quantity  in  the  remaining  normal  equations. 

The  peculiar  arrangement  of  the  coefficients  in  the  normal  equa- 
tions abbreviates  somewhat  the  expressions  for  the  several  determi- 
nants.    Thus,  in  the  case  of  three  unknown  quantities,  we  have 

A  =  [JS]  [«]  -  [J.]',  £■  =  [«>]  M  -  Imy,  C"  =  [«.]  [SS]  -  [oi]-, 
D  =  M  [44]  M  +  2  [oi]  [fc]  M  -  [«.]  [6c]'  -  M  [»]■  -  M  [«S]', 

which  are  all  the  quantities  reqaired  for  finding  simply  the  weights 
of  the  moat  probable  values  of  x,  y,  and  z.  The  expression  for  the 
weight  of  2  is 

D 

When  there  are  but  two  unknown  quantities,  we  have 

A  =  lbbl  B'  =  iaa],  /)  =  [oa]  [W]  -  [o6]', 

and  hence 


P.= 


[66]  '  P'-  M 


When  the  number  of  unknown  quantities  is  increased,  the  e; 

for  the  determinants  necessarily  become  much  more  complicated,  and 

licnc^  the  convenience  of  other  auxiliary  quantities  is  manifest. 

143.  The  case  has  been  already  alluded  to  in  which  the  determina- 
tion of  the  values  of  the  unknown  quantities  is  rendered  ancertain 
by  the  similarity  of  the  signs  and  coefficients  in  the  normal  equations. 
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aod  in  which  tlie  problem  becomes  nearly  indeterininate.  Sometimes 
it  will  be  possible  to  overcome  the  difficult;  tbiia  encountered  by  a 
suitable  change  of  the  elements  to  be  determined;  but,  generally,  for 
&  complete  and  satisfactory  solution,  additional  data  will  be  required. 
It  often  happens,  however,  that  several  of  the  unknown  quantities 
may  be  accurately  determined  from  the  given  equations  when  the 
values  of  the  others  are  known,  but  that  the  certainty  of  the  deter- 
mination of  the  same  quantities  is  veiy  greatly  impaired  when  all 
the  unknown  quantities  are  derived  simultsneously  from  the  same 
equations.  Let  ua  suppose  that  one  of  the  unkaown  quantities  is, 
from  the  very  nature  of  the  problem,  not  susceptible  of  an  accurate 
determination  from  the  data  employed.  The  equations  will  then 
present  themselves  in  a  form  approaching  that  in  which  the  number 
of  independent  relations  is  one  less  than  the  number  of  unknown 
quantities,  so  that  it  will  be  necessary  to  determine  the  other  unknown 
quantities  in  terms  of  that  whose  value  is  necessarily  uncertain.  In 
this  case  the  elimination  should  be  so  arranged  that  the  quantity 
which  is  regarded  as  ancertain  is  that  whose  value  would  be  first 
determined.  Then,  if  its  coefficient  in  the  6nal  equation,  corre- 
sponding to  (72),  is  very  small,  a  circumstance  which  indicates  at 
once  the  existence  of  the  uncertainty  when  it  is  not  otherwise  sus- 
pected, the  process  of  elimination  should  not  be  completed,  and  the 
auxiliary  quantities  should  be  determined  only  as  &r  as  those  re- 
quired in  the  formation  of  the  equation  which  corresponds  to  the  first 
of  (70).     Thus,  let  (  be  the  uncertain  quantity,  and  we  have 

which  must  be  substituted  for  w  in  the  first  of  equations  (68).  We 
thus  obtain  to,  u,  z,  y,  and  x  ae  functions  of  t.  If  the  solution  ia 
efiected  b^  meaus  of  the  equations  (103),  let  x^  y^  ^  &0.  denote  the 
values  of  these  unknown  quantities  when  we  put  t  =  0;  and  then 
we  shall  have 

_[.»]_[te.l]  (>^     ,_[*5J1]    ,,,_[oiJJ  ,  . 

••-      [«o]      [S6.1]^      [M.2]^       [ddS.^'-        [etfl"'    V 
[i».l]      [».2]     ,      p».3]  [e>..4]  J^ 

._      [m.2]      [d».3]„„      [«.4] 


[CC.2]       ldd3]  <^"      C«-^]  ' 


,1,1.0, Google 
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[d».3]      ^mA-] 

[«.4] 


u  =  u,+  D't,  «  =  «.,+  £'(.  '•^^*-' 

As  SOOD  aa  tis  determined  by  some  independent  condition  or  relation, 
these  equations  will  give  the  corresponding  values  of  x,  y,  2,  &a.  The 
mean  errors  of  x^  ^g,  z^,  &a.  having  been  determined  by  neglecting  t 
entirely,  if  we  denote  the  mean  error  of  the  final  adopted  value  of  t 
by  e„  the  mean  errors  of  the  correfiponding  values  of  the  other 
variables  will  be  given  by 

V = («,)' + ^'^v.  V = (%)' + ■»'^v.  ': = CO'  +  c  t?"',',  ,. .  „ 

in  which  (ej,  (ej,  Ac.  denote  the  mean  errors  of  x^,  y^,  Ac.  These 
jbrmuls  show,  also,  that  when  one  of  the  variables  is  neglected,  the 
equations  assign  too  great  a  degree  of  precision  to  the  results  thus 
obtained. 

When  there  are  two  or  more  unknown  quantities  which  cannot  be 
determined  from  the  data  with  sufBcient  certainty,  the  problem  must 
be  treated  in  a  manner  entirely  analogous  to  that  here  indicated;  but, 
since  cases  of  this  kind  will  rarely,  if  ever,  occur,  it  is  not  necessary 
to  pursue  the  subject  further. 

144.  The  weights  which  are  obtained  for  the  most  probable  values 
of  the  unknown  quantities  enable  us  to  find  the  mean  and  probable 
errors  of  these  values.  Let  £  denote  the  mean  error  of  au  obeerva- 
Lion  whose  weight  is  unity;  then  the  mean  error  of  x  will  be 

and,  in  like  manner,  the  expressions  for  the  mean  errors  of  y,  z,  u, 
&c.  will  be 

',  =  -h  '■  =  -7-'  «,  =  -^.  Ac.  (117) 

Vp^  Vp.  Kp, 

It  remains,  therefore,  to  determine  the  value  of  e  by  means  of  the 
final  residuals  obtained  by  comparing  the  observed  values  of  the 
function  with  those  given  by  the  most  probable  values  of  the  va- 
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riables.    If  ttiese  residuals  were  the  actual  fortuitous  errors  of  obecr- 
vatioD,  the  mean  error  of  an  observatioo  would  be 


m  being  the  Dumber  of  equations  of  condition.  This  value  is  evi- 
dently an  approximation  to  the  correct  result;  but  since  by  supposing 
the  residuals  v,  »',  v",  &c.  to  be  the  actual  errors  of  the  several  ob- 
served values  of  the  function,  we  assign  too  high  a  degree  of  pre- 
dsion  to  the  several  results,  the  true  value  of  c  mast  necessarily  be 
greater  than  that  given  by  this  equation.  Let  the  true  values  of  the 
unknown  quantities  be  ic  -f~  ^  y  +  ^^1  z  +  ^,  &c.,  the  substitution 
of  which  in  the  several  equations  of  condition  would  give  the 
residuals  J,  J',  J",  &c. ;  then  we  shall  have 

aaz  +  JAy  +  cAe  +  dAu  , . . .  +  «  =  ^, 
a'4i  +  b'&y  +  e'Aj  +  (f  iw . . . .  +  if  =  ^',  ^^^*^ 

&c.  &c. 

If  we  multiply  each  of  these  equations  by  its  J,  and  take  the  sum 
of  all  the  products,  we  get 

[a 4]  £.x  +  [6 J]  iy  +  [c J]  Az  +  [d J]  4«  +  . . . .  -f-  [rJ]  =  [J J]. 

But  if  we  multiply  each  of  the  same  equations  by  its  v,  take  the  sum 
of  the  products,  and  reduce  by  means  of  (48)  and  (50),  we  obtain 

[w]  =  [yd]  ■ 

and  hence  we  derive 

[J J]  =  [to]  4-  [a J]  4a:  +  [6 J]  Ay  +  [oJ]  Aa  +  [dA']  Au  +  -  ■  -  •  (119) 

H  we  form  the  normal  equations  from  (118),  it  will  be  observed  that 
they  are  of  the  same  form  as  the  normal  equations  formed  from  the 
original  equations  of  condition,  provided  that  we  write  — ^  in  place 
of  n;  and  hence,  according  to  (85),  we  have 

Aa:  =  «J  +  "'J'  +  ^''-^f"  + 

We  have,  also, 

[a  J]  =  od  +  a'^  +  a"  J"  + , 


and  the  product  of  these  equations  gives 

[oJ]  &X  =  tod"  +  a'o'J''  +  ffl"a"  J'"  +  . .  , . 
-f-  aa'J  J'  +  <w"J  J"  +  .  .  ■  . 

The  mean  ^'alue  of  the  terms  containing  JJ',  JJ",  Ac  is  zero,  and 
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for  the  mean  values  of  J*,  ^i",  d"*,  &c.  we  must,  in  each  c»se,  write 
e*.     Hence  the  mean  value  of  the  product  [o  J]  4*  will  be 

[«-]•*. 
and  this,  \>j  tneana  of  the  first  of  equations  (88),  is  further  reduced  tn 

In  a  eiraitar  manner,  we  obt^n  the  value  ^  for  the  mean  value  of 
each  of  the  products  \b^£iy,  [cJJa^,  &c  Now,  the  terms  added  to 
\yv\  in  the  second  member  of  the  equation  (119)  are  necessarily  very 
amall,  and,  although  their  exact  value  cannot  be  determined,  we  may 
without  sensihle  error  adopt  the  mean  values  of  the  several  terms  as 
here  determined,  so  that  the  equation  becomes 

[JJ]  =  [«.]  +  p,\  (X20) 

u  being  the  uamber  of  unknown  quantities.  Therefore,  since 
f  JJ]  =  nw*,  we  shall  have 

■=-JEr^JEa,  (121) 

by  means  of  which  the  mean  error  of  an  observation  whose  weight 
is  unity  may  be  determined.  When  ii  =  \,  this  equation  becomes 
identical  with  (30). 

For  the  determination  of  the  probable  errors  of  the  final  values  of 
the  unknown  quantities,  if  r  denotes  the  probable  error  of  an  obser- 
vation of  the  weight  unity,  we  have  the  following  equations:— 

r  =  0.67449 -v/HI, 

^"'-'*  (122) 

r,  =  -7=-.  r,  =  -■=,  4c. 

Vp,  '      Vp, 

146.  Tlie  formulee  which  result  from  the  theory  of  errors  according 
to  which  the  method  of  least  squares  is  derived,  enable  us  to  combine 
the  data  furnished  by  observation  so  as  to  overcome,  in  the  greatest 
<legree  possible,  the  effect  of  those  accidental  errors  which  no  refine- 
ment of  theory  can  successfully  eliminate.  The  problem  of  the  cor- 
rection of  the  approximate  elements  of  the  orbit  of  a  heavenly  body 
by  means  of  a  series  of  observed  places,  requires  the  application  of 
nearly  all  the  distinct  results  which  have  been  derived.  The  first 
Approximate  elements  of  the  orbit  of  the  body  will  be  determined 
om  three  or  four  observed  places  according  to  the  methods  which 
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have  been  already  explained.  In  the  case  of  a  planet,  if  the  inclinfi' 
tion  is  not  very  email,  the  method  of  three  geocentric  places  may  be 
employed,  but  it  will,  in  general,  afford  greater  accuracy  and  require 
but  little  additional  labor  to  base  the  first  determination  on  four 
observed  places,  according  to  the  process  already  illustrated.  In  the 
ease  of  a  comet,  the  first  assumption  made  is  that  the  orbit  is  a 
pai-abola,  and  the  elemente  derived  in  aocurdance  with  this  hypothesis 
may  be  successively  corrected,  until  it  is  apparent  whether  it  is  ne- 
cessary to  make  any  further  assumption  in  regard  to  the  value  of  the 
eocentricity.  In  all  cases,  the  approximate  elements  derived  from  a 
few  places  should  be  further  corrected  by  means  of  more  extended 
data  before  any  a^mpt  is  made  to  obtain  a  more  complete  determi- 
nation of  the  elements.  The  various  methods  by  which  this  pre- 
liminary correction  may  be  effected  have  been  already  sufQciently  de- 
veloped. 

The  fundamental  places  adopted  as  the  basis  of  the  correction  may 
be  single  observed  places  separated  by  considerable  intervals  of  time; 
but  it  will  be  preferable  to  use  places  which  may  be  r^arded  as  the 
aven^  of  a  number  of  observations  made  on  the  same  day  or  during 
a  few  days  before  and  after  the  date  of  the  average  or  normal  place. 
The  ephemeris  computed  from  the  approximate  elements  known  may 
be  assumed  to  represent  the  actual  path  so  closely  that,  for  an  interval 
of  a  few  days,  the  difference  between  computation  and  observation 
may  be  regarded  as  being  constant,  or  at  least  as  varying  proportion- 
ally to  the  time.  Let  n,  n',  n",  &c.  be  the  differences  between  com- 
putation and  observation,  in  the  case  of  either  spherical  co-ordinate, 
for  the  dates  t,  t',  t",  &c.,  respectively ;  then,  if  the  interval  between 
the  extreme  observations  to  be  combined  in  the  formation  of  the 
normal  place  is  not  too  great,  and  if  we  regard  the  observations  as 
equally  precise,  the  normal  difference  n^  between  computation  and 
observation  will  be  found  by  taking  the  arithmetical  mean  of  the 
several  values  of  n,  and  this  being  applied  with  the  proper  sign  to 
the  computed  spherical  co-ordinate  for  the  date  t^  which  is  the  mean 
of  (,  (',  t",  &c.,  will  give  the  corresponding  normal  place.  But  when 
different  weights  p,  p',  p",  Ac.  are  assigned  to  the  observations,  the 
value  of  n^  must  be  found  from 

vp  +  n'p'  +  n"p"  +.... 
'''-~P+P'+P"  +  ,...     '  ^^^* 

and  the  weight  of  this  value  will  be  equal  to  the  aum 
P+P'  +  P"  + 
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The  date  of  the  normal  place  will  be  determined  by 

_pt+p'l!  +  p"f  +  .... 


\-p+p'  +  - 


(124) 


If  the  error  of  the  ephemeris  can  be  considered  as  nearly  constant, 
it  is  not  necessary  to  determine  ^  with  great  precision,  since  any  date 
not  differing  much  from  the  average  of  all  may  be  adopted  with  euf- 
licient  accuracy.  It  should  be  observed  further  that,  in  order  to 
obtain  the  greatest  accuracy  practicable,  the  spherical  co-ordinates  of 
the  body  for  the  date  ^  should  be  computed  directly  from  the  elements, 
so  that  the  resulting  normal  place  may  be  as  iree  as  possible  from  the 
effect  of  n<^Iected  differences  in  the  interpolation  of  the  ephemeris. 

When  the  differences  between  the  computed  and  the  observed 
places  to  be  combined  for  the  formation  of  a  normal  place  cannot  be 
considered  as  varying  proportionally  to  the  time,  we  may  derive  the 
error  of  the  ephemeris  from  an  equation  of  the  form  of  (53),,  namely, 

ii6  =  A  +  Bt+  Oc', 

the  coefficients  A,  S,  and  C  being  found  from  equations  of  condition 
formed  bv  means  of  the  several  known  values  of  Ad  in  the  ease  of 
each  of  the  spherical  co-ordinates. 

146.  In  this  way  we  obtain  normal  places  at  convenient  intervals 
throughout  the  entire  period  during  which  the  body  was  observed. 
From  three  or  more  of  these  normal  places,  a  new  system  of  elements 
should  be  computed  by  means  of  some  one  of  the  methods  which 
have  already  been  given;  and  these  fundamental  places  being  Judi- 
ciously selected,  the  resulting  elements  will  furnish  a  pretty  close 
approximation  to  the  truth,  so  that  the  residuals  which  are  found  by 
comparing  them  with  all  the  directly  observed  places  may  be  reganlcd 
as  indicating  very  nearly  the  actual  errors  of  those  places.  We  niiiy 
then  proceed  to  investigate  the  character  of  the  observations  more 
fully.  But  since  the  observations  will  have  been  made  at  many  dif- 
ferent places,  by  different  observers,  with  instruments  of  different 
sizes,  and  under  s  variety  of  dissimilar  attendant  circumstances,  it 
may  be  easily  understood  that  the  investigation  will  involve  much 
chat  is  vague  and  uncertain.  In  the  theory  of  errors  which  has  been 
developed  in  this  chapter,  it  has  been  assumed  that  all  constant 
errors  have  been  duly  eliminated,  and  that  the  only  errors  which 
remain  are  those  accideutal  errors  which  must  ever  continue  in  a 
greater  or  less  degree  undetermined.     The  greater  the  number  and 
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perfection  of  the  observations  employed,  the  more  nearly  will  these 
errors  be  determined,  and  the  more  nearly  will  the  law  of  their  dis- 
tribution conform  to  that  which  has  been  assumed  as  the  basis  of 
the  method  of  least  square. 

When  all  known  errors  have  been  eliminated,  there  may  yet  rem^n 
constant  errors,  and  also  other  errors  whose  law  of  distribution  is 
peculiar,  such  as  may  arise  from  the  idiosyncrasies  of  the  different 
olwervers,  from  the  systematic  errors  of  the  adopted  star-places  in 
ihe  case  of  differential  observations,  and  from  a  variety  of  other 
sources;  and  since  the  observations  themselves  furnish  the  only  means 
of  arriving  at  a  knowledge  of  these  errors,  it  becomes  important  to 
discuss  them  in  such  a  manner  that  all  errors  which  may  be  regarded, 
in  a  sense  more  or  less  extended,  as  regvlar  may  be  eliminated. 
When  this  has  been  accomplished,  the  residuals  which  still  remain 
will  enable  us  to  form  an  estimate  of  the  degree  of  accuracy  which 
may  be  attributed  to  the  different  series  of  observations,  in  order  that 
they  may  not  only  be  combined  in  the  most  advantageous  manner, 
but  that  also  no  refinements  of  calculation  may  be  introduced  which 
are  not  warranted  hy  the  quality  of  the  material  to  he  employed. 

The  necessity  of  a  preliminary  calculation  in  which  a  high  degree 
of  accuracy  is  already  obtained,  is  indicated  by  tlie  fact  that,  however 
conscientious  the  oi>3erver  miiy  be,  his  judgment  is  unconsciously 
warped  by  an  inherent  desire  to  produce  results  harmonizing  well 
among  themselves,  so  that  a  limited  series  of  places  may  agree  to 
such  an  extent  that  the  probable  error  of  an  observation  as  derived 
from  the  relative  discordances  would  assign  a  weight  vastly  in  excess 
of  its  true  value.  The  combination,  however,  of  a  lai^  number  of 
independent  data,  by  exhibiting  at  least  an  approximation  to  the 
aljsolute  errors  of  the  oliservations,  will  indicate  nearly  what  the 
measure  of  precision  should  be.  As  soon,  therefore,  as  provisional 
elements  which  nearly  represent  the  entire  series  of  observations  have 
been  found,  an  attempt  should  be  made  to  eliminate  all  errors  which 
may  be  accurately  or  approximately  determined.  The  places  of  the 
com  pari  son- stars  used  in  the  observations  should  be  determined  with 
care  from  the  data  available,  and  should  be  reduced,  by  means  of  the 
proper  systematic  corrections,  to  some  standard  system.  The  reduc- 
tion of  the  mean  places  of  the  stars  to  apparent  places  should  also  be 
made  by  means  of  uniform  constants  of  reduction.  The  observations 
will  thus  be  uniformly  reduced.  Then  the  perturimtions  arising  from 
the  action  of  the  planets  should  be  computed  by  means  of  formula 
which  will  be  investigated  in  the  next  chapter,  and  the  ol>served 
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places  should  be  freed  from  thet^e  perturbations  so  as  to  give  the 
places  for  a  system  of  osculating  elements  for  a  given  date. 

147.  The  next  step  in  the  process  will  be  to  compare  the  pro- 
visional elements  with  the  entire  series  of  observed  places  thus  cor- 
rected; and  in  the  calculation  of  the  ephemeris  it  will  be  advan- 
tageous to  correct  the  places  of  the  sun  given  by  the  tables  whenever 
observations  are  available  for  that  purpose.  Then,  selecting  one  or 
more  epochs  as  the  origin,  if  we  compute  the  coefficiento  A,  B,  C  in 
the  equation 

&0  =  A  +  Bt+Ct;  (125) 

ID  the  case  of  each  of  the  spherical  co-ordinates,  by  means  of  equa- 
tions of  condition  formed  from  all  the  observations,  the  standard 
ephemeris  may  be  corrected  so  that  it  may  be  regarded  as  representing 
the  actual  path  of  the  body  during  the  period  included  by  the  obser- 
vations. When  the  number  of  observations  is  considerable,  it  will  be 
more  convenient  to  divide  the  observations  into  groups,  and  use  the 
differences  between  computation  and  observation  for  provisional 
normal  places  in  the  formation  of  the  equations  of  condition  for  the 
determination  of  A,  £,  and  O.  It  thus  appears  that  the  corrected 
ephemeris  which  is  so  essential  to  a  determination  of  the  constant 
errors  peculiar  to  each  series  of  observations,  is  obtained  without  first 
having  determined  the  most  probable  system  of  elements.  TJie  cor- 
rections computed  by  means  of  the  equation  (125)  being  applied  to 
the  several  residuals  of  each  series,  we  obtain  what  may  be  regarded 
as  the  actual  errors  of  these  observations.  The  arithmetical  or  pro- 
bable mean  of  the  corrected  residuals  for  the  series  of  observations 
made  by  each  observer  may  be  regarded  as  the  average  error  of  obser- 
vation for  that  series.  The  mean  of  the  avenge  errors  of  the  several 
series  may  be  regarded  as  the  actual  constant  error  pertaining  to  all 
the  observations,  and  the  comparison  of  this  final  mean  with  the 
means  found  for  the  different  series,  respectively,  furnishes  the  pro- 
bable value  of  the  constant  errors  due  to  the  peculiarities  of  the 
observers;  and  the  constant  correction  thus  found  for  each  observer 
should  be  applied  to  the  corresponding  residuals  already  obtained. 
"  In  this  investigation,  if  the  number  of  comparisons  or  the  number 
of  wires  taken  ia  known,  relative  weighla  proportional  to  the  nnmbcr 
of  comparisons  may  be  adopted  for  the  combination  of  the  residuals 
for  each  series.  In  this  manner,  observations  which,  on  account  of 
the  peculiarities  of  the  observers,  are  in  a  certain  sense  heterc^neous, 
may  be  rendered  homogeneous,  being  reduced  to  a  standard  which 
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approaclies  the  absolute  in  proportioo  as  the  number  and  periection 
n{  the  distinct  series  combined  are  increased.  Whatever  conEtanl 
prror  remains  will  be  very  small,  and,  besides,  will  aCFect  all  pbees 
alike. 

The  residuals  which  now  remain  mnst  be  r^;arded  as  oonsistii^ 
of  the  actual  errors  of  observation  and  of  the  error  of  the  adopted 
place  of  the  comparison-star.  Hence  they  will  not  give  the  probable 
error  of  observation,  and  will  not  serve  directly  for  assigning  die 
measures  of  precision  of  the  aeries  of  observationa  by  each  observw. 
Let  113,  therefore,  denote  by  *,  the  mean  error  of  the  place  of  tbe 
compariaon-star,  by  s,  the  mean  error  of  a  single  comparison;  then 

will  —7^  be  the  mean  error  of  m  comparisons,  and  the  mean  error  of 

vm 
the  resulting  place  of  the  body  will,  according  to  equation  (35),  be 
given  by 

s-=^  +  ..'.  (W 

The  value  of  s^,  in  the  case  of  each  series,  will  be  foand  by  means  of 
the  residuals  finally  corrected  for  the  constant  errors,  and  the  valne 
of  e,  is  supposed  to  be  determined  in  the  formation  of  the  catalt^ue 
of  star-places  adopted.  Hence  the  actual  mean  error  of  an  oheem- 
tion  consisting  of  a  single  comparison  will  be 

^^v'mW-V).  (127) 

The  value  of  e,  for  each  observer  having  been  found  in  accordance 
wi^  this  equation,  the  mean  error  of  an  observation  oonsUting  of  « 
comparisons  will  be 


The  mean  error  of  an  observation  whose  weight  is  unity  being  de- 
noted by  e,  the  weight  of  an  observation  baaed  on  m  comparisons  will 
be 

p  =  ~.  (128] 

The  value  of  e  may  be  arhitranly  assigned,  and  we  may  adopt  for  it 
±  10"  or  any  other  number  of  seconds  for  which  the  resulting  values 
of  p  will  be  convenient  numbers. 

When  all  the  observations  are  differential  observations,  and  the  stan 
of  comparison  are  included  in  the  fundamental  list,  if  we  do  not  take 
into  account  the  number  of  comparisons  on  which  each  observed 
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plane  depends,  it  will  not  be  necessary  to  consider  e„  and  we  may 
then  derive  »,  directly  from  the  residuals  corrected  for  constant  errors. 
Further,  in  the  case  of  meridian  observations,  the  error  which  corre- 
sponds td  e,  will  be  extremely  small,  and  hence  it  is  only  when  these 
are  combined  with  equatorial  observations,  or  when  equatorial  obser- 
vations based  on  different  numbers  of  comparisons  are  combined,  that 
the  separation  of  the  errors  into  the  two  component  parts  become* 
necessary  for  a  proper  determination  of  the  relative  weights. 

According  to  the  complete  method  here  indicated,  after  having 
eliminated  as  iar  as  possible  all  constant  errors,  including  the  correo- 
tiona  assigned  by  equation  (125)  to  be  applied  to  the  provisional 
ephemeria,  we  find  the  value  of  e,  given  by  the  equation 

»,,■  =  [»,„]-[»].,•,  (129) 

in  which  n  denotes  the  number  of  observations;  m,  m',  m",  Ac  the 
□umber  of  comparisons  for  the  respective  observations;  and  v,  t/,  v", 
&C.  the  corresponding  residuals.  Then,  by  means  of  equation  (128), 
assuming  a  convenient  number  for  e,  we  compute  the  weight  of  each 
observation.  Thus,  for  example,  let  the  residuals  and  oorreepondiug 
values  of  m  be  as  follows : — 

j^  m  AS  in 

+  2".0  5,  — 1".0  7. 

—  1  .8  5,  + 1  .5  5, 

—  0,4  10,  +4.1  8, 

—  5  .5  5.                           0  .0  5. 

Let  the  mean  error  of  the  place  of  a  comparison-star  be 

».=  i:2".0; 

then  we  have  n  =8,  and,  according  to  (129), 

8f,'=  341.78 —  200.0, 
which  gives 

e,=  ±4".2. 

Let  us  now  adopt  as  the  unit  of  weight  that  for  which  the  mean  errot  \b 
»  =  ±3".0; 

then  we  obtain  by  means  of  equation  (128),  for  the  weights  of  the 
observations, 

2.5,        2.6,        5.1,        2.5,        3.6,        2.5,        4.1,        2.5, 
oespectively. 
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In  thia  maQoer  the  we%lita  of  the  observations  in  the  series  made 
by  each  observer  must  be  determiued,  using  throughout  the  same 
value  of  e.  Then  the  differences  between  the  places  computed  from 
the  provisional  elements  to  he  corrected  and  the  observed  places  cor- 
rected for  the  constant  error  of  the  observer,  must  be  combined  ac- 
cording to  the  equations  (123)  and  (125),  the  adopted  values  of  p,  p', 
p",  &c.  being  those  found  from  (128),  Thus  will  be  obtained  the 
final  residuals  for  the  formation  of  the  equations  of  condition  from 
which  to  derive  the  most  probable  value  of  the  corrections  to  be 
applied  to  the  element*.  The  relative  weights  of  these  normals  will 
be  indicated  by  the  sums  formed  by  adding  together  the  weights  of 
the  observations  combined  in  the  formation  of  each  normal,  and  the 
unit  of  weight  will  depend  on  the  adopted  value  of  e.  If  it  be  de- 
sired to  adopt  a  different  unit  of  weight  in  the  case  of  the  solutiou 
of  the  equations  of  condition,  such,  for  example,  that  the  weight  of 
an  equation  of  average  precision  shall  be  unity,  we  may  simply  divide 
the  weights  of  the  normals  by  any  number  p^  which  will  satisfy  the 
condition  imposed.  The  mean  error  of  an  observation  whose  weight 
is  unity  will  then  be  given  by 

the  value  of  t  being  that  used  in  the  determination  of  the  weights  p, 
p',  &c. 

•  148.  The  observations  of  comets  are  liable  to  be  affected  by  other 
errors  in  addition  to  those  which  are  common  to  these  and  to  planctr 
ary  observations.  Different  observers  will  fix  upon  different  points 
as  the  proper  point  to  be  observed,  and  all  of  these  may  differ  from 
the  actual  position  of  the  centre  of  gravity  of  the  comet;  and  fur- 
ther, on  account  of  changes  in  the  physical  appearance  of  the  oomel, 
the  same  observer  may  on  different  nights  select  different  points. 
These  circumstances  concur  to  vitiate  the  normal  places,  inasmuch  aa 
the  resulting  errors,  although  in  a  certain  sense  fortuitous,  are  yet 
such  that  the  law  of  their  distribution  is  evidently  different  from 
that  which  is  adopted  as  the  basis  of  the  method  of  least  squares. 
The  impossibility  of  assigning  the  actual  limits  and  the  law  of  dis- 
tribution of  many  errors  of  this  class,  renders  it  necessary  to  adopt 
empuncal  methods,  the  success  of  which  will  depend  on  the  discrimi- 
nation of  the  computer. 

If  G,  denotes  the  mean  error  of  an  observation  based  on  in  oom- 
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parisons,  and  e,  the  mean  error  to  be  feared  on  aocoimt  of  the  pecu- 
liarities ot  the  phjaical  appearance  of  the  comet, 


will  express  the  mean  error  of  the  residuals;  and  if  n  of  thcBe 
residuals  are  combined  in  the  formation  of  a  oormal  place,  the  mean 
error  of  the  normal  will  be  given  by 

V=  — +  '.'.  (130) 

The  value  of  e'  may  be  determined  approTimatoly  from  the  data 
furnished  by  the  oLiservations.  Thus,  if  the  mean  error  of  a  eingle 
comparison,  for  the  different  observers,  has  been  determined  by  meana 
of  the  differences  between  single  comparisons  and  the  arithmetical 
mean  of  a  considerable  number  of  comparisons,  and  if  the  mean  error 
of  the  place  of  a  compariaon-star  has  also  been  determined,  tbe 
equation  (126)  will  give  the  corresponding  value  of  e^;  then  the 
actual  differences  between  computation  and  observation  obtained  by 
eliminating  the  error  of  the  ephemeris  and  such  constant  errors  as 
may  be  determined,  will  furnish  an  approximate  value  of  e,  by  means 
of  the  formula 

'         n  " 

in  which  n  denotes  the  number  of  observations  combined. 

Sometimes,  also,  in  the  case  of  comets,  in  order  to  detect  the  opera- 
tion of  any  abnormal  force  or  circumstance  producing  different  ef^cts 
in  different  parts  of  the  orbit,  it  may  be  expedient  to  divide  the 
observations  into  two  distinct  groups,  the  first  including  the  observa- 
tions made  before  the  time  of  perihelion  passage,  and  the  other 
including  those  subsequent  to  that  epoch, 

149.  The  circumstances  of  the  problem  will  often  surest  appro- 
priate modifications  of  the  complete  process  of  determining  the  rela- 
tive weights  of  the  observations  to  be  combined,  or  indeed  a  relaxa- 
tion from  the  requirements  of  the  more  rigorous  method.  Thus,  if 
on  account  of  the  number  or  quality  of  the  data  it  is  not  considered 
necessary  to  compute  the  relative  weights  with  the  greatest  precision 
attainable,  it  will  suffice,  when  the  discussion  of  the  observations  has 
been  carried  to  an  extent  sufficient  to  make  an  approximate  estimate 
of  the  relative  weights,  to  assume,  without  considering  the  number 
of  comparisons,  a  weight  1  for  the  observations  at  one  observatory,  a 
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weight  1  for  another  clnas  of  observatlona,  ]  for  a  third  clasa,  and  80 
on.  It  should  be  observed,  also,  that  when  there  are  but  few  obser- 
vations to  be  combined,  the  application  of  the  formulse  for  the  mean 
or  probable  errors  may  be  in  a  degree  fellacious,  the  resulting  values 
of  these  errors  being  little  more  than  rude  approximations;  still  the 
mean  or  probable  errors  as  thus  determined  furnish  the  most  reliable 
means  of  estimating  the  relative  weights  of  the  observations  made 
by  different  observers,  since  otherwise  the  scale  of  weights  woald 
depend  on  the  arbitrary  discretion  of  the  computer.  Further,  in  a 
complete  investigation,  even  when  the  very  greatest  care  has  been 
taken  in  the  theoretical  discussion,  on  account  of  independent  known 
circumstances  connected  with  some  particular  observation,  it  may  be 
expedient  to  change  arbitrarily  the  weight  assigned  by  theory  to 
certain  of  the  normal  places.  It  may  also  be  advisable  to  reject 
entirely  those  observations  whose  weight  is  less  than  a  certain  limit 
which  may  be  r^arded  as  the  standard  of  excellence  below  which 
the  observations  should  be  rejected;  and  it  will  be  proper  to  reject 
observations  which  do  not  afford  the  data  requisite  for  a  homogeneous 
combination  with  the  others  according  to  the  principles  already 
explained.  But  in  all  cases  the  rejection  of  apparently  doubtful 
observations  should  not  be  carried  to  any  considerable  extent  unless 
a  very  large  number  of  good  observations  are  available.  The  mere 
apparent  discrepancy  between  any  residual  and  the  othgrs  of  a  series, 
is  not  in  itself  sufficient  to  warrant  its  rejection  unless  facts  are 
known  which  would  independently  assign  to  it  a  low  degree  of  pre- 

A  doubtful  observation  will  have  the  greatest  influence  in  vitiating 
the  resulting  normal  place  when  but  a  small  number  of  observed 
places  are  combined ;  and  hence,  since  we  cannot  assume  that  the  law 
of  the  distribution  of  errors,  according  to  which  the  method  of  least 
squares  is  derived,  will  be  complied  with  in  the  case  of  only  a  few 
observations,  it  will  not  in  general  be  safe  to  reject  an  observation  pro- 
vided that  it  surpasses  a  limit  which  is  fixed  by  the  adopted  theory 
of  errors.  If  the  number  of  observations  is  so  large  that  the  dis- 
tribution of  the  errors  may  be  assumed  to  conform  to  the  theory 
adopted,  it  will  be  possible  to  assign  a  limit  such  that  a  residual 
which  surpasses  it  may  be  rejected.  Thus,  in  a  series  of  m  observa- 
tions, according  to  the  expression  (19),  the  number  of  errors  greater 
than  nr  will  be 
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fuid  when  n  has  a  value  encb  that  the  value  of  this  expression  is  less 
than  0.5,  the  error  nr  will  have  a  greater  probability  against  it  than 
for  it,  and  hence  it  may  be  rejected.  The  expression  for  finding  the 
limiting  value  of  n  therefore  becomes 


''dt  =  l- 


(131) 


By  means  of  this  equation  we  derive  for  given  values  of  m  the  cor- 
responding values  of  nhr  =  0,47694n,  and  hence  the  values  of  n. 
For  convenient  application,  it  will  be  preferable  to  use  e  instead  of  r, 
and  if  we  put  n'  ^  0.67449ra,  the  limiting  error  will  be  n't,  and  the 
values  of  n'  corresponding  to  given  values  of  m  will  be  as  exhibited 
in  the  following  table. 

TABLK 


- 

M' 

- 

■■ 

. 

'■ 

■ 

■■       1 

B 

1.732 

20 

2.241 

.55 

2.608 

90 

2.773 

» 

1.863 

■/A 

2.326 

60 

2.638 

9.5 

2.791 

1(1 

1.960 

30 

2.394 

B, 

2.665 

1111) 

2.807 

12 

2.037 

3!> 

2.4.50 

70 

2.690 

21)0 

3.020 

U 

2.100 

41) 

2.498 

75 

2.713 

301) 

3.143 

IB 

2.154 

4.'> 

2.539 

HO 

2.734 

400 

3.224 

18 

2.200 

60 

2.576 

84 

2.754 

600 

3.289 

According  to  this  method,  we  first  find  the  mean  error  of  an  obser- 
vation by  means  of  all  the  residuals.  Then,  with  the  value  of  m  as 
the  argument,  we  take  from  the  table  the  corresponding  value  of  n', 
and  if  one  of  the  residuals  exceeds  the  value  n'e  it  must  be  rejected. 
Again,  finding  a  new  value  of  e  from  the  remaining  m  —  1  residualb. 
and  repeating  the  operation,  it  will  be  seen  whether  another  observa- 
tion should  be  rejected;  and  the  process  may  be  continued  until  a 
limit  is  reached  which  does  not  require  the  further  rejection  of  ob- 
servations. Thus,  for  example,  in  the  case  of  50  observations  in 
which  the  residuals  — 11". 6  and  ■|-7".8  occur,  let  the  sum  of  the 
squares  of  the  residuals  be 


[w]=  320.4. 


Then,  according  to  equation  ( 
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Corresponding  to  the  value  m  ^  60,  the  table  gives  n'  ==  2.576,  iukI 
the  limitiDg  value  of  the  error  beoomes 


and  hence  the  residuals — ll".6and  +7".8  are  rejected.    Becom- 
(luting  the  mean  error  of  an  observation,  we  have 


/320.4— 193.09 


±  1".66. 


In  the  formation  of  a  normal  place,  when  the  mean  error  of  an 
observation  has  been  inferred  from  only  a  small  number  of  observa- 
tions, according  to  what  has  been  stated,  it  will  not  be  safe  to  rely 
upoD  the  equation  (131)  for  the  necessity  of  the  rejection  of  a  doubt- 
ful observation.  But  if  any  abnormal  influenoe  is  suspected,  or  if 
ally  antecedent  discussion  of  observations  by  the  same  observer,  made 
under  similar  circumstances,  seems  to  indicate  that  an  error  of  a  given 
magnitude  is  highly  improbable,  the  application  of  this  formula  will 
aerve  to  confirm  or  remove  the  doubt  already  created.  Much  will 
therefore  depend  on  the  discrimination  of  the  computer,  and  on  hta 
knowledge  of  the  various  sources  of  error  which  may  conspire  con- 
tinuously or  discontinuously  in  the  production  of  large  apparent 
errors.  It  is  the  business  of  the  observer  to  indicate  the  circum- 
stances peculiar  to  the  phenomenon  observed,  the  instruments  em- 
ployed, and  the  methods  of  observation ;  and  the  discussion  of  the 
data  thus  furnished  by  different  observers,  as  &r  as  possible  in  ac- 
cordance with  the  strict  requirements  of  the  adopted  theory  of  errors, 
will  furnish  results  which  must  be  regarded  as  the  best  which  can  be 
derived  from  the  evidence  contributed  by  all  the  observations. 

150.  When  the  final  normal  places  have  been  derived,  the  di&er- 
ences  between  these  and  the  corresponding  places  computed  from  the 
provisional  elements  to  be  corrected,  taken  in  the  sense  computation 
minus  observation,  give  the  values  of  n,  n',  n",  &c.  which  are  the 
absolute  terms  of  the  equations  of  condition.  By  means  of  these 
elements  we  compute  also  the  values  of  the  differential  coefficients  of 
each  of  the  spherical  co-ordinates  with  respect  to  each  of  the  elements 
to  be  corrected.  These  differential  coefficients  give  the  values  of  the 
coefficients  a,  b,  c,  a',  b',  &c.  in  the  equations  of  condition.  The 
mode  of  calculating  these  coefficients,  for  different  systems  of  co-or- 
dinatea,  and  the  mode  of  forming  the  equations  of  condition,  have 
been  fully  developed  in  the  second  chapter.     It  is  of  great  import- 
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ance  that  the  numerical  values  of  these  coefEcients  should  be  care- 
ililly  checked  hy  direct  calcalatioo,  assigning  variations  to  the  ele- 
ments, or  by  means  of  differences  when  this  test  can  be  successfully 
applied.  In  assigning  increments  to  the  elements  in  order  to  cheuk 
tl)6  formation  of  the  equations,  they  should  not  be  bo  lai^  that  the 
neglected  terras  of  the  second  order  become  sensible,  nor  so  small  that 
they  do  not  afford  the  required  certainty  by  means  of  the  agreement 
of  the  corresponding  variations  of  the  spherical  oo-ordinates  an 
obtained  by  substitution  and  by  direct  calculation. 

As  soon  as  the  equations  of  condition  have  been  thus  formed,  we 
multiply  each  of  them  by  the  square  root  of  its  weight  aa  given  by 
the  adopted  relative  weights  of  the  normal  places;  and  these  equa- 
tions will  thus  be  reduced  to  the  same  weight.  In  general,  tho 
□umerical  values  of  the  coefficients  will  be  such  that  it  will  be  con- 
venient, although  not  essential,  to  adopt  as  the  unit  of  weight  that 
which  is  the  average  of  the  weights  of  the  normals,  so  that  the 
numbers  by  which  most  of  the  equations  will  be  multiplied  will  not 
differ  much  from  unity.  The  reduction  of  the  equations  to  a  uniform 
measure  of  precision  having  been  effected,  it  remains  to  combine  them 
according  to  the  method  of  least  squares  in  order  to  derive  the  most 
probable  values  of  the  unknown  quantities,  together  with  the  relative 
weighte  of  these  values.  It  should  be  observed,  however,  that  the 
numeri(»l  calculation  in  the  combination  and  solution  of  these  equa- 
tions, and  especially  the  required  agreement  of  some  of  the  checks  of 
the  calculation,  will  be  &cilitated  by  having  the  numerical  values  of 
the  several  coefficients  not  very  unequal.  If,  therefore,  the  ooefBcient 
a  of  any  unknown  quantity  x  is  in  each  of  the  equations  numerically 
mnch  greater  or  much  less  than  in  the  case  of  the  other  unknown 
quantities,  we  may  adopt  as  the  corresponding  unknown  quantity  to 
be  determined,  not  x  but  vx,  v  being  any  entire  or  fractional  number 
Buch  that  the  new  coefficients  -.  -.  &c.  shall  be  made  to  f^ree  in 
tna^nitude  with  the  other  coefBcients.  The  unknown  quantity  whose 
value  will  then  be  derived  by  the  solution  of  the  equations  will  be 
vx,  and  the  corresponding  weight  will  be  that  of  vx.  To  find  the 
weiglit  of  X  from  that  of  kc,  we  have  the  equation 

P,  =  v>^  (132) 

In  the  same  manner,  the  coefficient  of  any  other  unknown  quantity 
may  be  changed,  and  the  coefficients  of  all  the  unknown  quantities 
may  thus  be  made  to  agree  in  magnitude  within  moderate  limits,  tb" 
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ad^'antage  of  -which,  in  the  numerical  solution  of  the  equations,  will 
he  apparent  by  a  consideration  of  the  mode  of  proving  the  calcula- 
tion of  the  coefficients  in  the  normal  equations.  It  will  be  expedient, 
also,  to  take  for  v  some  integral  power  of  10,  or,  when  a  fractional 
value  is  required,  the  corresponding  decimal.  It  ma.j  be  remarked, 
further,  that  the  introduction  of  v  is  generally  required  only  when 
the  coefficient  of  one  of  the  unknown  quantities  is  very  large,  as 
frequently  happens  in  the  case  of  the  variation  of  the  mean  daily 
motion  ft. 

When  tlie  coefficients  of  some  of  the  unknown  quantities  are 
extremely  small  in  all  the  equations  of  condition  to  be  combined,  an 
approximate  solution,  and  often  one  which  is  sufficiently  accurate  for 
the  purposes  required,  may  be  obtained  by  first  neglecting  these 
quantities  entirely,  and  afterwards  determining  them  separately.  In 
general,  however,  this  can  only  be  done  when  it  is  certainly  known 
that  the  influence  of  the  neglected  terms  is  not  of  sensible  magnitude, 
or  when  at  least  approximate  values  of  these  terms  are  already  given. 
When  we  adopt  the  approximate  plane  of  the  orbit  as  the  Ainda- 
mental  plane,  the  equations  for  the  longitude  involve  only  four  ele- 
ments, and  the  coefficients  of  the  variations  of  these  elements  in  the 
equations  for  the  latitudes  are  always  very  small.  Hence,  for  an 
approximate  solution,  we  may  first  solve  the  equations  involving  four 
unknown  quantities  as  furnished  by  the  longitudes,  and  then,  substi- 
tuting the  resulting  values  in  the  equations  for  the  latitudes,  th^ 
will  contain  but  two  unknown  quantities,  namely,  those  which  give 
the  corrections  to  be  applied  to  Si  and  i. 

151.  When  the  number  of  equations  of  condition  is  lar^,  the 
computation  of  the  numerical  values  of  the  coefficients  in  the  normal 
equations  will  entail  considerable  labor;  and  henoe  it  is  desirable  to 
arrange  the  calculation  in  a  convenient  form,  applying  also  the  checks 
which  have  been  indicated.  The  moat  convenient  arrangement  will 
be  to  write  the  log-iritlims  of  the  absolute  terms  n,  n',  n",  &c,  in  a 
horizontal  line,  directly  under  these  the  logarithms  of  the  coefficients 
a,  a',  a",  &c.,  then  the  logarithms  of  b,  b',  b",  &c.,  and  so  on.  Then 
writing,  in  a  corresponding  form,  the  values  of  logn,  log»',  &c.  on  a 
slip  of  paper,  by  bringing  this  succesaively  over  each  line,  the  sums 
[nn],  [an],  [ii],  &c.  will  be  readily  formed.  Again,  writing  on 
another  slip  of  paper  the  logarithms  of  o,  a',  a",  &c.,  and  placing 
this  slip  successively  over  the  lines  containing  the  coefficients,  we 
derive  the  values  [aa],  [ah'],  [oc],  Ac     The  multiplication  by  6,  o,  J, 
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&C.  Buocessively  is  effected  in  a  eirailar  manner;  and  thus  will  be 
derived  [66],  [6c],  [6<rj,  &c.,  and  finally  [ff]  in  the  case  of  six  un- 
known quantities.  In  forming  these  sums,  in  the  cases  of  suiAa  of 
positive  and  negative  quantities,  it  is  convenient  as  well  as  conducive 
to  accuracy  to  write  the  positive  values  in  one  vertical  column  and 
the  negative  values  in  a  Beparatf;  column,  and  take  the  difference  of 
the  sums  of  the  numbers  in  the  respective  columns.  The  proof  of 
the  calculation  of  the  coefficients  of  the  normal  equations  is  effected 
by  introducing  «,  s',  s",  &a.,  the  algebraic  sums  of  all  the  coefficients 
in  the  respective  equations  of  condition,  and  treating  these  as  the 
coefficients  of  an  additional  unknown  quantity,  thus  forming  directly 
the  sums  [sn],  [tu],  [ps],  [cs],  &o.  Then,  according  to  the  equations 
(76)  and  (77),  the  values  thus  found  should  agree  with  those  obtained 
by  taking  the  corresponding  sums  of  the  coefficients  in  the  normal 
equations. 

The  normal  equations  being  thns  derived,  the  next  step  in  the 
process  is  the  determination  of  the  values  of  the  auxiliary  quantities 
necessary  for  the  formation  of  the  equations  (74).  An  examination 
of  the  equations  (54),  (55),  &c.,  by  means  of  which  these  auxiliaries 
are  determined,  will  indicate  at  once  a  convenient  and  systematic 
arrangement  of  the  numerical  calculation.  Thus,  we  first  write  in  a 
horizontal  line  the  values  of  [aa],  [oA],  [oc], . . .  [as],  [on],  and  di- 
rectly under  them  the  corresponding  logarithms.  Next,  we  write 
under  these,  commencing  with  [<i6j,  the  values  of  [66],  [txi],  [bd], 
•  ■  [^*]i  [^])  then,  adding  the  logarithm  of  the  &ctor  j^— ^  to  the 
logarithms  of  [ah'],  [oc],  &c.  successively,  we  write  the  value  of 
t — j-  [abl  under  [66],  that  of  . — j  [ac]  under  [6c],  and  so  on.  Sub- 
tntcting  the  numbera  in  this  line  from  those  in  the  line  above,  the 
differences  give  the  values  of  [66.1],  [6c.l], . . .  [68,1],  [67i.l],  to  be 
'Written  in  the  next  line,  and  the  logarithms  of  these  we  write  directly 
under  them.  Then  we  write  in  a  horizontal  line  the  values  of  [cc], 
\_od], . .  [cs],  [en],  placing  [cc]  under  [6o.l],  and,  having  added  the 
logarithm  of  ^  — r  to  the  logarithms  of  {_ac],  [ad],  &c.  in  succession, 
we  derive,  according  to  the  equations  (55)  and  (68),  the  values  of 
[ec,l],  [cd.l], . .  [ca.l],  [en.l],  which  are  to  be  placed  under  the  cor- 
responding quantities  [cc],  [cd],  &c.  Next,  we  subtract  from  tliese, 
respectively,  the  products 

[6o.l]r.    ,,  [frc.l]„,„        [6e.l]r.    n  [ficl]  ..     ,., 
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and  tlm8  derive  the  values  of  [cc.2],  [od.2], . .  [08.2],  [m.2],  whidi 
are  to  be  written  in  the  next  horizontal  line  and  under  them  their 
l<^arithms.  Then  we  introduce,  in  a  similar  manner,  the  coefiBtaents 
[dd],  [de], , .  [dn],  writing  [dd]  under  [cd.2];  and  from  each  of  these 
in  succession  we  subtract  the  products 

thus  finding  the  valnes  of  [dd.l],  [d«.l], .  •  [dn .  1].  From  tkesR  we 
subtract  the  products 


[fiU]  '-*'"■"-'■  [6U]  •■"=■"■"  ■  ■  [Ml]  L""-^-" 

respectively,  which  operation  gives  the  values  of  [d(j.2],  [(ie,2],.. . . 
[dn.2].     From  these  results'  we  subtract  the  producta 

[m.2]  "■       ■■  [cc,2J  "-      -■       [cc.2]  ■■       -* 

and  derive  [dd-S],  [de.3], . .  [dii-S]  under  which  we  write  the  cor- 
responding logarithms.     Then  we  introduce  [ee],  [e/*],  [es],  and  [en], 

writing  [ee]  under  [de.3].     First,  subtracting  ^~  [ae],  p^  [o/], . . 

[ae]  ^^  -^ 

P — T-[an],  we  get  [eel],  [^.1],  [cs.l],  aud  [en.l];  then  subtracting 

from  these  the  products 

[50]  '■"•"J'         [«.i:  '■"■'•'J'  •  ■  [Su]  ■■' 

we  obtain  the  vaiaes  of  [m.2],  [e/'.2},  [i».2],  and  [en.2].    A^n, 
subtracting 

CS2it"-^i         ES3j'*^J'--[S:2lt"'-^l' 

we  have  the  values  of  [ee.S],  [ef-S],  [et-S],  [en.3];  and  finally,  sub- 
tracting from  these  the  products 

we  derive  the  results  fi)r  [6e.4],  [c/'.4],  [e8.4],  and  [en, 4] ;  ander  which 
the  corresponding  logarithms  are  to  be  written. 

If  there  are  six  unknown  quantities  to  be  determined,  we  must 
f'lrtlier  write  in  a  horizontal  line  the  values  of  {_ff},  C/O'  ^""^  tJ^^f 
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placing  [^  under  [c/".4],  and  by  means  of  five  successive  subtrac- 
tions entirely  aoslogoiis  to  what  precedes,  and  as  indicated  by  tbe 
KoiainiDg  equations  for  the  auxiliaries,  we  obtain  the  values  of  {Jf.S], 
[/«.5],  and  [/n.b']. 

The  values  of  [6«.l],  [ca.!],  [o«.2],  &c.  serve  to  check  the  calcula- 
tion of  the  successive  auxiliary  coefficients.     Thus  we  most  have 

[bb.l1  +  [ficl]  +  [M.1]  +  [6e.l]  +  [6/.1]  =  [6..1] 
[feci]  +  Kl]  +  [_cd.11  +  [m-1]  +  [c/.l]  =  [M.1].  Ac., 
[cc.2]  +  [cd.2]  +  [ce.2]  +  [c/:2]  =  [m.2], 
[cd.2]  +  [drf.2]  +  [dc.2]  +  [d/.2]=  [(f8.2],  Ac. 

Hence  it  appears  that  when  the  numerical  calculation  is  arranged  as 
above  suggested,  the  auxiliary  containing  e  must,  iu  each  line,  be 
equal  to  the  sum  of  all  the  t«rms  to  the  lefl  of  it  in  the  same  line 
and  of  those  terms  containing  the  same  distinguishing  numeral  found 
in  a  vertical  column  over  the  last  quantity  at  the  left  of  this  line. 

■  There  will  yet  remain  only  the  auxiliaries  which  are  derived  from 
[«n]  and  [nn]  to  be  determined.  These  additional  auxiliaries  wilt 
be  found  by  means  of  the  formulte 

"M'-"-"  ["■•2]  =  [•»•!] -Jgjj]  [»'■!]. 

[»^3]  =  [»..2]  -  M  [e,.2],        [»,4]  =  [„.3]  -  |i|]  [*,.3].  (133) 

C«'e]  =  [™-5]-[||J[/..5], 

and  the  equations  (81)  and  (83).  The  arrangement  of  the  numerical 
process  should  be  similar  to  that  already  explained. 

The  values  of  [wi-I],  [*».2],  &a  check  the  accuracy  of  the  resultii 
for  [6n.l],  ["".1],  Cw.2],  [dw.3],  &c.  by  means  of  the  equatiooH 

[ftn.l]  +  [cn.l]  +  [d/i.l]  +  [«i.l]  +  [./H.1]  =  [^1], 
[e».2]  +  [rfft.2]  +  [e».2]  +  |>.2]  =  [«r.2], 

[dn.B1  +  [««.3]  +  [>.3]  =  [m.3],       (134; 
lenAI  +  0.4]  =  [«n.4], 
[>.5]  =  [jm.5]. 

It  appears  further,  that,  in  the  case  of  six  unknown  quantities,  sinct 
[>.5]  =  [ff.Si],  we  have  [sn.6]  =  0. 

Having  thus  determined  the  numerical  values  of  the  auxiliaries 
required,  we  are  prepared  to  form  at  once  the  equations  (74),  by  means 
of  which  the  values  of  the  unknown  quantities  will  be  determined 
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by  successive  sube^tntioQ,  first  finding  t  from  the  last  of  these  equs- 
tioDS,  tbeo  snbstitadiig  this  result  in  the  equation  next  to  the  last 
and  thns  deriving  the  value  of  to,  and  so  on  until  all  the  unknown 
quantities  have  been  determined.  It  will  be  observed  that  the  loga^ 
rithms  of  the  ooefficiente  of  the  unknown  quantities  in  these  equa- 
tions will  have  been  already  found  in  the  computation  of  the  aux- 
iliaries. 

If  we  add  together  the  several  equations  of  (74),  first  clearing  them 
of  fractions,  we  get 

0  =  [aa]  3!  +  ([oft]  +  [W.l])  y  -f  ([«.]  +  [ic.l]  +  t«.2])  z 
+  ([««fl  +  U><i.l]  +  [od.2]  +  [<«.3])  u 
+  ([<w]  +  [6e.l]  +  [oe.2]  -j-  [<ie.3]  +  [«.4])w  (135) 

+  ([«/]  +  CV-l]  +  ["/.a]  +  Ldf.Z}  +  iefA-]  +  Uf.5})t 
+  [on]  +  [fin.l]  +  [en.2]  +  [dn.Z]  +  [en.4]  +  |>5] ; 

and  this  equation  must  be  satisfied  by  the  values  of  x,  y,  s,  &e.  found 
from  (74). 

152.  Example. — The  arrangement  of  the  calculation  in  the  caso 
of  any  other  number  of  unknown  quantities  is  precisely  similar ;  and 
to  illustrate  the  entire  process  let  us  take  the  following  equations, 
each  of  which  is  already  multiplied  by  the  square  root  of  ite  wdght: — 

0.707a;  +  2.052y  —  2.372a  —  0.221u  +  6".58  =  0, 
0.471*  +  1.347y  — 1.715«  —  0.085u  +  1  .63  =  0, 
0.260*  +  0.770y  —  0.356*  +  0.483u  —  4  .40  =  0, 
0.092b  +  O.S43y  +  0.236*  +  0.469«  — 10  .21  =  0, 
0.414* +  1.204y—1.506«  —  0.205u+  3.99  =  0, 
0.040* +  0.150y  +  0.104r  +  0.206«—   4.34  =  0. 

First,  we  derive 

[«i]  =  204313, 
[a«'l  =  +   4.816,  [aa]  =  + 0.971, 
[fcnj  =  +  12.M1,  [oJ]  =  +  2.821,  [*6]  =  +  8.208, 
"■«]    -z  — 25.697,  ta«]  =  — 3-175,  [*«]=- 9.168,  [«]=  +  11.028, 
i*i]=s   -10.218,  [«(]  =  — 0.104,  [M]=— 0.251,  [«i]  =  + 0.938,  [**]  =  + 0.694, 
[«]  =  - 18.139,  [m]  =  +  0.613,  [6.]  =  + 1.610,  [a']  =  -  0.377,  [A]  =  +  1J.TJ. 

The  values  of  [sn],  [aa],  [ba],  [oa],  and  [da],  found  by  taking  the 
■nmfl  of  the  normal  coefficients,  agree  exactly  with  the  values  com- 
puted directly,  thus  proving  the  calculation  of  them  oo^cientB. 
The  normal  equations  are,  therefore, 
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0.97Iar  +  2.821y—   3.175^  —  0.104m  +    4.810=0, 
2.821^  +  8.208y  —   9.168a  —  0.251«  +  12.901  =  0, 

—  3.175a:  —  9.168y  + 11-028*  +  0.938u  —  25.697  =  0, 

—  0.104a:  —  0.251y  +    0.9382  +  0.594u  — 10.218  =  0. 

Jt  will  be  observed  that  the  ooetScieats  in  these  equatioos  are  nu- 
merically greater  than  in  the  equations  of  condition;  and  this  will 
generally  be  tbe  case.  Hence,  if  we  use  logarithms  of  five  decimals 
in  forming  tbe  normal  equations,  it  will  be  expedient  to  use  tables 
of  six  or  seven  decimals  in  the  solution  of  these  equations. 

AxraDging  the  process  of  elimination  in  the  most  convenient  form, 
the  successive  results  are  aa  follows : — ' 


l*M]-+»4Hn, 

tl*l]-  +  0J)6«l. 

[M.1]-  +  0J)611, 

[il.l]--fD.11«^ 

[Jul]—    iJWTg, 

(«.!]- +  0«M, 

[aJ.l]-+i).W7«, 

[».i]  - -(-1  JOOt. 

(«.!] —  ajwss. 

l«J]-  +  (.J«.*. 

[od.3J--l-0.MU, 

[a.a]-+.o.7sae. 

r«.q tMn. 

[*u]-  +  (»ja». 

[d$.i]-  +  ijsii>. 

[<to.i] g.Toas, 

[M3i-  +  liXIX, 

[it^-  +  o.jaM, 

[in^i iASSa, 

[M£l-+oAaai, 

[■■.1]-180.4«>, 
(«JQ-  IHLflOS, 

[j^] —  oji*a, 
[m.1] xjaat, 

[BUI] 0.ii«, 

r«uj-o. 

Tbe  several  checks  agree  completely,  and  only  the  value  of  [nn.43 
remains  to  be  proved.     The  equations  (74)  therefore  give 

ai  +  2.9052y  — 3.2698.  — 0.1071a  +    4.9588  =  0, 

y  +  4.5691.  +  4.1545U  —  83.5610  =  0, 

z  +  0.9356W  —  13.4960  =  0, 

u  — 17.3165  =  0, 

and  irom  these  we  get 

«  =  +  17".316,       «  =  —  2".705,       y  =  +  2S".977,       x  =  ~  81".608. 

Then  tbe  equation  (135)  becomes 

0  =  +  0.9710;5  +  2.8333y  —  2.7293?  +  0.3412«  — 1.9838, 

which  is  satisfied  by  the  preceding  values  of  tbe  unknown  quantities. 
If  we  substitute  these  values  of  x,  y,  z,  and  u  in  the  equations  of 
condition  already  reduced  to  the  same  weight  by  multiplication  by 
the  square  roots  of  their  weights,  we  obtain  tbe  residuals 

+  0".67,       -1".34.        +2".17.       —  2".01,       -r.40,       -r.72. 

The  sum  of  the  sqnares  of  these  gives 

[ot]  =  [nn.4]  =  11.672, 

and  the  difference  between  tbia  result  and  tbe  value  14.698  already 
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found  IB  due  to  the  decimals  neglected  in  the  oomp.its£]on  of  tie 
DDmerical  values  of  the  eeveral  auxiliaries.     The  sum   of  all  tbe   ' 
eqaatioDs  of  condition  gives  generally 

r'»]*+[i]y  +  We  +  [(ri«+....  +  [n]  =  M,  (136)    I 

vhich  may  be  used  to  check  the  subetitution  of  the  aQmerical  Tmloei 
to  the  determination  of  v,  tr',  &c  Thus,  we  have,  for  the  valm 
Ijere  given, 

1.984*  +  5.866y  —  6.610*  +  0.647b  —  6.75  =  [f]  =  —  l."63. 


It  remains  yet  to  determine  the  relative  weights  of  the  resnltin; 
values  of  the  unknown  quantities.  For  this  purpose  we  may  i^ipl; 
any  of  the  various  methods  already  given.  The  weights  of  u  andt 
may  be  found  directly  from  the  auxiliaries  whose  values  have  been 
computed.    Thus,  we  have 

[dd.3] 
-[dm 


p,  =  Cdd.3]  =  0.0297,  p,  =  ^-^=^  [«.2]  =  0.0312. 


If  we  now  completely  reverse  the  order  of  elimination  from  the 
normal  equations,  and  determine  x  first,  we  obtain  the  values 

[66.2]  =  +  0.0425,  [oa.2]  =  +  0.0033, 

[aa.3]  =  +  0.00056,  [n«.4]  =  14.665. 

and  also 

X  r-  ~  82."750,       y  =  +  24."365,       *  =  —  2."699,      «  =  +  llJ'Zrt 

The  small  differences  between  these  results  and  those  obtained  by  the 
first  eliminiition  arise  from  the  decimals  n^Iected.  This  seoMHl 
elimination  furnishes  at  once  the  weights  of  x  and  y,  namely, 

p,  =  [tw.3]  =  0.00056.        p,  =  ^^  [66.2]  =  0.0072. 

We  may  also  compute  the  weights  by  means  of  the  equations  (96). 
Thus,  to  find  the  weight  of  y,  we  have 

[<H.2].  =  [dd.l]  -  ^^  [cd.l]  =  + 0.02977, 
sod  hencK 

The  eqoations  (103)  and  (108)  are  oouveoieat  for  the  determination 
of  the  values  and  weights  of  the  unknown   quantities  sepsrately. 


COBBECTION  OF  THE  ELEUENTS.  421 

Thus,  l>y  means  of  the  values  of  the  auxiliaries  obtained  in  the  first 
elimination,  we  find  fixmi  the  equations  (100),  (101),  and  (102), 

-A'  =  —  2.9052,  A"  =  +  16.5442.  A'"  =  —  3.3012, 

.B"=  — 4.5691,  £"'=+   0.1202,  C"  =  — 0.9356. 

and  then  the  equations  (103)  and  (108)  give 

r  =  --  81".609,      y  =  +  23".977,      «  =  —  2".705,     «  ==  +  17".31«, 
p,  =  0.00057,         p^  =  0.0074,  j(,  =  0.0312,        j),  =  0.0297, 

agreeing  with  the  results  obtained  by  means  of  the  other  methods. 
Tlie  weights  are  so  small  that  it  may  be  inferred  at  once  that  the 
values  of  at,  y,  z,  and  u  are  very  unoertain,  although  they  are  those 
which  best  satisfy  the  given  equations.  It  will  be  observed  that  if 
^e  multiply  the  first  normal  equation  by  2.9,  the  resulting  equation 
will  difier  very  little  from  the  second  normal  equation,  and  hence  we 
have  nearly  the  case  presented  in  which  the  number  of  independent 
relations  is  one  less  than  the  number  of  unknown  qaantities. 

The  uncertainty  of  tlie  solution  will  be  further  indicated  by  deter- 
mining the  probable  errors  of  the  results,  although  on  account  of  the 
small  number  of  equations  the  probable  or  mean  errors  obtained  may 
be  little  more  than  rude  approximations.  Thus,  adopting  the  value 
of  [^tm]  obtained  by  direct  substitution,  we  have 


*m  — li       >  6  —  4 


which  is  the  probable  error  of  the  absolute  term  of  an  equation  of 
eondition  whose  weight  is  unity.     Then  the  equations 

r  r  T      . 

Vp,  '      Vp,  Vp, 

give 

r,  =  ±  68".25,        »V  =  ±  18".94,        r,  =  ±  9".22,         f,  =  ±  9"-45. 

It  Uius  appeara  that  the  probable  error  of  z  exceeds  the  value  obtained 
for  the  quantity  itself,  and  that  although  the  sum  of  the  squares  of 
the  residuals  is  reduced  from  204.31  to  11.67,  the  results  are  stiU 
qnite  uncertain. 

163.  The  certainty  of  the  solution  will  be  greatest  when  the  ooeP- 
licuents  in  the  equations  of  condition  and  also  in  the  normal  eqnatioiw 
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differ  veiy  considerably  both  in  m^nitude  and  in  sign.  In  the  cor- 
rection of  the  elements  of  tlie  orbit  of  a  planet  when  the  ofaeerva- 
tions  extend  only  over  a  short  interval  of  time,  the  coefficients  will 
generally  change  valne  so  slowly  that  the  equations  for  the  direct 
determinatioa  of  the  corrections  to  be  applied  to  the  elements  will 
not  afford  a  fiatis&ctory  solution.  In  such  cases  it  will  be  expedient 
to  form  the  equations  for  the  determination  of  a  less  number  of 
quantities  from  which  the  corrected  elements  may  be  subsequently 
derived.  Thus  we  may  determine  the  corrections  to  be  applied  to 
two  assumed  geocentric  distances  or  to  any  other  quantities  which 
afford  the  required  convenience  in  the  solution  of  the  problem, 
various  formulse  for  which  have  been  given  in  the  preceding  chapter. 
The  quantities  selected  for  correoUon  should  be  known  functions  of 
the  elements,  and  such  that  the  equations  to  be  solved,  in  order  to 
combine  all  the  observed  places,  shall  not  he  subject  to  any  uncer- 
tainty' in  the  solution.  But  when  the  observations  extend  over  a  long 
period,  the  most  complete  determination  of  the  corrections  to  be 
applied  to  the  provisional  elements  will  be  obtained  by  forming  the 
equations  for  these  variations  directly,  and  combining  them  as  already 
explained.  A  complete  proof  of  the  accuracy  of  the  entire  calcula- 
tion will  be  obtained  by  computing  the  normal  places  directly  from 
the  elements  as  finally  corrected,  and  comparing  the  residuals  thus 
derived  with  those  given  by  the  substitution  of  the  adopted  values 
of  the  unknown  quantities  in  the  original  equations  of  condition. 

If  the  elements  to  be  corrected  differ  so  much  from  the  true  values 
that  the  squares  and  products  of  the  corrections  are  of  sensible  mag* 
nitude,  so  that  the  assumption  of  a  linear  form  for  the  equations  does 
not  afford  the  required  accuracy,  it  will  he  necessary  to  solve  the 
equations  first  provisionally,  and,  having  applied  the  resulting  cor- 
rections to  the  elements,  we  compute  the  places  of  the  body  directly 
from  the  corrected  elements,  and  the  differences  between  these  and 
the  observed  places  furnish  new  values  of  n,  n',  n",  <fcc.,  to  be  used 
in  a  repetition  of  the  solution.  The  corrections  which  result  from 
the  second  solution  will  he  small,  and,  being  applied  to  the  elements 
as  corrected  by  the  first  solution,  will  furnish  satisfactory  results.  In 
this  new  solution  it  will  not  in  general  be  necessary  to  recompute  the 
coefficients  of  the  unknown  quantities  in  the  equations  of  condition, 
since  the  variations  of  the  elements  will  not  be  large  enough  to  affect 
sensibly  the  values  of  their  differential  coefficients  with  respect  to 
the  ol)served  spherical  co-ordinates.  Cases  may  occur,  however,  in 
which  it  may  become  necessary  to  recompute  the  coefficients  of  on« 
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or  more  of  the  unknown  quantities,  but  only  when  these  coefficients 
are  very  considerably  changed  by  a  small  variatiou  in  the  adopted 
values  of  the  elements  employed  in  the  calculation.  In  such  casee 
the  residuals  obtained  by  substitution  in  the  equatious  of  oouditioa 
will  not  i^ree  with  those  obtained  by  direct  calculation  unless  the 
corrections  applied  to  the  corresponding  elements  are  very  small.  It 
may  also  be  remarked  that  often,  and  especially  in  a  repetition  of  the 
solution  so  as  to  include  terms  of  the  second  order,  it  will  be  suffi- 
ciently accurate  to  relax  a  little  the  rigorous  requirements  of  a  com- 
plete solution,  and  use,  instead  of  ihe  actual  coefficients,  equivalent 
numberB  which  are  more  convenient  in  the  numerical  operations  re- 
quired. Although  the  greatest  confidence  should  be  placed  in  tho 
accuracy  of  the  results  obtained  as  far  as  possible  in  strict  acoordance 
with  the  requirements  of  the  theory,  yet  the  uncertainty  of  the  deter- 
miuation  of  the  relative  weights  in  the  combination  of  a  series  of 
observations,  as  well  as  the  effect  of  uneliminated  constant  errors, 
may  at  least  warrant  a  little  latitude  in  the  numerical  application, 
provided  that  the  weights  of  the  results  are  not  thereby  much  affected. 
A  constant  error  may  in  &ct  be  regarded  as  an  unknown  quantity  to 
be  determined,  and  since  the  effect  of  the  omission  of  one  of  the 
unknown  quantities  is  to  diminish  the  probable  errors  of  the  resulting 
values  of  the  others,  it  is  evident  that,  on  account  of  the  existence  of 
constant  errors  not  determined,  the  values  of  the  variables  obt^ned 
by  tho  method  of  least  squares  from  diiferent  corresponding  series  of 
observations  may  differ  beyond  the  limits  which  the  probable  errors 
of  the  diSTerent  determinations  have  assigned.  Further,  it  should  be 
observed  that,  on  account  of  the  unavoidable  uncertainty  in  the  esti- 
mation of  the  weights  of  the  observations  in  the  preliminary  combi- 
nation, the  probable  error  of  an  observed  place  whose  weight  is 
unity  as  determined  by  the  final  residuals  given  by  the  equations  of 
condition,  may  not  agree  exactly  with  that  indicated  by  the  prior 
discussion  of  the  observations. 

154.  In  the  case  of  very  eccentric  orbits  in  which  the  corrections 
to  be  applied  to  certain  elements  are  not  indicated  with  certainty  by 
the  observations,  it  will  often  become  necessary  to  make  that  whose 
weight  is  very  small  the  last  in  the  elimination,  and  determine  the 
other  corrections  as  functions  of  this  one;  and  whenever  the  coeffi- 
cients of  two  of  the  unknown  quantities  are  nearly  equal  or  have 
nearly  the  same  ratio  to  each  other  in  all  the  different  equations  of 
condition,  this  method  is  indispensable  unless  the  difficulty  is  remo- 
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died  by  other  means,  such  as  the  introduction  of  different  elements  or 
different  combinations  of  the  same  elements.  The  equations  (113) 
famish  the  values  of  the  unknown  quantities  when  we  neglect  that 
which  b  to  be  determined  independently;  and  then  the  equatiooa 
(114)  give  the  required  expressions  for  the  complete  values  of  these 
qnanHties.  Thus,  when  a  comet  has  been  observed  only  during  a 
brief  period,  the  ellipticity  of  the  orbit,  however,  being  plainly  indi- 
cated by  the  observations,  the  determination  of  the  correction  to  be 
applied  to  the  mean  daily  motion  as  given  by  the  provisional  ele- 
ments, in  connection  with  the  cortections  of  the  other  elements,  wiU 
necessarily  be  qnite  uncertain,  and  this  uncertainty  may  very  greatly 
affect  all  the  results.  Hence  the  elimination  will  be  so  arranged  that 
Aju  shall  be  the  last,  and  the  other  corrections  will  be  determined  as 
functions  of  this  quantity.  The  substitution  of  the  results  thu? 
derived  in  the  equations  of  condition  will  give  for  each  residual  an 
expression  of  the  following  form: — ' 

Thereibre  we  shall  have 

M  =  ["."J  -h  2  [v]  i^  +  Or]  A^',  as?) 

which  may  be  applied  more  conveniently  in  the  equivalent  form 

w = [v.]  -  ^  tv]  +  w  ( w  +  '^  )'■      a3«) 

The  most  probable  value  of  &ft  will  be  that  which  renders  [m]  a 
minimum,  or 

and  the  corresponding  value  of  the  sum  of  the  squares  of  the 
residuals  is 

M  =  [»..J-'^[v]-  (140) 

The  correction  given  by  equation  (139)  having  been  applied  to  ft, 
the  result  may  be  regarded  as  the  most  probable  value  of  that  ele- 
ment, and  the  corresponding  values  of  the  corrections  of  the  other 
elements  as  determined  by  the  equations  (114)  having  been  also  duly 
applied,  we  obtain  the  most  probable  system  of  elements.  These^ 
however,  may  still  be  expressed  in  the  form 

a  +  ^.Am,  i  +  B^th  «  +  0,0.11.  tut. 
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the  coefficients  Ag,  B„  C[„  &c.  beiog  those  given  by  the  eG|aationtt 
(114),  and  thus  the  elements  may  be  derived  which  correapond  to  any 
assnmed  value  of  ft  differiDg  from  tta  most  probable  value.  The 
unknown  quantity  Afi  will  also  be  retained  io  the  values  of  the 
residuals.  Hence,  if  we  assign  small  increments  to  fi,  it  t\ii/  edsily 
be  seen  how  much  this  element  may  differ  from  its  mO:'.r.  probable 
value  without  giving  results  for  the  residuals  which  are  iiv^ompatible 
with  the  evidence  furnished  by  the  observations. 

If  the  dimeDHions  of  the  orbit  are  expressed  by  mesiu  of  the  elfi- 
ments  q  and  e,  it  may  occur  that  the  latter  will  not  lie  determined 
with  certainty  by  the  observations,  and  hence  it  should  be  treated  as 
su^ested  in  the  case  of  ft;  and  we  proceed  in  a  simildU:  manner  when 
the  correction  to  be  applied  to  a  given  value  of  th.i  aemi-traosverae 
axis  a  ia  one  of  the  nokoowa  quantilios  to  be  detc  fnined. 
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CHAPTER  Vin. 


155.  We  have  thus  &r  coDsidered  the  circumstaDcea  of  the  aodis- 
turbed  motion  of  the  heavenly  bodies  in  their  orbits;  but  a  complete 
determmation  of  the  elements  of  the  orbit  of  any  body  revolving 
around  the  naa,  requires  that  we  should  determine  the  alterations  in 
its  motion  due  t«  the  action  of  the  other  bodies  of  the  system.  For 
this  purpose,  we  shall  resume  the  general  equations  (18]„  namely, 

^  +  i.(:  +  »)J  =  i-(i+™)|,  CD 

g- +  *■(!  + m)  J  =  i'd  +  m)  ^ 

which  deteriDiDe  the  motion  of  a  heavenly  body  relative  to  the  sns 
when  subject  to  the  action  of  the  other  bodies  of  the  syatem.  We 
have,  further, 


which  is  called  the  perturfmg  function,  of  which  the  partial  differen- 
tial coefficients,  with  respect  to  the  co-ordinates,  ai« 


da        ».'    /»•  — I  x'\        m"   li/'—x  i"' 

dx-l+m\     if  r-l  +  H-ml     p"  ,"•  , 

da          m-    U-,  ii_\          m"    If-s  f\ 

dy~l-i-A    if  r"/"^l-H»\    />■•  r""l 

iU          m'    //  — »  J  \    .      «i"    /<■  — .  J'  \ 

dz-l-i-m\     f"  r"/  +  l-)-m\     f-  /"  j 


+  4e-, 

+  Ae.,      (2) 

-t-Ac, 


and  in  which  m',  m",  &a.  denote  the  ratios  of  the  nuiases  of  the 
several  disturbing  planets  to  the  mass  of  the  sun,  and  m  the  ratio  of 
the  mass  of  the  disturbed  planet  to  that  of  the  sun.  These  partial 
differential  coefficiente,  when  multiplied  by  **(!  -}-  m),  express  th« 
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sum  of  the  components  of  the  disturbing  force  resolved  in  directions 
parallel  to  the  three  rectangular  axe«  respectively. 

Whea  we  neglect  the  oonsideration  of  the  perturbations,  the  general 
equations  of  motion  become 


<^ 


+  i-Cl+m)^  =  0, 


the  complete  integration  of  which  furnishes  as  arbitrary  constants  of 
int^ration  the  six  elements  which  determine  the  orbitual  motion  of  a 
heavenly  body.  But  if  we  r^rd  these  elements  as  representing  the 
actual  orbit  of  the  body  for  a  given  instant  of  time  t,  and  conceive 
of  the  effect  of  the  disturbing  forces  due  to  the  action  of  the  other 
bodies  of  the  system,  it  is  evident  that,  on  account  of  the  change 
arising  from  the  force  thus  introduced,  the  body  at  another  instant 
different  from  the  first  will  be  moving  in  an  orbit  for  which  the 
elements  are  in  some  degree  different  from  those  which  satisfy  the 
original  equations.  Altliough  the  action  of  the  disturbing  force  is 
continuous,  we  may  yet  r^ard  the  elements  as  unchanged  during  the 
element  of  time  dt,  and  as  varying  only  after  each  interval  di.  Let 
us  now  designate  by  tg  the  epoch  to  which  the  elements  of  the  orbit 
belong,  and  let  these  elements  be  designated  by  3fg,  jr„  £},,  t„,  e,,  and 
a^;  then  will  the  equations  (3)  be  exactly  satisfied  by  means  of  the 
expressions  for  the  co-ordinates  in  terms  of  these  rigorously-constant 
elements.  These  elements  will  express  the  motion  of  the  body  sub- 
ject to  the  action  of  the  disturbing  forces  only  during  the  infinitesimal 
interval  dt,  and  at  the  time  ^  +  tZf  it  will  commence  to  describe  a 
new  orbit  of  which  the  elements  will  differ  from  these  constant  ele- 
ments by  increments  which  are  called  the  peiiurbatvms. 
■^  According  to  the  principle  of  the  variation  of  parameters,  or  of 
the  constants  of  integration,  the  differential  equations  (1)  will  be 
satisfied  by  integrals  of  the  same  form  as  those  obtained  when  the 
second  members  are  put  equal  to  zero,  provided  only  that  the  arbitrary 
constants  of  the  latter  int^ration  are  no  longer  r^;arded  as  pure 
constants  but  as  subject  to  variation.  Consequently,  if  we  denote  the 
variable  elements  by  Jf,  tt,  £3,  t,  e,  and  a,  they  will  be  connected 
with  the  constant  elements,  or  those  which  determine  the  orbit  at  the 
instant  fg,  by  the  equations 
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d('  di' 
menta  depending  on  the  disturbing  forces.  When  these  differential 
coefficients  are  known,  we  may  determine,  hy  simple  quadrature,  the 
perturbations  dM,  dir,  &e,  to  be  added  to  the  constant  elements  in 
order  to  obtain  those  corresponding  to  any  instant  for  which  the 
place  of  the  body  is  required.  These  differential  coefficients,  however, 
are  functions  of  the  partial  diflerential  coefficient  of  S  with  respect 
to  the  elements,  and  before  the  int^ration  can  be  performed  it 
becomes  necessary  to  find  the  espressions  for  these  partial  differential 
coefficients.  For  this  pnrpose  we  expand  the  function  S  into  a  oon- 
vei^ing  series  and  then  differentiate  each  term  of  this  series  relatively 
to  the  elements.  Thb  function  is  usually  developed  into  a  convei^ 
ing  series  arranged  in  reference  to  the  ascending  powers  of  the  eccen- 
tricities and  inclinations,  and  so  as  to  include  an  indefinite  number 
of  revolutions;  and  the  final  integratJon  will  then  give  what  are 
called  the  absolute  or  genial  p^turBationa.  When  the  eccentricities 
and  inclinations  are  very  great,  as  in  the  case  of  the  comets,  this 
development  and  analytical  integration,  or  quadrature,  becomes  no 
longer  possible,  and  even  when  it  is  possible  it  may,  on  account  of 
the  mt^nitude  of  the  eccentricity  or  inclination,  become  so  difficult 
that  we  are  obliged  to  determine,  instead  of  the  absolute  perturbations, 
what  are  called  the  apeeial  p^turbaiume,  by  methods  of  approxima- 
tion known  as  meolumiocU  qaadraturea,  according  to  which  we  deter- 
mine tlie  variations  of  the  elements  irom  one  epoch  f,  to  another 
epoch  U  This  method  is  applicable  to  any  case,  and  may  be  advan- 
tageously employed  even  when  the  determination  of  the  absolute 
perturbations  is  possible,  and  especially  when  a  series  of  observations 
extending  through  a  period  of  many  years  is  available  and  it  is 
desired  to  determine,  for  any  instant  t„  a  system  of  elements,  usually 
called  osculating  elements,  on  which  the  complete  theory  of  the  motJon 
may  be  based. 

Instead  of  computing  the  variations  of  the  elements  of  tiie  orbit 
directly,  we  may  find  the  perturbations  of  any  known  functions  of 
these  elements;  and  the  most  direct  and  simple  method  is  to  deter- 
mine the  variations,  due  to  the  action  of  the  disturbing  forces,  of 
any  system  of  three  co-ordinates  by  means  of  which  the  position  of 
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the  body  or  the  elements  themselves  may  be  found.  We  shall,  there- 
fore, derive  various  formulse  for  this  purpose  before  investigating  thp 
formulie  for  the  direct  variation  of  the  elements. 

156.  Let  x^,  y„  x^  be  the  rectangular  co-ordinates  of  the  body  at 
the  time  t  computed  by  means  of  the  osculating  elements  M„  it,,  £)„ 
&c.,  corresponding  to  the  epoch  ^.  Let  x,y,xbe  the  actual  co-ordi- 
natra  of  the  disturbed  body  at  the  time  t;  and  ve  shall  have 

dx,  9y,  and  dz  being  the  perturbations  of  the  rectangular  co-ordinates 
from  the  epoch  ^  to  the  time  t.  If  we  substitute  these  values  of  x, 
y,  and  z  in  the  equations  (1),  and  then  subtract  from  each  the  corre- 
sponding one  of  equations  (3),  we  get 

Ijet  us  now  put  r  =  r,,  +  3r;  then  to  terras  of  the  order  8t',  which  is 
eciuivalent  to  considering  only  the  first  power  of  the  disturbing  force, 
we  have 

5i^-a  =  i(&-35».), 
5  +  i_lJih,_3i*), 

and  hence 

We  have  also  from 

n^Iecting  terms  of  the  second  order, 
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The  intf^^ration  of  the  equations  (6)  will  give  the  perturbations  dx, 
Sy,  and  J2  to  be  applied  to  the  rectanguUr  co-ordinates  x^yt,Zt  com- 
pated  by  means  of  the  osculatiTig  elements,  in  order  to  find  the  aetual 
co-ordinates  of  the  body  for  the  date  to  which  the  integration  belongs. 
But  since  the  second  members  ooottuQ  the  quantities  Sx,  Sy^  9z  which 
are  sought,  the  integration  must  be  efiFected  indirectly  by  successive 
approximations;  and  from  the  manner  in  which  these  are  involved 
in  the  second  members  of  the  equations,  it  will  appear  that  this  inte- 
gration is  possible. 

If  we  consider  only  a  single  disturbing  planet,  according  ta  the 
equations  (2),  we  shall  have 

*-a+»)f=™*(^'-,^.), 

and  these  forces  we  will  designate  by  X,  Y,  and  Zrespectively;  tbm, 
if  in  these  expressions  we  neglect  the  terms  of  the  order  of  the 
square  of  the  disturbing  force,  writing  x„  j/„  ^  in  place  of  «,  y,  £, 
the  equfttjons  (6)  become 


*■(!+».) 

de 

ea'-¥m) 

df 

'! 

S^ir— fej, 

which  are  the  equations  for  computing  the  perturbations  of  the  reo- 
tangular  co-ordinates  with  reference  only  to  the  first  power  of  the 
masses  or  disturbing  forces.     We  have,  further, 

p'  =  {:d-xy+(.^- yy -f  (a- ~ z)\  (10) 

in  which,  when  terms  of  the  second  order  are  neglected,  we  use  the 
values  a;^,  y^,  ^  for  x,  y,  and  z  respectively. 

167.  From  the  values  of  dx,  8y,  and  Si  computed  with  r^ard  Uf 
the  first  power  of  the  masses  we  may,  by  a  repetition  of  part  of  the 
calculation,  take  into  aocount  the  squares  and  products  and  even  the 
higher  powers  of  the  disturbing  forces.  The  equations  (5)  may  b* 
written  thus  i — 
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^=^  +  ^'(('-'^>-- )■ 

in  which  nothing  is  neglected.  In  the  application  of  these  forninta^ 
as  soon  as  3x,  3y,  and  dt  liave  been  fonnd  for  a  few  anccesaiTe  inter- 
vals, we  maj  readily  derive  approximate  values  of  these  quantities 
for  the  date  next  following,  and  with  these  find 

a;  =  n,  +  to,         y  =  y.  +  *y.         « =  ^  +  <>«, 

and  benoe  the  complete  values  of  the  forces  X,  Y,  and  Z,  hy  means 
of  the  equations  (8).    To  find  an  expression  for  the  &ctor 

which  will  be  convenient  in  the  numerical  calculation,  we  have 

r"  =  C*i  +  »'r  +  Cy.  +  iyy  +  (*.  +  &)' 

=  r,'  +  2x,»x  +  2y,^  +  2^A  +  ia:"  +  V  +  W, 
and  therefore 

Let  us  now  piit 

,  =  i4J^&+Si±iS»!,  +  i±i^j..  (12) 

and 

/j  =  l-^  =  l-(l  +  25)-'; 
then  we  shall  have 

nod  the  values  of/  may  be  tabulated  with  the  ai^ament  q,  Tha 
equations  (11)  therefore  become 


df 
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The  coefficients  of  8x,  9y,  and  9z  in  equation  (12)  may  be  fonod  at 
usee,  with  sufficient  accuracy,  hy  means  of  the  approximate  valoes 
of  these  quantities;  and  having  found  the  value  of  / corresponding 
to  the  resulting  value  of  q,  the  numerical  values  of  -jS"'  ~ja~'  ^^^ 
-j^pi  which  include  the  squares  and  products  of  the  masses,  will  be 
obtained.  The  integration  of  these  will  give  more  exact  valuee  of 
dx,  dy,  and  St,  and  then,  recomputing  q  and  the  other  quantities  which 
require  correction,  a  still  closer  approximation  to  the  exact  values  of 
the  perturbations  will  result. 

Table  XVII.  gives  the  values  of  log/  for  positive  or  native 
values  of  5  at  intervals  of  0.0001  from  5  ^  0  to  q^  0.03.  Unlesa 
the  perturbations  are  very  large,  q  will  be  found  within  the  limits  of 
this  table;  and  in  those  cases  in  which  it  exceeds  the  limits  of  the 
table,  the  value  of 

may  be  computed  directly,  using  the  value  of  r  in  terms  of  r^  and 
dx,  dy,  3z. 

In  the  application  of  the  preceding  formulae,  the  positions  of  the 
disturbed  and  disturbing  bodies  may  be  referred  to  any  system  of 
rectangular  co-ordinates.  It  will  be  advisable,  however,  to  adopt 
either  the  plane  of  the  equator  or  that  of  the  ecliptic  as  the  funda- 
mental plane,  the  positive  axis  of  x  being  directed  to  the  vernal 
equinox.  By  choosing  the  plane  of  the  elliptic  orbit  at  the  time  ^ 
as  the  plane  of  xy,  the  co-ordinate  z  will  be  of  the  order  of  the  per- 
turbations, and  the  calculation  of  this  part  of  the  action  of  the  dis- 
tur^iing  force  will  be  very  much  abbreviated ;  but  unless  the  inclina- 
tion 18  very  large  there  will  be  no  actual  advantage  in  this  selection, 
since  the  computation  of  the  values  of  the  components  of  the  dis< 
turbing  forces  will  require  more  labor  than  when  either  the  equator 
or  the  ecliptic  is  taken  as  the  fundamental  plane.  The  perturbations 
computed  for  one  fundamental  plane  may  be  converted  into  those 
referred  to  another  plane  or  to  a  different  position  of  the  axes  in  the 
same  plane  by  means  of  the  formulie  which  give  the  transformation 
of  the  co-ordinates  directly. 

158.  We  shall  now  investigate  the  formube  for  the  integration  of 
the  linear  di&rential  equations  of  the  second  order  which  express  tlie 
variation  of  the  co-ordinates,  and  generally  the  formulee  for  finding 
the  integrals  of  expressions  of  the  form  j  f{x)  dx  and  j  |  J{x)  tW 
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when  the  values  of /(*)  are  compated  for  sucoesaive  valuee  of  x  in- 
creasing in  arithmetical  progression.  First,  therefore,  we  shall  fina 
the  lateral  of  /{x)dx  within  given  limits. 

Within  the  limits  for  which  x  is  oontinuoos,  we  have 

f(x)  =  a+Px  +  r^  +  d3*  +  h*  +  ....;  (15) 

and  if  we  consider  only  three  terma  of  this  series,  the  reealtang  equa- 
tion 

J{x)  =  ^  +  fix  +  r=^ 


is  that  of  the  common  parabola  of  which  the  abscissa  is  x  and  the 
ordinate /(x),  and  the  integral  of /(a;)  dx  is  the  area  included  by  the 
abecissa,  two  ordinates,  and  the  included  arc  of  this  curve.  Gene- 
rally, therefore,  we  may  consider  the  more  complete  expresuon  for 
/(x)  BB  the  equation  of  a  parabolic  curve  whose  degree  is  one  less 
than  the  number  of  terms  taken.  Hence,  if  we  take  n  terms  of  the 
Beries  as  the  value  of /(a;),  we  shall  derive  the  equation  for  a  parabola 
whose  degree  ia  n  —  I,  and  which  has  n  points  in  common  with  the 
curve  represented  by  the  exact  value  of  f{x). 

If  we  multiply  equation  (15)  by  dx  and  integrate  between  the 
limits  0  and  x',  we  get 

Jf{x)  <Jt  =  «■  +  ijsy  +  irx"  +  jaz"  + . . . .  (lej 

If  now  the  valnes  of /(x)  for  different  values  of  x  from  0  to  a;'  are 
known,  each  of  these,  by  means  of  equation  (15),  will  furnish  an 
equation  for  the  determination  of  a,  ^,  y,  &c, ;  and  the  number  of 
terms  which  may  be  taken  will  be  equal  to  the  number  of  different 
known  values  of /(a:).  As  soon  as  a,  ^,  y,  &c  have  thus  been  found, 
the  equation  (16)  will  give  the  integral  required. 

If  the  values  of  /{x)  are  computed  for  values  of  x  at  equal  inter- 
vals aud  we  integrate  between  the  limits  ar  =  0,  and  x  =  n&x,  ax 
being  the  constant  iut(;rval  between  the  successive  values  of  x,  and 
»  the  number  of  intervals  fi-om  the  beginning  of  the  int^^tion,  we 
obtain 

fjix)  dx  =  antkx  +  ^(Sn'Ase'  +  Jrn'A**  +  Ac 

Let  OS  now  suppose  a  quadratic  parabola  to  pass  through  the  points 
of  the  curve  represented  by  f(x),  corresponding  to  a;  =  0,  x-=&x, 
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aDd  2  =  202;  then  will  the  area  included  by  the  arc  of  this  parabola, 
the  extreme  ordinates,  and  the  axis  of  abscissas  be 

J/(z)  dl  =  AT  (2.  +  2jSa2  +  Ir*^). 

The  equation  of  the  curve  gives,  if  we  designate  the  ordinataa  of  the 
three  eucoessive  points  by  y^,  y^  and  y^ 

•  =  y„      /»  =  -2i^(!'.-4y.  +  %).    r  =  2i^Cy.-2y,  +  jfc), 

and  henoe  we  derive 


J/(»)  d«  =  J4«  (y.  +  4y,  +  y,). 


In  a  similar  manner,  the  area  iocluded  1^  the  ordinates  y,  and  y^ — 
corresponding  to  2  =  2ax  and  x  =  4a2,— the  axis  of  abscissas,  and 
the  parabola  passing  through  the  three  points  corresponding  to  y„  y„ 
and  y^,  is  foond  to  be 

JVW  Ab  =  jAir  (y,  +  4y,  +  yO; 

and  henoe  we  have,  finally, 

J/(i)  da!  =  ii*  (y,_.  +  4y,_.  +  yj. 

(■-1)4* 

The  sum  of  all  these  gives 

^t  (17) 

=  iA2(Cy,+yJ  +  4Cy.  +  y.+y,  +  „.y._,)  +  2(y,+y.+  ...y._0), 

by  means  of  which  the  approximate  value  of  the  int^;ral  within  the 
^ven  limits  may  be  found. 

If  we  consider  the  curve  which  passes  through  four  points  corm- 
•ipondiog  to  y„  y„  y„  and  y„  we  have 

y=f{x)  =  ^  +  fix  +  r^+»2f 

fbr  the  equation  of  the  carve,  and  hence,  giving  to  ir  the  valaes  <^ 
AX,  2ax,  and  3ax,  successively,  we  easily  find 
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Therefore  we  shall  have 


In  like  manaer,  b^  taking  successively  an  additional  tarn  of  the 
series,  we  may  derive 


J/Car)  d«  =  I  a»  (y,  +  Sy,  +  8y,  +  jrj.  (18) 

ler,  bj  taking  successively  an  additional 
r  derive 

ff(z)  <i»  =  ^  (7y.  +  32y,  +  12y.  +  82y.  +  7y.), 

'  u.  (19) 

J/C»)  dx  =  ^  (19y,  +  76y,  +  50y.  +  60y.  +  7fiy.  +  19%). 

This  process  may  be  continued  so  as  to  include  the  extreme  values  of 
X  for  which /(x)  is  known;  but  in  the  calculation  of  perturbations  it 
will  be  more  convenient  to  use  the  finite  differences  of  the  function 
instead  of  the  function  itself  directly.  We  may  remark,  further, 
that  the  iatervala  of  qoadrature  when  the  function  itself  is  used, 
may  be  so  determined  that  the  d^ree  of  approztmatioo  will  be  much 
greater  than  when  these  intervals  are  uniform. 

159.  Let  ns  put  nx^to,  and  let  the  value  of  x  for  which  n  =  0 
be  designated  by  a;  then  will  the  general  value  be 

/(»)=/(« +  n«), 

R>  being  the  constant  interval  at  which  the  values  of /(«)  are  given. 
Hence  we  shall  have 

p{x)dx  =  mjfia-\-n^)dn. 
If  we  expand  the  function  f(a  -j-  noi),  we  have 
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uid  benoe 

C  being  the  constant  of  int^^ttoa.    The  eqaationa  (54),  give 


.*w  = 


=/'w-irw+.'iir«-Tiitrw  +  -- 


-'^=-'"W-'W"(«)  +  A/"W-.W-W+~-. 


.■•yw. 


'/"(«)-)/•(•)  + tWW- 


-•^=/"W-J/"M  +  .WW- 


..?«2>. 


=/'W-W"«  +  .- 


"'^  =/"(■■) -»/"(»)  +  • 

in  which  the  functional  symhols  in  the  second  membera  denote  tbt 
difieient  oiders  of  finite  difierencea  of  the  function.  Hence  we  obtais 

p'(«  +  n.)*.  =  C  +  n/(o) 

+  }»■(/(«)  -  irW  +  .V(«)  -  tJi/" (•)  +  ■  •  ■) 
+  K(/'W  -  A/'-W  +  ,S/"(«)  -.W"«  (-■-•) 

+  ,'i»'(rw-i/'w  +  ,3./"(»)— ■)  ,„, 

{,»•  (/•(«) -;/"'(•)  +  ■■■) 


■/'«(a)-4c. 

[f  we  take  the  itite^;ral  between  the  limits  — n'and  +n',  the  terms 
containing  the  even  powers  of  n  disappear.  Further,  uno^  the  vtioa 
of  the  function  are  supposed  to  he  known  for  a  series  of  valaea  of  * 
at  intervals  of  a  unit,  it  will  evidently  be  convenient  to  determiiM 
tlie  int^ral  between  the  required  HmitB  by  means  of  the  snm  of  ■ 
Beriea  of  integrals  whose  limits  are  succesisively  increased  by  a  unit, 
such  that  the  diderence  between  the  superior  and  the  inferior  limit 
of  each  integral  shall  be  a  unit.  Hence  we  take  the  first  int^ral 
between  the  limits  — }  and  +},  and  the  equation  (23)  gives,  afler 
reduction, 


ioy  Google 


KECHAKICAL  ^UACBATUBE.  437 

•'-,  (24) 

-..HIl!../~C<')+*«- 
It  is  evident  that  by  writiug,  in  aoooeauon,  a+  m,  a  +  2a», .... 
a  +  tw  in  place  of  a,  we  umply  add  1  to  each  limit  Buooeasively,  so 
that  we  have 

J/Ca  +  ».)  J»  =J/({a  +  i.)  +  («  -  0 -)  J  C»  -  •■) 

=/(«+i-)+A?C«-H")-,iW"C«+i-)+,JW.i./"C«+i»)-*«. 
Bat  since 

/•'■*■'  /*'  '  /'*'*'* 

//(•  +  »-)<!«=//(•+"•)<'»+//(•  +  "-)*' +//(»+»-)  iii. 

-1  -t  t  <-i 

if  ve  give  to  t  suooeseively  the  values  0,  1,  2,  3,  &c.  in  the  preoedin^ 
equfttioa,  wad  odd  the  results,  we  get 

(+t  --*  n-t 

fn,^  +  .».)  d»  =  ^/(.a  +  „.)  +  ,',  ^/"  (a  +  «,) 

-'  •-•..,  ■-•         ..,  (25) 

- 1*!.^/" («  +  »-)  +  ,  AV.s^/"(«  +  «-)  -  4e. 

Let  UB  DOW  oonsider  the  fanctione  /(a)) /(a  +  na),  &0,  as  being 
themselves  the  finite  diSerenoes  of  other  fnnctions  Bymbolized  1^  '/, 
the  first  of  which  is  entirely  arbitrary,  so  that  we  may  pot,  in  accord-^ 
aooe  with  the  adopted  notation, 

/(a)='/(.  +  i.)-y(.- 1-), 

/(•+•)='/(«+ 1-) -'/(•+ J-), 

/Ca  +  n»)='/(«  +  (»  +  i).)-'/(a  +  (»-l).). 
Therefore  we  shall  have 

M  — 1 

and  alfio 

yr(a +"-)=/(• + (( + »-)-/■(.-  w, 
Jjr(«+»»)=r(«+(<+j)-)-r  (•-}•).*> 
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Farther,  since  the  quanti^  'J{a  —  ioi)  is  entirely  arhitraiy,  we  may 
assign  to  it  a  value  auoh  that  the  sum  of  all  the  terms  of  the  equation 
which  have  the  argoment  a  —  \ot  shall  be  zero,  namely, 

■/(a-^.)=-,|,/(a-^.)+,^^^r"(•^-)-.A%./'(— 1-)+*«. 

(26) 
Substituting  these  values  in  (25),  it  reduces  to 

«+<t4l)-        (  +  t 
J/(«,)*,  =  .J/(.  +  «.)d» 

•  -h.  -1  (27) 

=  .]'/(•  + «  +  B«)  +  sV/'(-  +  (i+l)-) 

-.4i.r{«+(i+«-)+,«^./'("+(.-+»-)-4c| 

In  the  calculation  of  the  perturbations  of  a  heavenly  body,  the 
dates  for  which  the  values  of  the  function  are  computed  may  be  so 
arranged  that  for  n  ^  —  },  corresponding  to  the  inferior  limit,  ^e 
integral  shall  be  equal  to  zero,  the  epooh  of  /(a  —  |a()  being  that  of 
the  osculating  elements.  It  will  be  observed  that  the  equation  (26) 
expresses  this  condition,  the  constant  of  inte^^tion  being  included 
in  '/{a  —  \ai).  If,  instead  of  being  equal  to  zero,  the  int£^^l  has  a 
given  value  when  n  =  —  },  it  ia  evidently  only  necessary  to  add  this 
value  to  'J{a  —  \cu)  as  given  by  (26). 

160.  The  interval  cu  and  the  arguments  of  the  function  may  always 
be  so  taken  that  the  equation  (27)  will  furnish  the  required  int^rel, 
either  directly  or  by  interpolation;  but  it  will  often  be  convenient  to 
Integrate  for  other  limits  directly,  thus  avoiding  a  subsequent  inter- 
polation. The  derivation  of  the  required  formulsa  of  int^ratJMi 
may  be  effected  in  a  manner  entirely  analogous  to  that  already  indi- 
cated. Thus,  let  it  be  required  to  find  the  expression  for  the  int^^! 
taken  between  the  limits  — )  and  t. 

The  general  formula  (23)  gives 

j/c +»-)  ,i» = i/(») +}/■(«)+ ^r  c»)  -  ,5,r  {•)- i,ft,ir(«) 

and  since,  according  to  the  notation  adopted, 

/•W  =  i(/(.-W+/(a  +  {.)) 

=/'(<■ +  J-)  -jr(»).  (281 

/•(<■)=/•(»  +  «    -j/"(«),4e., 


ogle 


(29-. 
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tills  l>«ooniee 

(Vco+~)<i»=i/M+j/'(«+j-)-Arw-ij.r'(«+i-) 

+  T«./"(»)  +  <lll./'(«  +  W  -  i.'AW/"  w  -*«• 

Tlierefbre  we  obtain 

J/C»+n.)d»=j/(a+i.)+j/'(«+(i+l)-)-T!ir("+i-) 

i-)+jltW(«+(*+ 
If  OM^  We  have 

J /(a  +  rw)dn=J /Co  +  "*■)<*»— J /{a  +  n««)dn; 
-*  -*  i 

a»-l  if  we  snbstitiite  the  values  ftlreBiij  found  for  the  terms  in  the 

aeoond  member,  and  also 

/(o  +  w)=    '/{o  +  (i  +  i)«.)_   '/(a  +  Ci-J),), 
/"(a4-«)=   /(o+Ci  +  i)-)-  /(«  +  (<-*)«•),       .on 
/"Ca  +  i«)=r(«»  +  (»+0"')-r(o  +  (t-i)"),        ^^ 
/-(«  +  <-)=  r(a+(i  +  j)»)-/'(.+  Ci-i)«),  Ac. 

'weget 

^.-t-  *ii  C82) 

-i^r(a4-(i~i)-)+Tihr'(''+{»+i)'-)+Tlio/"'(«+(*-i)-) 
-TaW«/'(o  +  Ci+J)-)-T5W>(J'(<»  +  (»'-4)-)  +  4o.(, 

which  ia  the  required  int«^ri^  between  the  limits  — )  and  t. 

161.  The  methods  of  int^ration  thus  &r  considered  appl^  to  the 
cases  in  which  but  a  single  int^^tion  ia  required,  and  when  applied 
*Q  the  int^ration  of  the  differential  equations  for  the  variations  of 
the  oo-ordinatea  on  account  of  the  action  of  disturbing  bodies,  th^ 

will  only  give  the  values  of  -jt.  -^  and  -^  and  another  integration 
becomes  necessary  in  order  to  obtain  the  values  of  dx,  Dy,  and  St. 
We  will  therefore  proceed  to  derive  formulae  for  the  determination 
of  the  double  intcf^  directly. 
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For  the  double  intend  ii/{x)dx'  we  have,  suioe  da?  :^  ^d^, 

The  value  of  the  fuDction  designated  by  /(a)  being  so  taken  ibl 
when  n  =  —  ), 

the  equation  (23)  gives 

C=J/Ca +  «-)&!. 

Therefore,  the  general  equation  is 

0 

ffCo  +  jw.)  dn  =ffia  +  »w)  dti  +  nTCo) 

+  i»»'  +  t/Jn'  +  Am'  +  Ti»*»'  +  4a 
the  yalues  of  a,  ^,j,...  being  given  bj  the  equations  (22),  Holti- 
plying  this  by  dn,  and  int^rating,  we  get 

0 

jJ/(o  +  no.)  dn'  =  C  +  nJ/Co  + »».)  dn  +  i»y(a) 

C"  being  the  new  conataut  of  int^^tion.     If  we  take  the  int^nl 
between  the  limits  —  }  and  +  J,  we  find 

fffia  +  n«)  dn'  =ffia  +  n«)  dn  +  j",.  +TflVnr  +  «^tB«  +  *« 

From  the  equation  (32)  we  get,  for  t  =  0, 

JV(a  +  n-)dn='/Ca)-TyCa)  +  Vj\J"'(«)-,J|j5/'Ca)  +  Ac(S3j 

-* 
Substituting  this  value,  and  also  the  yalaes  of  tt,  y,  «,  Aa,, — whidi 
are  given  hj  the  seoond  members  of  the  equations  (22), — in  the  pre- 
ceding equation,  and  reducing,  we  get 

j[jf/Ca+n«)dn»='/(a)--,^/(a}+,fi„/"'Ca)-,HHor(-»)+&c.(34) 
-1 
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Hence 

JJ/Ca  +  »»)  dn'  =  '/(a  +  *")  -  aV/'C*  +  «■) 

+  tUo/'"  («  +  w)  -  „Wi  J' («  +  i»)  +  Ac 
and 

jTf/C  +  ».)  d»- =  J^ /(a  +  n.)  -  J,  ^Z  («  +  »") 
-1  _...  ...__^  (86) 

+  tH._5^r  (•  +  -)-  lAV,.^/'  (»+  »-)  +  *«• 

We  may  evidently  consider  '/{a  —  \ot),  '/(o  +  J«i),  Ac.  at  tile  difFer- 
enees  of  other  functions,  the  first  of  which  is  arbitrary,  mi  that  we 
have 

yw  =4'/(.  +  W  +  V/(— W  =  r/(»  +  «)  -*"(«—). 
«•  +  -)  = !'/(»  +  W  +  i'/(»  +  W  =  i7(«  +  2-)  -  sr  w. 

y(«+«-)=j'/(»+(»+»-)+i'/(«+(»— !)-)=r/(«+wi)«) 

_J7(a +  („_!)„). 
Therefore 

J^7(«+»")=r/(«+W+l)-)+!7(«+i-)-i7(i'M7(«— ). 

J^/  (.+«.)=!/  (.+(i+l»+i/(«+(-)-i/(a)-l/(«— ). 

5r(»+»-)=ir'(«+(i+i)'-)+!/'{»+")-irw-irc'— ), 

J^/•(«+n»)=J/■■(<■+(^+l»+J/"(«+^-)^rW-!/"(«— ),*» 

Bnbetitoting  these  values  in  equation  (35),  and  observing  that 

7(«)  +  7(»  -  -)  =  ^'K'  -  -)  +  '/(•  -■}"). 

/(«)  +  /{•  -  -)  =    2/(«)  -  /  ("  -  J-), 

■/(.- l-)=-,V/'(i^")+rii,r("-!-)-.M'../-C<— 4-)+-. 

and  that,  since  "/(a  —  «»)  is  arbitrary,  we  may  put 


'/(«—)= A/ca)-,ii.(2rw+r(«—)) 


(80) 


+  .W..(3/"W  +  2/"(a--))-4o, 
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the  iiitegral  becomes 

=""fJ7(«  +  «  +  l)»)  +  J7(»+")-.W(»+Ci+l)»)   (87) 

-A/(-H-)+,H.r('>+tf+i)")+.HJ"(-H-) 
-.AVtj/''(»+{<+1)-)-,j'AW"(»-H-)+4"-!. 

which  is  the  expression  ibr  the  double  int^^ral  between  the  limits 
—J  and  t  +  j. 

The  value  of  "/{a  —  a*)  given  by  equation  (36)  is  in  aoconlanoe 
with  the  supposition  that  for  n  =  —  |  the  doable  int^ral  ia  equal  to 
zero,  and  this  condition  is  fulfilled  in  the  calculation  of  the  pertur- 
batioos  when  the  ai^ument  a  —  {at  corresponds  to  the  date  for  which 
the  osculating  elements  are  given.  If,  for  n=  —  |,  neither  the  single 
nor  the  double  integral  is  to  be  taken  equal  to  zero,  it  ia  only  neces- 
sary to  add  the  given  value  of  the  single  integral  for  this  argument 
to  the  value  of  '/{a  ~  Jo*)  given  by  equation  (26),  and  to  add  the 
given  value  of  the  double  integral  for  the  same  argument  to  the  value 
of  "/{a  —  w)  given  by  (36). 

162.  In  a  similar  manner  we  may  find  the  expresdons  for  the 
double  integral  between  other  limits.  Tbns,  let  it  be  required  to 
find  the  double  int^ral  between  the  limits  — }  and  i. 

Between  the  limits  0  and  )  we  have 

Jf/(.a  +  n»)da'  =  iff  {a  +  n<-)dn  +  i/(a)  -|-  ,V 

a  -i 

which  gives 

.  jrf/(a+~)j«'=r/w+)/w-,v/ w+ih/" w+.H./'" w  (8,) 

.    -.Au/''W-nWra/'(a)+,„Vft.i/"W+*o-: 
and  thU  again,  hy  means  of  (28),  gives 

jr(/(.+«-)i»-=47(»+(i+i)-)-l/(«+i-)-A/'(«+C>-+l)-) 

+.far(«+»)+,H.r'(«+«+J)-)-TA'w/''C«-l-i-) 
-iVW,W(«+C*+4)-)+.*Vftii/"(«+»)+*«- 
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Xherefbre,  since 

jj/(" + »-)  *•■  -jrf/c" + »->  ''»■  -jfj/t" + »-)  <'»". 

and 

'/(»  +  ('  + J)»)  =  7(»  +  Ci  +  i)-)-7C«  +  "), 

/'(" +  (<  +  «•)=  /(»  +  (<+!)-)-  /(•  +  (-), 

/"(«+('+i)-)=/'(«+(i+i)-)-r  (•+"),*«• 

^re  sfasll  have 

a  +  iu  t 

>— i.  -»  (89) 

which  gives  the  required  int^ral  between  the  limita  — }  and  t. 

163.  It  will  be  observed  that  the  coefficients  of  the  several  terma 
of  the  formulfe  of  int^ration  converge  rapidly,  and  hence,  by  a 
proper  selection  of  the  interval  at  which  the  values  of  the  function 
are  computed,  it  will  not  be  necessary  to  consider  the  terma  which 
depend  on  the  fourth  and  higher  orders  of  differences,  and  rarely 
'  those  which  depend  on  the  second  and  third  diSerenoes.  The  value 
assigned  to  the  interval  at  must  be  such  that  we  may  interpolate  with 
certainty,  by  means  of  the  values  computed  directly,  all  values  of  the 
function  intermediate  to  the  extreme  limits  of  the  integration ;  and 
hence,  if  the  fourth  and  higher  orders  of  differences  are  sensible,  it 
will  be  necessary  to  extend  the  direct  computation  of  the  values  of 
the  function  beyond  the  limita  which  would  otherwise  be  required, 
in  order  to  obtain  correct  values  of  the  differences  for  the  b^inoing 
and  end  of  the  int^ration.  It  will  be  expedient,  therefore,  to  lake 
w  so  small  that  the  fourth  and  higher  differences  may  be  n^lectod, 
but  not  smaller  than  is  necessary  to  satisfy  this  condition,  since  other- 
wise an  unnecessary  amount  of  labor  would  be  expended  in  the 
direct  computation  of  the  values  of  the  function.  It  is  better,  how- 
ever, to  have  the  interval  a>  smaller  than  what  would  appear  to  be 
strictly  required,  in  order  that  there  may  be  no  uncertain^  with 
respect  to  the  accuracy  of  the  integration.  On  account  of  the  rapidity 
with  which  the  higher  orders  of  differences  decrease  at)  we  diminish 
to,  a  limit  for  the  magnitude  of  the  adopted  interval  will  speedily  be 
obtained.  The  magnitude  of  the  interval  will  therefore  be  sug^;e8ted 
by  tne  rapidity  of  the  change  of  value  of  the  function.    In  the  oom- 
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putatioD  of  the  pertarbatiooB  of  the  groap  of  small  planeta  between 
IVIars  aod  Jupiter  we  may  adopt  uniformly  an  interval  of  forty  days; 
but  in  the  determination  of  the  perturbations  of  comets  it  will  evi- 
dently be  necessary  to  adopt  different  inter\'ale  in  different  parts  of 
the  orbit.  When  the  comet  is  in  the  neighborhood  of  its  perihelion, 
and  also  when  it  is  near  a  disturbing  planet,  the  interval  must  neces- 
sarily be  much  smaller  than  when  it  is  in  more  remote  parte  of  its 
orbit  or  &rther  from  the  disturbing  body. 

It  will  be  observed,  further,  that  since  the  double  integral  contains 
the  &ctor  a?,  if  we  multiply  the  computed  values  of  the  function  by 
a>^,  this  factor  will  be  included  in  all  the  differences  and  sams,  and 
hence  it  will  not  appear  as  a  &£tor  in  the  formube  of  integration. 
If,  however,  the  values  of  the  function  are  already  multiplied  by  (u", 
and  only  the  single  integral  is  sought,  the  result  obtaioed  by  tb« 
formula  of  int^ration,  neglecting  the  factor  o^,  will  be  at  times  the 
actual  integral  required,  and  it  must  be  divided  by  at  in  order  to 
obtain  the  final  result. 

164.  In  the  computation  of  the  perturbations  of  one  of  the  asteroid 
planets  for  a  period  of  two  or  three  years  it  will  rarely  be  necessary 
to  take  into  account  the  effect  of  the  terms  of  the  second  order  with 
respect  to  the  disturbiug  force.  In  this  case  the  numerical  values  of 
the  expressions  for  the  forces  will  be  computed  by  using  the  values 
of  the  co-ordinates  computed  from  the  osculating  elements  for  the 
beginning  of  the  integration,  instead  of  the  actual  disturbed  values 
of  these  co-ordinates  as  required  by  the  formulie  (8).  The  values  of 
the  second  differential  coefficients  of  Sx,  Si/,  and  Sz  with  respect  to 
the  time,  will  be  determined  by  means  of  the  equations  (9).  If  the 
interval  at  is  such  that  the  higher  orders  of  differences  may  be  n^ 
leeted,  the  values  of  the  forces  must  be  computed  for  the  succesBive 
dates  separated  by  the  interval  oi,  and  commencing  with  the  date 
tf,  —  \a>  corresponding  to  the  argument  a  —  <u,  l^  being  the  date  to 
which  the  osculating  elements  belong.     Then,  since  the  last  terms 

of  the  formula  for  -^^,  -^^  and  — ;:;-  involve  itx,  8y,  and  it,  which 
at'     af  aP 

are  the  quantities  sought,  the  snbeequent  determination  of  the  differ- 
ential coefficients  most  be  performed  by  successive  trials.  Since  the 
integral  must  in  each  case  be  equal  to  zero  for  the  date  l^  it  will  be 
admissible  to  assume  first,  for  the  dates  ^  —  \<a  and  ^+^  corr&- 
sponding  to  the  arguments  a^ta  and  a,  that  8x  =  0,  3y^  0,  and 
iz  =  0,  and  hence  that  the  three  differential   coefficients,  for  each 
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rfate,  are  respectively  equal  to  ^  F^,  and  2^  We  may  now  by  inte- 
gration derive  the  actual  or  the  very  approximate  values  of  the 
variations  of  the  co-ordinates  for  these  two  dates.  Thoa,  in  the  case 
of  each  co-ordinate,  we  compute  the  value  of  '/(a  —  Jcu)  by  means 
of  the  equation  (26),  using  only  the  first  term,  and  the  value  of 
'y(a  —  <u)  from  (36),  using  in  this  case  also  only  the  first  term.  The 
value  of  the  next  function  symbolized  by  'y  will  be  given  by 
"/(o)  =  "/(a-«)+'/(<.-J»). 

Then  the  formula  (39),  putting  first  i  =  —  1  and  then  i  =  0,  and 
n^lecting  second  differences,  will  give  the  values  of  the  variations 
of  the  co-ordinates  for  the  dates  a  —  «»  and  a.  These  operations  will 
be  performed  in  the  case  of  each  of  the  three  co-ordinates;  and,  by 
means  of  the  results,  the  corrected  values  of  the  differential  coeffi- 
eieats  will  be  obtained  from  the  equations  (9),  the  value  of  dr  being 
computed  by  means  of  (7).  With  the  corrected  values  thus  derived 
a  new  table  of  integration  will  be  commenced ;  and  the  values  of 
'f{a  —  iat)  and  "f{a  —  a>)  will  also  be  recomputed.  Then  we  obtain, 
also,  by  adding  '/(a  —  Jw)  to  f(a),  the  value  of  '/(o  -f-  Jw),  and,  by 
adding  this  to  "f{a),  the  value  of  "f(a  -\-  to). 

An  approximate  value  of  /{a  +  to)  may  now  be  readily  estimated, 
and  two  terms  of  the  equation  (39),  putting  i  —  1,  will  give  an  ap- 
proximate value  of  the  integral.  This  having  been  obtained  for 
each  of  the  co-ordinates,  the  corresponding  complete  values  of  the 
differential  coefficients  may  be  computed,  and  these  having  been 
introduced  into  the  table  of  integration,  the  process  may,  in  a  similar 
manner,  be  carried  one  step  farther,  so  as  to  determine  first  approxi- 
mate values  of  3x,  Sy,  and  8z  for  the  date  represented  by  the  ai^n- 
ment  a  -\-  2<u,  and  then  the  corresponding  values  of  the  differential 
coetEcients.  We  may  thus  by  successive  partial  int^rations  deter- 
mine the  values  of  the  unknown  quantities  near  enough  for  the  cal- 
culation of  the  series  of  difilerential  coeflScients,  even  when  the  inte- 
grals are  involved  directly  in  the  values  of  the  difTerential  coefficients. 
If  it  be  found  that  the  assumed  value  of  the  function  is,  in  any  case, 
much  in  error,  a  repetition  of  the  calculation  may  become  necessary; 
but  when  a  few  values  have  been  found,  the  course  of  the  function 
will  indicate  at  once  an  approximatiou  sufficiently  close,  sinoe  what^ 
ever  error  remains  affects  the  approximate  int^ral  by  only  one- 
twelfth  part  of  the  amount  of  this  error.  Further,  it  is  evident 
that,  in  cases  of  this  kind,  when  the  determination  of  the  values  of 
the  differential  coefficients  requires  a  preliminary  approximate  inte- 
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gration,  it  is  Deoeasary,  in  order  to  avoid  the  effect  of  the  errors  in 
the  values  of  the  higher  orders  of  differences,  that  the  interval  <* 
should  be  smaller  than  when  the  saccessive  valnes  of  the  function  to 
be  integrated  are  already  known.  Id  the  case  of  the  small  planeta 
an  interval  of  40  dsya  will  afford  the  required  facility  in  the  approxi- 
matioDS;  but  in  the  case  of  the  comets  it  may  oflen  be  necessary  to 
adopt  an  interval  of  only  a  few  days.  The  necessity  of  a  change  in 
the  adopted  value  of  w  will  be  indicated,  in  the  numerical  applica- 
tion of  the  formulte,  by  the  manner  in  which  the  successive  assump- 
tions in  rc^&rd  to  the  value  of  the  function  are  found  to  agree  with 
the  corrected  results. 

The  values  of  the  differential  coefScients,  and  hence  those  of  the 
int^rals,  are  conveniently  expressed  by  adopting  for  unity  the  unit 
of  the  seventh  decimal  place  of  their  values  in  terms  of  the  unit  c^ 
apace. 

166.  Whenever  it  is  considered  oeceasary  to  commence  to  take  into 
account  the  perturbations  due  to  the  second  and  higher  powers  of  the 
disturbing  force,  the  complete  equations  (14)  must  be  employed.  Id 
this  case  the  forces  X,  Y,  and  Z  should  not  be  computed  at  once  for 
the  entire  period  during  which  the  perturbations  are  to  be  determined. 
The  values  computed  by  means  of  the  osculating  elements  »will  be 
employed  only  so  long  as  simply  the  first  power  of  the  disturbing 
force  is  considered,  and  by  means  of  the  approximate  values  of  Sx, 
Sy,  and  Sz  which  would  be  employed  in  computing,  for  the  next  place, 
the  last  terms  of  the  equations  (9),  we  must  compute  also  the  cor- 
rected values  of  X,  Y,  and  Z.  These  will  be  given  by  the  second 
members  of  (8),  using  the  values  of  x,  y,  and  z  obtained  from 

We  compute  also  q  from  (12),  and  then  from  Table  XVII.  find  the 

corresponding  value  of  /.     The  corrected  values  of  -~ys'>  "^m^  *'1^ 

—j^  will  be  given  by  the  equations  (14),  and  these  b^ng  introdaced, 

in  the  continuation  of  the  table  of  integration,  we  obtain  new  valnes 
of  dx,  5y,  and  Sz  for  the  date  under  consideradon.  If  these  differ 
much  from  those  previously  assumed,  a  repetition  of  the  calculation 
will  be  necessary  in  order  to  secure  extreme  accuracy.  In  this  re^w- 
tiUon,  however,  it  will  not  be  necessary  to  recompute  the  coefficients 
of  ix,  Hy,  and  8z  in  the  formula  for  q,  their  values  being  given  witb 
nuificient  aodiracy  by  means  of  the  previous  assumption;  and  gene- 
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rallj  a  repetition  of  the  calculatioo  of  X,  Y,  and  Z  will  not  be 
requiL-ed. 

Next,  the  values  of  8x,  5y,  and  9z  may  be  determined  approxi- 
mately, as  already  explained,  for  the  following  date,  and  by  meanrt 
of  these  the  corresponding  values  of  the  forces  X,  Y,  and  Z  will  be 
found,  and  also  /  and  the  remaining  terms  of  (14),  after  which  the 
integration  will  be  completed  and  a  new  trial  made,  if  it  be  con- 
sidered necessary.  In  the  final  integration,  all  the  terms  of  the  for- 
multe  of  int^ration  which  sensibly  af^t  the  reauU  may  be  taken 
intc  account.  By  thus  performing  the  complete  calculation  of  each 
successive  place  separately,  the  determinatioa  of  tbe  perturbations  in 
the  values  of  the  co-ordinates  may  be  emoted  in  reference  to  all 
powers  of  the  masses,  provided  that  we  regard  the  masses  and  co-or- 
dinates of  the  disturbing  bodies  as  being  accurately  known  j  and  it  is 
apparent  that  this  complete  solution  of  the  problem  requires  very 
little  more  labor  than  the  determination  of  the  perturbations  when 
only  the  first  power  of  the  disturbing  force  is  considered.  But 
although  the  places  of  tbe  disturbing  bodies  as  given  by  the  tables 
of  their  motion  may  be  regarded  as  accurately  kuown,  there  are  yet 
the  errors  of  the  adopted  osculating  elements  of  the  disturbed  body 
to  detract  from  the  absolute  accuracy  of  the  computed  perturbations; 
and  hense  the  probable  errors  of  these  elements  should  be  constantly 
kept  in  view,  to  the  end  that  no  useless  extension  of  the  calculation 
may  be  undertaken.  When  the  osculating  elements  have  been  cor- 
rected by  means  of  a  very  extended  series  of  observations,  it  will  be 
expedient  to  determine  the  perturbations  with  all  possible  n'gor. 

When  there  are  several  disturbing  planets,  the  forces  for  all  of 
these  may  be  computed  simultaneously  and  united  in  a  single  sum, 
so  that  in  tbe  equations  (14)  we  shall  have  IX,  lY,  and  JZinstead 
of  X,  Y,  and  Z  respectively ;  and  the  integration  of  the  expressions 

for  -^,  -—1  and  ~Tp   will  then  give  the  perturbations  due  to  the 

action  of  all  the  disturbing  bodies  considered.  However,  when  the 
interval  <a  for  the  different  disturbing  planets  may  be  taken  differently, 
it  may  be  considered  expedient  to  compute  the  perturbations  sepa- 
rately, and  especially  if  the  adopted  values  of  the  masses  of  some  of 
the  disturbing  bodies  are  regarded  as  uncertain,  and  it  is  desired  to 
separate  their  action  in  order  to  determine  the  probable  corrections 
to  be  applied  to  tbe  values  of  m,  m',  &o.,  or  to  determine  the  efiect 
of  any  subsequent  change  in  these  values  without  repeating  the  cal- 
eolation  of  the  perturbations. 
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166.  EzAUPLE.— To  illastrate  the  numerical  application  of  the 
furmulffi  for  the  computation  of  the  perturbations  of  the  rectangular 
co-ordinates,  let  it  be  required  to  compute  the  perturbations  of 
Eurynome  @  arising  from  the  action  of  Jupiter  from  1864  Jan.  1.0 
Berlin  mean  time  to  1865  Jan.  16.0  Berlin  mean  time,  assuming  the 
nscalating  elements  to  be  the  following: — 

Epoch  =  1864  Jan.  1.0  Berlin  mean  time. 
if,=     l"^    5".65 
«,=   44    17  12.17) 
tt,  =  206   39 
i,=     4    86  62  .] 
n=   11    15  51  .02 
log  a,  =  0.3881319 
/<,=  928".65746. 
From  these  elements  we  derive  the  following  values  :- 


.gg(  Ecliptic 
2  .11  J     Equine 


and  Mean 


Berlin  Henn  Time. 

'. 

% 

^ 

logr. 

1863  Dec. 

12.0 

+  1.63616 

+ 1.23012 

-  0.03312 

0.294084, 

1864  Jan. 

21.0 

1.15097 

1.69918 

0.07369 

0.294837, 

M.rcb 

1.0 

0.69518 

1.87033 

0.10978 

0.300674, 

April 

10.0 

+  0.19817 

2.03141 

0.13936 

0.310864. 

M.y 

20.0 

—  0.81012 

2.08092 

0.16134 

0.324298, 

June 

29.0 

0.80326 

2.02602 

0.17523 

0.339745, 

Aug. 

8.0 

1.26055 

1.87959 

0.18122 

0.356101, 

Bept. 

17.0 

1.66729 

1.65711 

0.17990 

0.372469, 

Oct. 

27.0 

2.01414 

1.37473 

0.17209 

0388214. 

Deo. 

6.0 

2.29597 

1.04766 

0.15870 

0402894, 

1865  Jan. 

15.0 

-  2.51077 

+  0  68978 

-014066 

0.416240. 

The  adopted  interval  is  nt  =  40  days,  and  the  co-ordinates  are  re- 
ferred to  the  ecliptic  and  mean  equinox  of  1860.0.  The  first  date, 
it  will  be  observed,  corresponds  to  ^  —  }a»,  and  the  integration  is  to 
commence  at  1864  Jan.  1.0. 

The  places  of  Jupiter  derived  from  the  tables  give  the  following 
values  of  the  co-ordinates  of  that  planet,  with  which  we  write  also 
the  distances  of  Eurynome  ftora  Jupiter  computed  by  means  of  the 
formula 

^»  =  (a^  -  ,)' +  (j^  -  y)»  +  (/ -  a)'. 

Berlin  Mean  Time.  x'                   y'  ^             logr'           log/i 

1863  Dec.     12.0  —4.09683—3.55184  +0.10533  0.78426  0.86866, 

1864  Jan.  21.0  3.89630  3.76053  0.10152  0.73368  0.86713, 
March  1.0  3.68416  3.95803  0.09744  0.73305  0.86292. 
April   10.0  —3.46098  —4.14366  +0.09304  0.73237  0.86622, 
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log  r'  logp 

4.31684    +0.08839  0.73164  0.84732, 

0.08346  0.73086  0.83656, 

0.07827  0.73003  0.82428, 

0.07284  0.7291S  0.81077. 

0.06720  0.72823  0.79628, 

0.06134  0.72726  0.78098, 

5.06301    +0.05531  0.72625  0.76498. 

Tbeae  co-ordinates  are  also  referred  to  the  ecliptic  and  mean  equinox 
of  1860.0. 

If  we  neglect  the  mass  of  Earyiwme  and  adopt  for  the  mass  of 


Bulh  Uw  Ti™. 

i' 

If 

1864  Ma;  20.0 

-3.22739 

—4.31684 

June  29.0 

2.98405 

4.47693 

Aug.    8.0 

2.73162 

4.62343 

Sept.  17.0 

2.47085 

4.75676 

Oct.  27.0 

2.20247 

4.87345 

Dee.    6.0 

1.92728 

4.97606 

1865  Jan.  15.0 

-1.64600 

-5.06301 

"~  1047.879" 
we  obtain,  in  anits  of  the  seventh  decimal  place, 

•^'t'  =  4518.27, 
and  the  eqaations  (9)  become 

..^  =  4618.27 


Substituting  for  the  quantities  in  the  first  term  of  the  second  member 
of  each  of  these  equations  the  values  already  found,  we  obtain 


LigamcDL 

Date. 

^X, 

uT, 

"■4 

o  — w 

1863  Dee.     12.0 

+  53.00 

+  47.09 

-1.43, 

a 

1864  Jan.      21.0 

53.71 

46.31 

0.91, 

0  +  " 

March    1.0 

64.23 

46.18 

-0.37, 

a  +  2. 

April    10.0 

54.69 

43.59 

+  0.22, 

a  +  3. 

Ha;     20.0 

55.23 

41.51 

0.70, 

«+4. 

June    29.0 

56.06 

38.96 

1.19, 

0  +  6. 

Aug.      8.0 

57.30 

35.92 

1.66, 

0  +  6. 

Sept    17.0 

69.09 

32.47 

2.08, 

0  +  7. 

Oct     27.0 

61.55 

28.60 

2.43, 

o  +  S. 

Dec.      6.0 

64.85 

24.31 

2.69, 

0  +  9. 

1865  Jan.     15.0 

+  69.09 

+ 19.78 

+  2.83, 

which  are  expressed  in  units  of  the  seventh  dedmal  place. 
We  now,  for  a  first  approximation,  r^rd  the  perturbationi 
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b^Dg  equal  to  xeto  for  the  dates  Deo.  12.0  and  Jan.  21.0,  and,  in  the 
case  of  the  variation  of  x,  we  compute  first 

'/(a  —  J«)  =  -  ^f  (a  —  4<.)  =  -  V,  (53.71  -  53.00)  =  -  0.03, 

"/(«—)    =,V/C»)  =  +  ^=  +  2.24. 

and  the  approximate  table  of  mt^;iation  becomes 

/(.)  =+ 63.71  •"■       *  '  7(«)         =  +  2.21. 

Then  the  formula  (39),  patting  firet  *  =  —  1,  and  then  i  =  0,  givea 

Deo.12.0  lz  =  +  %2i+^^  =  +  e.m, 

Jan.  21.0  tt  =  +  2.21  +  ^^  =  +  6.89. 

En  a  similar  manner,  we  find 

Dec.  12.0  Jy=  +  6.86    .       ».  =  — 0.18, 

Jan.  21.0  J}  =  +  6.82  &=  — 0.14. 

By  means  of  these  lesnlts  we  oompate  the  oomplete  valoes  of  the 
second  memhers  of  eqaations  (40),  9r  being  fonnd  from 

and  thns  we  obtain 


Dec  12.0        +63.86        +47.76        —1.45        +8.86, 
Jan.  21.0        +64.23        +47.26        —0.96        +8.63. 

We  now  commence  anew  the  table  of  integration,  namely, 

/        y       7         /        '/        7       /       '/      7 

+68.86 _  „(,,+  2.26,  +47.76  ,    ..„+  1.97.  -1.46     „„ -0.04, 

+64.23  ,5,„,+  2.24,  +47.26  T..„,  +  1.99,  -0.96     „„ -0.06, 

+66.45,  ^  +49.26,  —1.04. 

the  formation  of  which  is  made  evident  by  what  precedes. 

We  may  nest  assume  for  approximate  values  of  the  diff^ntial 
coefficients,  for  the  date  March  I.O,  +64.6,  +46.7,  atkd  —  06, 
veqiectively;  and  these  give,  for  this  date. 
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ay  =  + 49.26  +  ^  =  + 63.16, 


By  means  of  theee  approximate  valaes  we  obtaia  the  folloiriiig 
resalta: — 

iaft4Marchl.0<-^-  + 55.01,    o-*^- +  53.86,    «^$--1.00l 
or  ar  or 

ar  =  + 71.03. 

Introdndng  these-into  the  table  of  iDt^ratioD,  ve  find,  for  the  ooire- 
spooding  values  of  the  iat^rals, 

to  =  +  61.03,  ^  =  +  53.76,  «»  =  — 1.12. 

These  resnlts  differ  so  little  from  those  already  derived  from  the 
assumed  valaes  of  the  function  that  a  repetition  of  the  caloolation  ia 
annecessaiy.     This  repetition,  however,  gives 

^^_  +  55.04,         „.^_  +  63.91.         «-^ 1.00. 

Assuming,  again,  approximate  values  of  the  differential  coefficients 
for  April  10.0,  and  computing  the  oorresponding  values  of  3x,  9y, 
and  9z,  we  derive,  lor  this  date, 

.-^  =  +  48.06.        .■g^  =  +  63.:9,        ^^  =  -1.64. 

Introduoiiig  these  into  the  table  of  int^^tion,  and  thus  deriving 
^proximate  values  of  3x,  8y,  and  8s  for  May  20,  we  carry  the  pro- 
oees  one  step  further.  In  Uiis  manner,  by  sucoesBive  approximations, 
we  obtain  the  following  results: — 


Date. 

"i? 

"*? 

^  JF 

J8«3  Dec     12.0 

+  63.86 

+  47.76 

-1.46, 

1864  Jan.     21.0 

64.23 

47.25 

0.96, 

March    1.0 

66.04 

63.91 

1.00, 

April   10.0 

48.06 

63.19 

1.64, 

May     20.0 

S2.85 

65.40 

2.07, 

June    29.0 

16.74 

64.48 

1.75, 

A»g.      8.0 

8.68 

31.39 

—  0.36. 

Sept.    17.0        +14.20        +    2.09        +1.86, 
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1864  Oct      27.0      +    84.84        —26.32        +4.44, 

Deo.      6.0  68.79  47.87  6.86, 

1866  Jan.     15.0      +  112.64        —  58.39        +  8.68. 

The  cximplete  int^ration  may  now  be  effected,  and  we  may  use  botlt 
eqimtioa  (37)  and  equation  (39),  the  former  giving  the  int^ral  for 
the  datee  Jaji.  1.0,  Feb.  10.0,  March  21.0,  &c.,  and  the  latter  the 
integrals  for  the  dat«s  in  the  forgoing  table  of  values  of  the  function. 
The  final  results  for  the  pertnrbationa  of  the  rectangular  co-ordinates, 
expressed  in  units  of  the  seventh  decimal  place,  are  thus  found  to  be 
the  following: — 


BtfliuHMiiTlme. 

•h 

* 

k 

1868  Ite 

12.0 

+  6.7 

+  5.9 

-0.2, 

1864  Jan. 

1.0 

0.0 

0.0 

0.0, 

21.0 

+  6.8 

5.9 

0.1, 

Feb^ 

10.0 

27.1 

23.6 

0.5, 

M.n!h    1.0 

61.0 

63.7 

1.1, 

21.0 

108.9 

97.4 

2.0, 

April 

10.0 

169.7 

156.7 

3.1, 

SO.O 

242.7 

229.9 

4.7, 

M.y 

20.0 

325.7 

320.3 

6.7, 

June 

9.0 

417.1 

427.2 

9.3, 

29.0 

614.6 

549.1 

12.3, 

Jnly 

19.0 

616.1 

684.9 

15.7, 

Ang. 

8.0 

720.8 

831.4 

19.6, 

28.0 

827.4 

986.0 

23.4, 

Sept. 

17.0 

936.8 

1144.6 

27.0, 

Oct. 

7.0 

1049.4 

1303.8 

30.2, 

27.0 

1168.2 

1460.0 

32.6, 

Nov. 

16.0 

1295.4 

1609.4 

33.9, 

Deo. 

6.0 

1435.6 

1749.6 

33.8, 

26.0 

1692.8 

1877.6 

32.0, 

1865  Jan. 

16.0 

+  1772.6 

+  1992.3 

-28.2. 

During  the  interval  included  by  these  perturbations,  the  terms  of 
the  second  order  of  the  disturbing  forces  will  have  no  sensible  effect; 
but  to  ilhistrate  the  application  of  the  rigorous  formuUe,  let  as  com- 
mence at  the  date  1864  Sept.  17.0  to  consider  the  perturbations  of 
the  second  order. 

In  the  first  place,  the  componenta  of  the  disturbing  force  must  be 
computed  by  means  of  the  equation* 
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The  approximate  values  of  dx,  dy,  and  8t  for  Sept.  17.0  given  imme< 
diately  by  the  table  of  int^ration  extended  to  this  date,  will  sufBoe 
to  famish  the  required  valaes  of  the  disturbed  oo-ordioates  by  means 
of 

and  to  find  p=p,  +  !fp,  we  have 


«log/.  =  -^((*'-a!)&  +  Cy'-y)3y  +  C»'-.)H 

in  which  ^  is  the  modulus  of  the  system  of  logarithms.     Thns  wo 
obtun,  for  Sept  17.0, 

^log/>  =  + 0.0000084. 
»'X=  +  59.09,  "•r=  +  32.48.  i»'Z=  +  2.08, 

which  require  do  iiirther  oorreotion. 
Nexij  we  compute  the  values  of 

which  also  will  not  require  any  further  correction,  and  thus  we  form, 
according  to  (12),  the  equation 

J  =  —  0.29996fe  +  0.29815^  —  0.03237&. 

The  approximate  values  of  9x,  dy,  and  8z  being  substituted  in  this 
equation,  we  obtain 

y  =  +  0.0000061, 

oorresponding  to  which  Table  XVII.  gives 

log/=  0.477116. 
Heooe  we  derive 

■^(/fB  -&)  =  -4487,        -^ (/»-»»)  =  -80.40, 
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and  Hie  eqnations  (14)  g^ve 

.-^  =  +  14.22.       -.^=  +  2.08,       «-^  =  +1.8T. 

These  values  being  introdnoed  into  the  table  of  int^ratioD,  the 
resulting  values  of  the  int^rals  are  changed  bo  little  that  a  repetition 
of  the  calculation  is  not  required. 

We  now  derive  approximate  values  of  Sx,  9y,  and  iz  for  Oct.  27.0, 
nad  in  a  similar  manoer  we  obtain  the  corrected  values  of  the  differ- 
ential coefficients  for  this  date;  and  thus  b^  computing  the  forces  for 
each  place  in  succession  from  approximate  values  of  the  perturbations, 
and  repeating  the  calculation  whenever  it  may  appear  necessary,  we 
may  determine  the  perturbations  rigorously  for  all  powers  of  the 
maaaes.  The  results  in  the  case  under  consideration  are  the  foUoir- 
ing:— 

■r.  .  ,<P*t  ,<!%  ,<W* 

D«te.  s^-H-  ""t^  *^-j3 

dp  df  iff 

1864  Sept.  17.0  +  14.22  +  2.08  +1.87, 
Oct.  27.0  34.84  —26.31  4.44, 
Dec.     6.0  68.77  47.86  6.86, 

1865  Jan.  15.0  +  112.60  —  58.39  +  8.68. 

Introducing  these  results  into  the  table  of  int^;TatiOD,  the  int^ntla 
(ne  Said.  15.0  are  found  to  be 

to  =  +  1772.6,        ^  =  +  1992.3,        fe  =  —  28.2, 

agreeing  exactly  with  those  obtained  when  terms  of  the  order  of  the 
square  of  the  disturbing  forces  are  neglected. 

If  the  perturbations  of  the  rectangular  co-ordinates  referred  to  the 
equator  are  required,  we  have,  whatever  may  be  the  magnitude  of  the 
perturbations, 

ftr,  ^  ix, 

dy,  =  cost8y  —  sinc^  (41 J 

dt,  ^rincdy -{-cofli'i, 

x„  j/„  z,  being  the  co-ordinates  in  reference  to  the  equator  aa  the  fan 
dameutat  plane.    Thus  we  obtwn,  for  1866  Jan.  16.0, 


These  values,  expressed  in  seconds  of  arc  of  a  circle  whose  radios  is 
the  unit  of  space,  are 


ay,  =  +  37".930,        fe,  =  +  15".825. 
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The  approximate  geocentric  place  of  the  pUnet  for  the  jame  date  is 

.  =  183"  28',        8  =  ~5°  3ff,  log  A  =  0.3229, 

and  heoce,  n^lec^ng  terms  of  the  eeooDd  order,  we  derive,  b;  meana 
of  the  equaUoDs  (3)],  for  the  perturbationB  of  the  geooentrio  right 
asoeusion  and  declination, 

4»  =  -^  17".03,  aJ  =  4-  5".67. 

167.  The  values  of  Hx,  8y,  and  8z,  oomputed  by  means  of  the  co- 
ordinates referred  to  the  ecliptic  and  mean  equinox  of  the  date  t,  must 
be  added  to  the  co-ordinatea  given  by  the  undisturbed  elements  and 
referred  to  the  same  mean  equinox.  The  co-ordinates  referred  to  die 
ecliptic  and  mean  equinox  of  t  may  be  readily  transformed  into  those 
referred  to  the  ecliptic  and  mean  equinox  of  another  date  t'.  Thus, 
let  0  denote  the  longitude  of  the  descending  node  of  the  ecliptic  of  C 
on  that  of  t,  measured  from  the  mean  equinox  of  t,  and  let  i;  be  the 
mutual  iuolinatiou  of  these  planes;  then,  if  we  denote  by  x',  y',  <' 
the  co-ordinates  referred  to  the  ecliptic  of  <  as  the  fundamental  plane, 
the  positive  axiB  of  x,  however,  being  directed  to  the  point  whose 
longitude  is  8,  we  shall  have 

it'  ^  «  cos  ff  +  y  sin  ff , 

y'  =  — isintf  +  ycoaff,  (42) 

liet  us  now  denote  by  x",  y",  i"  the  oo-ordinatee  when  the  ecliptic 
of  f  is  the  plane  of  xy,  the  axis  of  x  remaining  the  same  as  in  the 
system  of  ^,  y',  x'.     Then  we  shall  have 

^'  =  :>f. 

y"  =  y  oosij  —  2'  gin  ^,  (43) 

s"  ^y'sin^  +a'oo8ii. 

Finally,  transforming  these  so  that  the  axis  of  2  remains  unchanged 
while  the  positive  axis  of  x  is  directed  to  the  mean  equinox  of  t,  and 
denoting  the  new  co-ordinates  by  x„  y„  z„  we  get 

X,  =  3f'  co8(ff  +  p)  —  y"  sin  (fl  +p), 

y.  =  «"  sin  (tf  +  p)  +  y"  cos  (tf  +p).  (44) 

in  which  p  denotes  the  precession  during  the  interval  ('  —  (.  Elimi- 
nating 3/',  y,  and  z"  from  these  equations  by  means  of  (43)  and  (42), 
observing  that,  since  ^  is  very  small,  we  may  put  cos  1;  "=  1,  we  get 
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x,  =  xcMp — yaap  +  -*an(e  +  p'), 

y,  =  z  aiup  +  y  coe^  —  -  j  cob  (fl  +  p),  (45) 

^  :=!  —  -xbId^  +  -ycos^, 

ia  wliich  a  =  206264.8,  ij  being  supposed  to  be  expressed  In  secooilt 
<if  arc.     If  we  Delect  terms  of  the  order  j^,  these  eqoatiozis  beoome 

«,  =  «  —  ipt*  —  -y +  -Cs!nfl  "ho cos #)^ 

s'»=y-ij'y+f*-JC«»*~^B»°»)».  Ci«; 

»,  ^  I X  Bin  ff  +  -  y  C08  A 

These  fbrmnlse  give  the  oo-ordinates  referred  to  the  ecliptic  and  mean 
eqaiDOZ  of  one  epoch  when  those  referred  to  the  ecliptic  and  mean 
equinox  of  another  date  are  known.  For  the  values  of  p,  ij,  and  t, 
wfl  have 

p  =  (50".21129  +  0".0002442966r)  {g  —  (), 
1,  =  (  0".48892  —  0".000006143t)  (C  —  0, 
,    *  =  351°  36'  10"  +  39".79  (( — 1750)  —  5".21  (C  —  0, 
in  which  r  =  !(('  +  {)  —  1750,  t  and  f  being  expressed  in  years  front 
the  banning  of  the  era.     If  we  add  the  nutation  to  the  valoe  of  p, 
the  coordinates  will  be  derived  for  the  true  equinox  of  t'. 

The  eqaations  (45)  and  (46)  serve  also  to  convert  tb«  values  of  Sx, 
Sy,  and  8z  beloo^ng  to  the  co-ordinat«B  referred  to  the  ecliptic  and 
mean  equinox  of  t  into  those  to  be  applied  to  the  oo-ordJnates  re- 
ferred  to  the  ecliptic  and  mean  equinox  of  tf.  For  tbia  purpose  it 
is  only  necessary  to  write  8z,  8y,  and  Hx  in  place  of  x,  y,  and  i  re- 
Bpectively>  and  similarly  for  x^  y„  t^ 

In  the  computation  of  the  perturbations  of  a  heavenly  body  during 
a  period  of  several  years,  it  will  be  convenient  to  adopt  a  fixed  equi- 
nox and  ecliptic  throughout  the  calculation;  but  when  the  pertarfaa- 
tions  are  to  be  applied  to  the  co-ordinatea,  in  the  calculation  of  an 
ephemeris  of  the  body  taking  into  account  the  perturbations,  it  will 
be  convenient  to  compute  the  co-ordinates  directly  for  the  ecliptic 
and  mean  equinox  of  the  beginning  of  tlie  year  for  which  the 
ephemeris  is  required,  and  the  values  of  8x,  dy,  and  3z  must  be 
reduced,  by  means  of  the  equations  (45),  as  already  explained,  tnm 
the  ecliptic  and  mean  equinox  to  which  they  belong,  to  the  ediptio 
and  mean  equinox  adopted  in  the  case  of  the  co-ordinates  required. 
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Id  a  Bunilar  tnaoner  we  xaa,y  derive  formalte  for  the  transform&tioa 
of  the  ocHordinates  or  of  their  variatiODs  referred  to  the  meao  equinox 
and  equator  of  one  date  into  those  referred  to  the  mean  equinox 
and  equator  of  another  date;  but  a  ttansformatioa  of  this  kind  will 
rarely  be  required,  and,  whenever  required,  it  may  be  effected  by  first 
converting  the  co-ordinates  referred  to  the  equator  into  those  referred 
to  the  ecliptic,  redutnng  these  to  the  equinox  of  t'  by  meaas  of  (45) 
or  (46),  and  finally  converting  them  into  the  values  referred  to  the 
equator  of  t'.  Since,  in  the  computation  of  an  ephemeris  for  the 
comparison  of  observations,  the  co-ordinates  are  generally  required 
in  refei^nce  to  the  equator  as  the  fundamental  plane,  it  would  appear 
preferable  to  adopt  this  plane  as  the  plane  of  x^  in  the  computatioD 
of  the  perturbations,  and  in  some  cases  this  method  is  most  advan- 
tageous. But,  generally,  since  the  elements  of  the  orbit  of  the  dis- 
turbed planet  as  well  as  the  elements  of  the  orbits  of  the  disturbing 
bodies  are  referred  to  the  ecliptic^  the  calculation  of  the  perturbations 
will  be  most  conveniently  performed  by  adopting  the  ecliptic  as  the 
fundamental  plane.  The  oonsideration  of  the  change  of  the  position 
of  the  fiindamental  plane  from  one  epoch  to  another  is  thus  also  ren- 
dered more  simple.  Whenever  an  epheroeris  giving  the  geocentric 
ri^t  ascension  and  declination  is  required,  the  heliocentric  co-ordi- 
nates of  the  body  referred  to  the  mean  equinox  and  equator  of  the 
beginning  of  the  year  will  be  computed  by  means  of  the  osculating 
elements  corrected  for  precession  to  that  epoch,  and  the  perturbations 
of  the  co-ordinates  referred  to  the  ecliptic  and  mean  equinox  of  any 
other  date  will  be  first  corrected  according  to  the  equations  (46),  and 
then  converted  into  those  to  be  applied  to  the  co-ordinates  referred  to 
the  mean  equinox  and  equator.  If  the  perturbations  are  not  of  con- 
siderable magnitude  and  the  interval  t'  —  ti&  also  not  very  large,  the 
correction  of  dx,  8y,  and  3z  ou  account  of  the  change  of  the  position 
of  the  ecliptic  and  of  the  equinox  will  be  insignificant;  and  the 
converaion  of  the  values  of  these  quantities  referred  to  the  ecliptio 
into  the  corresponding  values  for  the  equator,  is  effected  with  great 
fecility. 

In  the  determination  of  the  perturbations  of  comets,  ephemerides 
being  required  only  during  the  time  of  describing  a  small  portion  of 
their  orbits,  it  will  sometimes  be  convenient  to  adopt  the  plane  of  the 
undisturbed  orbit  as  the  fundamental  plane.  In  this  case  the  posi- 
tive axis  of  X  should  be  directed  to  the  ascending  node  of  this  plane 
on  the  ecliptic,  and  the  subsequent  change  to  the  ecliptic  and  equino:^ 
whenever  it  may  be  required,  will  be  readily  effected. 
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168,  The  perturbations  of  a  heavenly  body  may  thus  be  deter- 
mined rigoroasly  for  a  long  period  of  time,  provided  that  Uie  oaca- 
lating  elements  may  be  resided  as  accurately  known.  The  petmliar 
object,  however,  of  such  calculations  is  to  &cilitat«  the  correction  of 
the  assumed  el^nents  of  the  orbit  by  means  of  additional  observa- 
tiona  according  to  the  methods  which  have  already  been  explained; 
Mid  when  the  oecnlating  elements  have,  by  suoceaaive  corrections, 
been  determined  with  great  precbion,  a  repetition  of  the  calcolaticm 
of  the  perturbations  may  become  necessary,  since  changes  of  the  ele- 
ments which  do  not  sensibly  affect  the  residuals  for  the  given  differ- 
ential equations  in  the  determination  of  the  most  probable  corrections, 
may  have  a  much  greater  inffnence  on  the  accuracy  of  the  resulting 
values  of  the  perturbations. 

When  the  calculation  of  the  perturbations  is  carried  forward  for  a 
long  period,  using  constantly  the  same  osculating  elements, — aitd 
those  which  are  supposed  to  require  no  correction, — ^the  secular  per- 
turbations of  the  co-ordinates  arising  trom  the  secular  variation  of 
the  elements,  and  the  perturbations  of  long  period,  will  constantly 
affect  the  magnitude  of  the  resulting  values,  so  that  ibs,  8y,  and  8z 
will  not  again  become  simultaneously  equal  to  zero.  Hence  it 
appears  that  even  when  the  adopted  elements  do  not  differ  much 
fW>m  their  mean  values,  the  numerical  amount  of  the  perturbations 
may  be  very  greatly  increased  by  the  secular  perturbations  and  by 
the  large  perturbations  of  long  period.     But  when  the  perturbations 

are  large,  the  calculation  of  the  complete-  values  of  -js^  "itf""  ^^"^ 

-Tp-  (which  is  effected  indirectly)  cannot  be  performed  with  fitcility, 

requiring  often  several  repetitions  in  order  to  obtain  the  required 
accuracy,  since  any  error  in  the  value  of  the  second  differential  coe£B- 
cient  produces,  by  the  double  integration,  an  error  increasing  propor- 
tionally to  the  time  in  the  values  of  the  int^ral.  Errors,  therefore, 
in  the  values  of  the  second  differential  coefficients  which  for  a  mode- 
rate jteriod  would  have  no  sensible  effect,  may  in  the  course  of  a  long 
period  produce  lai^e  errors  in  the  values  of  the  perturbations,  and  it 
is  evident  that,  both  for  convenience  in  the  numerical  calculation  and 
for  avoiding  the  accumulation  of  error,  it  will  be  necessaiy  &om  time 
to  time  to  apply  the  perturbations  to  the  elements  in  order  that  the 
int^rals  may,  in  the  case  of  each  of  the  co-ordinates,  be  again  eqnal 
to  zero.  Tlie  calculation  will  then  be  continued  until  another  change 
of  the  elements  is  required. 
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The  transformation  from  &  system  of  oecalating  elements  for  one 
epoch  to  that  for  another  epoch  is  very  easily  effected  by  means  of 
the  values  of  the  perturbations  of  the  co-ordinates  in  connection 
irith    the  oorresponding  valnes  of  the  variations  of  the  velocitiea 

-^T-i  -jT-,  and  -J--     The  latter  will  be  obtained  from  the  values  of  the 

Becond  diSTerenUal  coefficients  by  means  of  a  single  integraUon  ao- 
oording  to  the  equations  (27)  and  (32).  Thus,  in  the  case  of  the 
example  given,  we  obtiun  for  the  date  1865  Jan.  15.0,  by  means  of 
(32),  in  units  of  the  seveotli  decimal  place, 

40^  =  +885.9,        «)^=  +  214.6,        40^=  +  9.7. 


The  velocities  in  the  case  of  the  disturbed  orbit  will  be  given  by  th« 
formula 

1R~  dl  '^'^         dt~'~dl'^~dP         (/(  ""*  "^  A'     ^  '■* 

To  obtain  the  expressions  for  the  components  of  the  velocity 
resoKed  parallel  to  the  co-ordinates,  we  have,  accttrding  to  the  equa- 
tions (6)ft 


:=  sin  a  sin  C  J  +  «)  -^  +  r  sin  o  cos  ( J  -H  «)  - 


--^-  :=  sin  t  sin  (B  +  u)  -rr  +  r  ain  6  cos  (_&  +  «)  -^ 
-^  =  sine  Bin  CC +  «)  ^  +  »- Bine  cos  CC  +«)-^ 

These  equations  are  applicable  in  the  case  of  any  fundamental  plane, 
if  the  auxiliaries  Aa  a,  sin  b,  sin  o,  A,  B,  and  C  are  determined  in 
reference  to  that  plane.     To  transform  them  still  lurther,  we  have 

^-^=  r  =— ;^^(l  +  «cs(«-^)).       . 

in  which  ta  denotes  the  angular  diatanoe  of  the  jierihelion  from  the 
ascending  node,     Subetituting  these  values,  we  <$l  tain,  by  reduotiou, 
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Ijet  ua  now  pat 


((0CO£»  -1- coa  v) COB  £7 — (esinv  +  8in«)sin  C)siBft 


-(eunv  +eii)v)  =  Van  U, 


ji —  («  coai*  +  ooau)  ^  Fcoe  U, 

Vp 


■^  =  Frin6coeCB+l7).  («) 

-^  =  V'8incco«(C+  TT). 

These  eqnatioDB  determine  the  componenta  of  the  velocity  of  a  bet- 
venly  body  resolved  in  directions  parallel  to  the  ooHjrdinate  utc^ 
and  for  any  fundamental  plane  to  which  th«  auxiliaries  A,  B,  db& 
belong.     When  Uie  ecliptic  is  the  fundamental  plane,  we  have 

une  =  Bini,  C^O. 

The  snm  of  the  squares  of  the  equations  (48)  glvea 

and  hence  it  appears  that  Vis  the  linear  velodfy  of  the  body. 

The  determination  of  the  osculating  elements  corresponding  to  any 
date  for  which  the  perturbations  of  the  co-ordinates  and  of  the  velod- 
tiee  have  been  found,  is  therefore  effected  in  the  following  manner: — 

First,  by  means  of  the  osculating  elements  to  which  the  pertnrba- 
tions  belong,  we  compute  accurate  values  of  r^  x^  y^  'm  *'^  ^7 
means  of  the  equations  (48)  and  (49)  we  compute  the  values  of  -^, 
-^  and  -^-  Then  we  apply  to  these  the  values  of  the  pertorhft- 
tions,  and  thus  find  x,  y,  z,  -j-,  -^,  and  --3-.     These   havJi^  beoi 
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found,  the  eqoatioDS  (32),  will  farnieh  the  values  of  Q,  i,  and  p; 
and  the  remaining  elements  may  be  determiDed  as  expUined  in  Art. 
112.      Thos,  from 


Vr  aia  4,  =  kV^p(l+m), 

Tr  dx   ,      dy   ,      dt 


'we  obtain  Vr  and  nj^,  and  from 

rBin«=:C — jsin  JJ  +yco8ft)9eot, 
rco8«  =  icoBft  +y8inQ, 

we  derive  r  and  u;  and  hence  F^from  the  vslae  of  Vr.    When  i  is 
not  very  small,  we  may  oae,  instead  of  the  preceding  expression  i<a 


Next,  we  compute  a  from 


2o«  gin  (u  =  —  (2(1  —  r)  lin  (2+,  +  u)  —  r  sin  u, 
2(UG0Ba>^  —  (2o  —  r)co8(2+, +  «)  — rooeu, 

we  find  <o  and  e.  The  mean  daily  motion  and  the  mean  anomaly  or 
the  mean  longitude  for  the  epoch  will  then  be  determined  by  meaoe 
of  the  nsual  formulae. 

In  the  case  of  a  very  ecoentric  orbit,  after  r  and  u  have  been  found, 

-jr  will  be  given  by  equations  (48)c  and  the  values  of  e  and  v  will 

be  given  by  the  eijuations  (49),.  Then  the  perihelion  distance  will 
\xi  found  from 

and  the  time  of  perilielion  passage  will  be  found  irom  v  and  e  by 
means  of  Table  IX.  or  Table  X. 

dt'  dt'' 

must  be  retained  than  in  the  values  of  the  oo-ordinates,  and  enough 
most  be  retained  to  secure  the  required  accuracy  of  the  solution.  If 
it  be  considered  necessary,  the  different  parts  of  the  calculation  may 
be  checked  by  means  of  various  formula  which  have  already  been 
given.    Thus,  the  values  of  £1  and  t  must  satisfy  the  equation 


In  the  numerical  values  of  the  velocities  -371  —tt,  £&,  more  decimals 


ogle 
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s  eos  i  —  ymai  cob  {J  -|-zBmtMn£i  :=0. 
We  have,  also, 

r'  =  ^  +  y'  +  ^, 
s  =  r  em  u  sin  i, 

which  mast  be  BatisGed  by  tbe  resultiog  values  of  V,  r,  and  v;  and 
the  values  of  a  and  e  must  satisfy  the  eqaatiou 

p  =  a(,l  — e*)  =aeot'f, 

169.  When  the  plane  of  the  undisturbed  orbit  is  adopted  as  the 
liindamental  plane,  we  obtain  at  once  the  perturbatious 

^(rcoew),  ^(rainu),  it, 

and  from  these  tbe  perturbations  of  tbe  polar  co-ordinates  are  easily 
derived.  There  are,  however,  advantages  which  may  be  secured  by 
employing  formulas  which  give  the  pertarbationa  of  the  polar  co-or- 
dinates directly,  retaining  the  plane  of  the  orbit  for  the  date  ^  as  the 
fundamental  plane. 

Let  w  denote  the  angle  which  tiie  projection  of  the  disturbed 
radius-vector  on  tbe  plane  of  xy  makes  with  the  axis  of  x,  and  fi  the 
latitude  of  the  body  with  respect  to  tbe  plane  of  ay;  then  we  shall 
have 

«  ^  r  cos  j9  cos  «», 

y  =  r  cos  ^  sin  ur,  (60) 

f  ^  r  sin  p. 

Let  us  now  denote  by  X,  Y,  and  Z,  respectively,  tbe  forces  wbidi  an 
expressed  by  tbe  second  members  of  tbe  equations  (1),  and  the  fint 
two  of  these  equaUons  give 


=  fiYx  —  Xy)dt+C. 


C  being  the  constant  of  integration.     The  equations  (50)  give 


*-"""    w^ 


•S-"""— a +  r»./.c™«-^,-, 


-|-roosjScoe«'-, 


dy die 


j,:i,l,zec.y  Google 
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T'berefbre  we  hsve 


Hco8'A^=J'(ra:-Xy)d(+ C 


If  ire  denote  by  S^  the  component  of  the  disturbing  force  in  ft  direo 
tion  perpendicular  to  the  difituri>ed  radiua-veotor  and  parallel  with 
the  plane  of  «y,  we  ahall  have 

J  =  —  j^ainw,  T=8i,eoew, 

and 

Yx  —  Xy  =  8,TCoap. 
Therefore 

In  the  nndistnrbed  orbit  we  have  ^  =  0,  and 

r.'^  =  il/Mr+li5!      '^. 

and  thas  the  preceding  equation  becomes 

r*  coeV  ^  =fs,  r  C08  j9  di  +  iV'j.Cl  +  »).  (61) 

The  equationa  (I)  also  give 

\-'^'+'^'^'^  +  '^^^  =  r-+rt  +  zi.      (52) 

If  we  denote  hy  R  the  component  of  the  disturbing  force  in  tbp 
direction  of  the  disturbed  radius-vector,  we  have 

B  =  zl+Tl  +  Zl  (68) 

We  have,  also, 

mP*  +  y<Py  +  kP*  =  d  («*»  +  ydy  +  til)  —  ida?  +  dt^  +  d^ 
=  d  (rdr)  —  (dr*  +  j*dif)  =  rdV  —  r-dt-*. 

ff  denoting  the  true  anomaly  in  the  disturbed  orbh,  or,  nnoa 
dD*  =  cos'j9dw'  +  d;9', 

a:ii^  +  yd*y  +  «ft  =  niV  —  r'ooa'jffdw^ — r'dfi*. 

tlenoe  the  equation  (52)  becomes 

;p--i-cos-jS-^-r^+     ^   T     ^^Jt.  tM) 


,l,:«:,yG00glc 
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170.  The  eqaatioDg  (51)  and  (64),  in  coDoectioD  \rith  tltelMtaf 
equations  (1),  completely  represent  the  motion  of  a  hearenty  tn^ 
about  the  sua  when  acted  upon  bjr  distarbiug  forces,  and,  w^bm  cdd- 
pletely  integrated,  they  will  give  the  values  of  ut,  r,  and  t  far  m 
point  of  the  orbit;  but,  since  tliey  cannot  he  int^rated  directly,*? 
must,  as  in  the  caae  of  the  rectangular  co-ordinates,  find  the  equation 
which  give  hy  integration  the  values  of  Sto,  9r,  and  z.  In  the  cw 
of  the  undisturbed  orbit,  we  have 

(551 
dV.       _dw^    ,   f(l+M)_^ 

dP         '  dC  ■•■        r,'        ""■ 

If  we  denote  by  Sw  the  variation  of  w  arising  from  the  actioo  of  & 
disturbing  force,  we  have  tp  = »,  +  !Sw;  and  hence  we  easily  find, 
irom  (61), 

.  ,../rT:i-r-=T  ^^ 


-jr  =  3 — rs  I  -flit-coejSitt — 1 1— _.   '  ,■  1 — ^'^, 
d(        t*co8*j9J^  \         r*(soa'fif  r* 

We  have,  further, 

r»  =  V  +  2r,«r  +  »i*, 
which  gives 


=  1  +  2 


!V±i^* 


Let  OS  now  put 


-  j3r 


and  we  have 

The  equation  (66),  luerefore,  becomes 

in  which  we  pat 

If  we  substitute  t^  +  9r  for  r  in  equation  (54),  and  oomtnoe  th* 
result  with  the  second  of  equations  (55),  we  get 

D,j,l,:«^:,yG00glc 


and  if  we  pot 

we  have 
and  hence 
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a"  =  5L±i*:fr,        /Y'  =  i-^  (61) 

(62) 


"1+ 


^=*+^3is)^.,'+,.-+2,,^ 


dim 


,U+^]\J^U, 


(68) 


(64) 


Fmally,  we  have,  from  the  last  of  eqoatioDS  (1), 
<ft__      f(l +■»).. 

3?-^ ? — ■■ 

by  means  of  which  the  Taloe  of  z  may  be  found,  since,  in  the  case  of 
the  nndistni4}ed  motion,  we  have  %  =  0. 

The  values  of/'  corresponding  to  different  valncs  of  9'  may  be 
tabulated  with  the  argument  g',  and,  sinoe  the  equation  (62)  is  of  the 

same  form  as  (58),  the  same  table  will  give  the  value  of/"  when  q" 

IB  used  as  the  argument.     Table  XVII.  gives  the  values  of  logf  or 
iog/'  corresponding  to  values  of  g*  or  9"  from  —  0.03  to  +  0.03. 

Beyond  the  limits  of  this  table  the  required  quantities  may  be  oom- 

puted  directly. 

171.  When  we  consider  only  terms  of  the  first  order  with  respeut 
to  the  disturbing  ibrce,  wo  liave 


and  die  equations  beoome 

divi      1  r«, ., 
-^=:;r.js,r^- 


=  R  + 


^J^^H-(?^^-8,..)a.. 


de 


=  z 


f(l+«»). 


In  determining  the  perturbations  of  a  heavenly  body,  we  first  oon- 
■ider  only  the  terms  depending  on  the  first  power  of  the  diatarbing 
fane,  for  which  these  equations  will  be  applied.    The  value  of  Sr 
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will  bo  obtained  from  the  second  equatioD  by  an  indirect  process,  aa 
already  illastrated  for  the  ease  of  the  variation  of  the  rectangular 
oo-ordinates.  Then  iv>  will  be  obtained  directly  from  the  first 
equation,  and,  finally,  r  indirectly  from  the  last  equation.  Each  of 
the  integrals  is  equal  U>  zero  for  the  date  t^  U>  which  the  osculating 
.elements  belong. 

When  the  magnitude  of  the  perturbations  is  such  that  the  terms 
depending  on  the  squares  and  products  of  the  masses  must  be  cod- 
sidered,  the  general  equations  (59),  (63),  and  (64)  will  be  applied. 
The  values  of  the  perturbations  for  the  dates  preceding  that  for 
which  the  complete  expressions  are  to  be  used,  will  at  once  indicate 
approximate  values  of  dw,  dr,  and  z;  and  with  the  values 

r  =  r,  +  (Jr,  m  ^  lo,  +  *•>  sin  (!  =  -, 


the  components  of  the  disturbing  force  will  be  compnted.  We  compute 
also  q'  from  the  first  of  equations  (57),  and  q"  from  the  first  of  (61); 
dien,  by  means  of  Table  XVII.,  we  derive  the  corresponding  values 
of  \ogf'  and  log/".  The  ooefUcieats  of  dr  in  the  expressions  (or 
9' and  q"  will  be  given  with  suGGcnent  accuracy  by  means  of  the 
approximate  values  of  8r  and  sin  j9,  and  will  not  require  any  further 
correction.     Then  we  compute  S^r  coa^,  and  find  the  int^^al 

Cs^r  COB  fidt; 

and  the  complete  value  of  -^  will  be  given  by  (69).    The  value 

of  -^  will  then  be  given  by  equation  (63).     The  term  r(  -^  J  will 

always  be  small,  and,  unless  the  inclination  of  the  orbit  of  the  dis- 
turbed body  is  large,  it  may  generally  be  neglected.   Whenever  it  shall 

be  required,  we  may  pat  it  equal  to  -( -^  |  ■  The  corrected  values 
of  the  differential  coefficients  being  introduced  into  the  table  of  inte- 
gration, the  exact  or  very  approximate  values  of  Svy,  8r,  and  z  will 
be  obtained.  Should  these  results,  however,  differ  much  from  the 
corresponding  values  already  assumed,  a  repetition  of  the  calculation 
may  become  necessary.  In  this  manner,  by  computing  each  place 
separately,  the  terms  depending  on  the  squares,  producte,  and  higher 
powers  of  the  disturbing  forces  may  be  included  in  the  results.  It 
will,  however,  be  generally  possible  to  estimate  the  values  of  dw,  9r, 
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uid  z  for  two  or  three  intervals  in  advance  to  a  degree  of  approxi- 
mation sufficient  for  the  computation  of  the  forces  for  these  dates. 

In  order  that  the  quantity  ui,  representing  the  interval  adopted  in 
the  calculation  of  the  perturbations,  may  not  appear  in  the  integra- 
tioD,  we  should  introduoe  It  into  the  equations  as  is  the  case  of  the 
variation  of  the  rectangular  co-ordinates.     Thus,  in  the  di:terciin»> 

non  of  dys  we  compute  the  values  of  «<  —jT-  *'"^  an<x  the  second 
member  of  the  equation  contains  the  integral  |  S/'ooB^df.,  if  we 
introduce  the  factor  w*  under  the  sign  of  integration,  this  iut^ral, 
omit^ng  the  &ctor  at  in  the  formuUe  of  int^ration,  will  beoome 
wj  S^coB^dt,  as  required.  The  last  t«rm  of  the  equation  will  be 
multiplied  by  a». 

In  the  case  of  dr,  each  term  of  the  equation  for  — ^-^  must  contain 

the  &ctor  to*.  If  the  second  of  equations  (65)  is  employed,  the  first 
and  third  terms  of  the  second  member  will  be  multiplied  by  a?;  bnt 
unce  the  value  of  S^  is  supposed  to  be  already  multiplied  by  o**,  the 
second  term  will  only  be  multiplied  by  at. 

The  perturbations  may  be  conveniently  determined  either  in  units 
of  the  seventh  decimal  place,  or  expressed  in  seconds  of  arc  of  a 
eircle  whose  radios  is  unity.  If  they  are  to  be  expressed  in  seconds, 
the  fiictor  s  =  206264.8  must  be  introduced  so  as  to  presprve  the 
hom<^eneity  of  the  several  terms,  and  finally  dr  uid  3z  must  be  con- 
verted into  their  values  in  terms  of  the  unit  of  space. 

172.  It  remains  yet  to  derive  convenient  formuUe  for  the  deter- 
mination of  the  forces  S^,  S,  and  Z.  For  this  purpose,  it  first  becomes 
necessary  to  determine  the  position  of  the  orbit  of  the  disturbing 
planet  in  reference  to  the  fundamental  plane  adopted,  namely,  the 
plane  defined  by  the  osculating  elements  of  the  disturbed  orbit  at  the 
instant  ^  Let  i'  and  Si'  denote  the  iaclinatioo  and  the  longitude  of 
the  ascending  node  of  the  disturbing  body  with  respect  to  the  ecliptic, 
and  let  /denote  the  inclination  of  the  orbit  of  the  disturbing  body 
with  respect  to  the  fundamental  plane.  Further,  let  N  denote  the 
longitude  of  its  ascending  node  on  the  same  plane  measured  irom  the 
ascending  node  of  this  plane  on  the  ecliptic  or  from  the  point  whose 
longitude  is  Sif,,  and  let  N'  be  the  angular  distance  between  ^a^ 
cending  node  of  the  orbit  of  the  disturbing  body  on  the  ecliptic  and 
(he  ascending  node  on  the  fundamental  plane  adopted.  Then,  from 
the  spherical  triangle  formed  by  the  intersection  of  the  plane  of  the 


4q8  THEOBEnCAL  ASTBONOHT, 

ediptio,  the  fimdamental  pluie,  and  the  plane  of  the  <M-bit  of  the  £»■ 
turbing  body  with  the  oeleetUl  vanlt,  we  have 

■mJ7MnJ(J''+J^)  =  Bini(a'-a,)BiniCt'  +  s). 

cMJ/imi(Jf-Jir)=8mi{a'-a.)coBj(t'  +  s).        ^  ' 

coBjJcoBjc-w— Jir)=co9i(a'— a^coaic^— s). 

from  which  to  find  N,  N%  and  /. 

Let  ^  denote  the  heliooentrio  latitude  of  the  diBtorbing  pkatt 
with  respect  to  the  fundamental  plane,  w'  it«  longitude  in  this  plue 
measured  from  the  axis  of  z,  as  in  the  case  of  to,  and  u,'  the  argn- 
ment  of  the  latitude  with  respect  to  this  plane.  Then,  aooordtng  to 
the  equations  (82)„  we  have 


n  (w*  —  JT)  =  tan  v^  cos  I, 

nk  =tan/8in(t^  — JO- 


UigilizecDV  Google 


(«7) 


If  u'  denotes  the  argument  of  the  latitude  of  the  dieturbiug  plue' 
with  respect  to  the  ecliptic,  we  have 


This  formula  will  give  the  value  of  u,',  and  theu  tc'  and  ^  will  bt 
found  from  (67).     We  have,  also, 

COBU,'i=COBJ?'c08(to'  —  If), 

which  will  serve  to  indicate  the  qtudrant  in  which  «/  —  NmoA  b* 
taken. 

The  relations  here  derived  are  evidently  applicable  to  the  case  in 
which  the  elements  of  the  orbits  of  the  distarbed  and  disturbing 
planets  are  referred  to  the  equator,  the  signification  of  the  qnantitiv 
involved  b^qg  properly  considered. 

The  co-ordinatee  of  the  disturbing  planet  in  reference  to  the  pUne 
of  the  disturbed  orbit  at  the  iustant  t,  as  the  fundamental  plane  will 
be  given  by 

a^  =  /  COS  (y  cos  m', 

jf  =i^<soa^  tin  v/,  C^l 

^=7^  sinks'. 

To  find  the  fijroe  R,  wc  have 

S  =  Z-+Y^  +  Z'-. 
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x= 

.■»*! 

[^- 

-^)' 

r= 

.!»*! 

c^- 

-^)' 

z  = 

,w:e\ 

l^- 

-'A 

SabeUtuting  in  these  the  v&lues  of  xf,  y',  f'  given  hj  (69);  &°d  ^-b^ 
coiresponding  values  of  z,  y,  a  given  by  (50),  and  putting 

*=^-^'  (70) 

we  get 

iJ  =  m'f  ( A  /  cos /?  coe  ,5  008  («' —  «)  +  A  f/ «a  j9  8ia  J?  —  p  V  (71) 

The  equation 

itrcofl;S=  r»— Xy 
gives 

£;  =  m'i'Ar'coe/S'nn(w'  — w).  (73) 

from  whidi  to  find  8^    Finally,  we  have 

Z=m'i?{hi'Kn(f  —  ^,  (73) 

from  which  to  find  Z. 

When  we  d^ermine  the  pertorbationB  only  with  respeot  to  the 
first  power  of  the  disturbing  force,  the  expressions  for  R,  8^  and  Z 
beoome 

fi  =  m'i?(4/coBjS'o08Cw'— tO— AV 

V  ft  /  (745 

^  =  m'ifAf'ooB^wnC«'  — »^,  ^    ' 

Z=m'Vhf'Kii?. 
To  compute  the  distance  p,  we  have 

,«  =  (:,'-.)•+ C  -  y)- +  (^  - -)*, 
which  gives 

/>»  =  t"-{-r'  — 2rr'ccsjScos^«)BCw'  — w)  — ar/unAwn^,  (76) 

and,  if  we  Delect  terms  of  the  second  order,  we  have 

^.•  =  />  +  r;  — 2r.T'cosjS'oos(«^  — «0-  (76) 

If  we  put 

cos  r  =  cos  (S  cos  ^  cos  («<  —  «)  + Bin  ^iin^,  (77) 

we  have 

/^  =  f«  +  r»— 2r/co«r 
=  /»8inV+Cr— /cosr)*! 
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and  henL6  we  may  readily  find  p  from 

^  sin  n  ^  /  sin  r. 

f  cosn  =  r  —  r"  COST-. 

the  exact  value  of  die  angle  n,  however,  not  being  required. 
Introducing  y  into  tlie  expreauon  for  R,  it  becomes 


by  means  of  which  R  may  be  conveniently  determined. 

173.  When  we  neglect  the  terms  depending  on  the  squares  and 
higher  powers  of  the  masses  in  the  oompotation  of  the  perturbations, 
the  forces  R,  8^  and  Zwill  be  computed  by  means  of  the  equations 
(74),  p^  being  foand  from  (76)  or  from  (78),  when  we  pat 

cos  J*  =  cos  J?*  CDS  (t^  —  M,). 

But  when  the  terms  of  the  order  of  the  square  of  the  disturbing 
force  are  to  be  taken  into  account,  the  complete  equations  must  be 
used.  Thus,  we  find  p  from  (78),  8^  from  (72),  Zfrom  (73),  and  R 
from  (71)  or  (79).  The  values  of  Sv>,  Sr,  and  z,  computed  to  the 
point  at  which  it  becomes  necessary  to  consider  the  terms  of  the 
second  order,  will  enable  us  at  once  to  estiraato  the  values  of  the 
perturbations  for  two  or  three  intervals  in  advance  to  a  d^^ee  of 
approximation  sufficient  for  the  calculation  of  the  forces;  and  the 
values  of  R,  S^  and  Z  thus  found  will  not  require  any  iiirther  cor- 
rection. 

When  the  places  of  the  disturbing  planet  are  to  be  derived  from 
an  epbemens  giving  the  heliocentric  longitudes  and  latitudes,  the 
values  of  Si'  and  i'  will  be  obtained  from  two  places  separated  by  a 
considerable  interval,  and  then  the  values  of  u'  will  be  determined 
by  means  of  the  first  of  equations  (82),  or  by  means  of  (85),.  When 
the  inclination  i'  is  very  small,  it  will  be  sufficient  to  take 

«'  =  ^'-Si'  +  «t8n'K8in2(r-  JJ'), 

in  which  »  =  206264.8.  But  when  the  tables  give  directly  the  lon- 
gitude in  the  orbit,  u'4-  Si',  by  subtracting  Si'  from  each  of  thess 
longitudes  we  obtain  the  required  values  of  u'. 

It  should  be  observed,  also,  that  the  exact  determination  of  the 
%'alues  of  the  forces  requires  tliat  the  actual  disturbed  values  of  r', 
V)',  and  ^  should  be  used.     The  disturbed  radius-vector  r'  will  Iw 
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pven  imniGdiatel^  by  the  tables  of  tbe  motion  of  t.be  difiturbiDg 
body,  but  tbe  determiDation  of  the  actual  values  of  w'  and  ^  re- 
quires that  ire  should  use  tbe  actual  values  of  N',  N,  and  /  in  the 
solution  of  tbe  equations  (68)  and  (07).  Hence  the  disturbed  values 
of  £i'  uid  i'  Bhould  be  used  in  the  determination  of  these  quantitieo 
for  each  date  by  means  of  (66).  It  will,  however,  generally  be  tbo 
case  that  for  a  moderate  period  tbe  variation  of  Si'  and  i'  may  be 
rw^lected;  and  whenever  the  variation  of  either  of  these  has  a  sensi- 
ble effect,  we  may  compute  new  values  of  N,  N',  and  /  from  time  to 
time,  by  means  of  which  the  true  values  may  be  readily  interpolated 
for  each  date.  We  may  also  determine  the  variations  of  N,  N',  and 
I  arising  from  the  variation  of  Si '  and  i',  by  means  of  differential 
formuln.  Thus  the  relations  will  be  similar  to  those  given  by  the 
equations  {71),,  so  that  we  have 

Biuisi  —a,) 

nT  sin  Jtf  ,„        ,       am  JT    ,,  ,-., 

tl  =ainN' em^  iSi'+cotN" 

fotm  which  to  find  SN',  dN,  and  SI. 

When  the  perturbations  are  computed  only  in  reference  to  the  first 
power  of  the  mass,  the  change  of  Si'  and  i'  may  be  entirely  neg- 
lected; but  when  the  perturbations  are  to  be  computed  for  a  long 
period  of  time,  and  the  terras  depending  on  the  squares  and  products 
of  the  disturbing  forces  are  to  be  included,  it  will  be  advisable  to 
take  into  account  the  values  of  8N,  dN',  and  dl,  and,  using  also  tbe 
value  of  u'  in  the  actual  orbit  of  the  disturbing  body,  compute  the 
actual  values  of  «/  and  ^'. 

In  tbe  case  of  several  disturbing  bodies,  the  forces  wilt  be  deter- 
mined for  each  of  these,  and  then,  instead  of  R,  8^  and  Z,  in  the 
formulte  for  the  differential  coefficients,  SR,  £8^,  and  2'^  will  be  used. 

174.  By  means  of  the  values  of  dw,  9r,  and  z,  the  heliocentric  or 
the  geocentric  place  of  tbe  disturbed  planet  may  be  readily  found. 
Thos,  let  the  positive  axis  of  :r  be  directed  to  the  ascending  node  of 
the  osculating  orbit  at  the  instant  ^  on  the  plane  of  tbe  ecliptic; 
then,  in  the  undisturbed  orbit,  we  shall  have 


-u  denoting  tbe  argument  of  tbe  latitude.     Let  x„  y„  z,  be  the  co-or* 
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dinatw  of  the  body  referred  to  s  aystam  of  rectangnlar  oo-ordinsten 
in  wbioh  the  ecliptic  is  the  phwe  of  xy,  and  io  which  the  positive 
ftxie  of  a;  is  directed  to  the  venial  equinox.    Then  we  shall  have 

X,  =  z  cos  A  0  —  y  coat.  Bin  Q,  +  s  Mn  %  sin  Q  „ 
y,  =  XBiD  n, +  y<>o"^coa£i,  —  csin^coeQ,, 
c,  ^yein^-l-scoat,, 

or,  introducing  the  values  of  a;  and  y  given  bj  (50), 

«,  =  rcoaAcosiocoB(i,  —  rcosj!BinuicoB%Bin  £},  +  i!8in%Bin£lM 
y,  ^rcoBiScoswBint}, -f-*'cosiSBinwcos^coeSi,  —  <8iii%cosQg,(81) 
M,  =rooBj9BinwBint,4-(ooev 

Introducing  also  the  auxiliary  oonetants  for  the  ecHptio  according  to 
the  equations  ^94),  and  (96),,  we  obtain 

JB,  ^  r  COB  i9  flin  a  sin  (^  +  tt)  +  *  coa  a, 

y,  =rcoa^«in68in(5  +  w)  +  «ooe6,  (82) 

f,  =  r  COB  j!  sin  i^  sin  w  -f  "^<>b  i^, 

by  means  of  which  the  heliocentric  co-ordinates  in  reference  to  the 
flnliptio  may  be  determined. 

If  the  place  of  the  disturbed  body  is  required  in  reference  to  the 
equator,  denoting  the  heliocentric  co-ordinates  by  x,„  y,„  z,„  and  the 
obliquity  of  the  ecliptic  by  e,  we  have 

x„  ^  X, 

y„^y,COBt  —  s,sint, 

«„  =  y,  sin  e  -|-  «,  cos  t. 
SubsHtnting  for  x„  y„  z,  their  values  given  by  (81),  and  introducing 
the  auxiliary  constants  for  the  equator,  according  to  the  equations 
;99),  and  (101),,  we  get 

z„  =  rco8|$sinasin(^-f- w)  -f  scosa, 
y„  ^  r  cos  ;9  sin  6  sin  (£  -|-  w)  +  *  cos  b,  (83) 

«„  =r  COB  jJain  6  810(0  +  «)  +  ■  cose. 
The  combination  of  the  values  derived  from  these  eqoationa  with  the 
oorrespooding  values  of  the  co-oi;$linate8  of  the  sun,  will  give  the 
required  geocentric  places  of  the  disturbed  body.  These  equations 
are  applicable  to  the  case  of  any  tundamental  plane,  provided  that 
the  auxiliary  constants  a,  A,  b,  B,  4&c.  are  determined  with  respect 
to  that  plane.  In  the  numerical  application  of  the  formulie,  the 
I'alue  of  tff  will  be  found  from 

w  ^  1^  +  Ao, 
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Uq  being  tb«  ai^ument  of  the  latitade  for  the  fundameotal  osculatJi^ 
elementB,  and  care  must  be  takeo  that  the  proper  algebraic  ugu  ia 
assigned  to  cos  a,  cos  &,  and  ooa  o. 

If  the  values  of  ir^,  St^,  and  i,  naed  in  the  calculation  of  the  per-> 
turbations  are  referred  to  the  ecliptic  and  mean  eqainox  of  the  dat« 
V»  And  the  rectangular  co-ordinates  of  the  disturbed  body  are  required 
in  reference  to  the  ecliptic  and  mean  equinox  of  the  date  f,",  the 
value  of  10  must  be  found  &om 

w  =  »,  +  •<,  +  <w, 

the  value  of  at,  referred  to  the  ecliptic  of  t^'  being  rednoed  to  that  of 
t„'',  by  means  of  the  fii^t  of  equations  (1 16),.  Then  £},  and  i,  should 
be  reduced  from  the  ecliptic  and  mean  equinox  of  ^'  to  the  ecliptio 
and  mean  equinox  of  t^"  by  means  of  the  second  and  third  of  the 
equations  (US),,  and,  using  the  values  thus  found  in  the  calculation 
of  the  auxiliary  oonstanta  for  the  ecliptic,  the  equations  (S2)  will 
give  the  required  valuea  of  the  beliooentric  co-ordinates.  If  the  co- 
ordinates referred  to  the  mean  equinox  aud  equator  of  the  date  ^" 
are  to  be  determined,  the  proper  correctious  having  been  applied  to 
Qg  and  tg,  the  mean  obliquity  of  fJie  ecliptic  for  this  date  will  be 
employed  in  the  determination  of  the  auxiliary  constants  a,  A,  &c. 
with  respect  to  the  equator,  and  the  equations  (83)  will  then  ^ve 
the  required  values  of  the  co-ordinates. 

If  we  diSerentiate  the  equations  (83),  we  obtain,  by  reduction, 

--j^  j=  r  COB  j9  sin  a  COB  (4  +  to)  -^  +  sec  jS  sin  o  sia  (^  +  w)  -^ 

-f  (cos  a  —  tan  ^  sin  a  sin  (^  +  w))  -jr, 

'*^  =  r  cos  ^  sin  6  co«  (B  +  «)  5  +  sec  jJ  sin  J  sin  (B  +  to)  4 
dt  di  dt^    CM) 

-f-  (cos  b  —  te3xfinabtnn(_B  +to))  -tti 
-^'  =rcoB(JBincco8CC7  +  w)--3--i-sec^BineBinCC-f- w)-^ 

+(« 

by  means  of  which  the  components  of  the  velodty  of  the  disturbed 
body  in  directions  parallel  to  the  oo-ordinato  axes  may  be  determined. 

The  values  of  -^  and  -tt  will  be  obtained  from  -53-  and  ja"  l>y  * 

Mingle  integration,  and  then  we  have 
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from  which  to  find  -^  and  -jr- 

175.  Example. — In  order  to  illustrate  the  calculation  of  the  per- 
turbations of  r,  u),  and  z,  let  us  take  the  data  given  in  Art.  166,  and 
determine  these  perturbations  instead  of  those  of  the  rectangular  co- 
ordinates. 

In  the  first  place,  we  derive  from  the  tables  of  the  motion  of   ' 
Jupiter  the  values 

ft'  =  98"  58'  22".7,  i  =  1"  18'  40".5, 

which  refer  to  the  ecliptic  and  mean  equinox  of  1860.0.  We  find, 
also,  from  the  data  given  by  the  tables  the  values  of  u'  measured 
from  the  ecliptic  of  1860.0.  Then,  hj  means  of  the  formula  (66), 
using  the  values  of  {}«  and  \  given  in  Art.  166,  we  derive 

N=  194"  ff  49".9,  N'  =  301"  38'  31".7,  1=  5"  9'  56".4. 

The  value  of  u,'  is  given  by  equation  (68),  and  then  w^  and  p'  are 
found  from  the  equations  (67).     Thus  we  have 

Birlla  Hau  Tim.  losrg  ■>«  —  •■«  logr'  W  (f 

1863  Dec  12.0,  0.294084  192°  4'24".6  0.73425  14"18'64".6  -0"   l'38".l 

1884  Jan.  21.0,  0.294837  207  40  62  .2  0.733SS  17   21   44   .2  0   18     »  .1 

Miircb   1.0,  0.300674  223  3  5  .9  0.73306  20  25    6  .2  0  S4  39  .9 

April  10.0,  0.310864  237  51  38  .3  0.73237  23  28  68  .8  0  51     7  .6 

May  20.0,  0.3242S8  251  62  47  .9  0.73164  26   33  32   .1  1     7  20  .7 

June  29.0,  0.339745  264  Q9  30  .0  0.73086  29  38  44   .8  I   23  43  .5 

Aug.  8.0,  0.366101  277  10  24  .6  0.73003  32  44  41  .2  1  39  46  .3 

Sept  17.0,  0.372469  288  28  4  .1  0.72915  36  61  24  .6  1  65  36  .2 

Oct.  27.0,  0.388214  298  57  Ifl  .3  0.72823  38   58  57   .S  2   11     7   .6 

Dec.  6.0,  0.402894  308  43  48  .7  0.72726  42     723.8  22620.3 

1865  Jan.  15.0,  0.416240  317  63  39  .1  0.72625  45  16  43  .9  —2  41  10  .6 

The  values  of  p^  may  be  found  from  (76)  or  (78)^  already  given  in 
Art.  166. 

The  forces  B,  S^,  and  Z  may  now  be  determined  by  means  of  the 
equations  (74),  A  being  found  from  (70),  and  if  we  introduce  the 
&ctor  (0*  for  convenience  in  the  integration,  as  already  explained,  we 
obtain  the  following  results: 

Dais.         u*JI        u*S«r,        <^Z  "jSf^ 

1863  Dec.  12.0,   +  1".4608   +  0".147e   +  0".0009   +  0".0282 

1864  Jan.  21.0.   +  1  .4223   —  0  .6757   +  0  .0101   -  0  .2361 
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I)al«. 

^R 

''*■. 

tflZ 

-Js^^ 

1864  March  1.0, 

+ 1".2616 

— 1".4612 

+  0".0190 

—   1".3060 

April  10.0, 

1  .0018 

2  .1226 

0  .0273 

3  .1035 

May    20.0, 

0  .6760 

2  .6473 

0.0317 

5  .5020 

June   29.0, 

+  0  .3179 

2  .9988 

0  .0406 

8  .3402 

Aug.     8.0, 

—  0.0452 

3  .1650 

0  .0449 

11  .4378 

Bept.    17.0, 

0  .3944 

3  .1437 

0  .0470 

14  .6076 

Oct.     27.0, 

0  .7180 

2  .9392 

0  .0466 

17  .6640 

Deo.      6.0, 

1  .0097 

2  .5586 

0  .0432 

20  .4273 

1865  Jan.    15.0, 

- 1  .2674 

-2.0081 

+  0  .0862 

—  22.7246 

The  iot^ral  to\  8^^  ia  obtained  from  the  auccesaive  values  of  a^S^^ 
by  meaoa  of  the  formula  (32). 

Next  we  compute  the  values  of  the  difTerential  coefficients  hy 
means  of  the  formulsi  (65).  For  the  dates  1863  Dec.  12.0  and  1864 
Jan.  21.0  we  may  first  assume  dr=^0,  and,  by  a  preliminary  inte- 
gration, having  thus  derived  very  approximate  values  of  /tr  for  these 

dates,  the  values  of  — ^  will  be  recomputed.     Then,  commencing 

anew  the  table  of  integration,  we  may  at  once  derive  an  approximate 
value  of  dr  for  the  date  March  1.0  with  which  the  last  term  of  the 

expression  for  -^  may  be  computed.  Continuing  this  indirect  pro- 
cess, as  already  illustrated  in  the  case  of  the  perturbations  of  the  rec- 
tangular co-ordinates,  we  obtain  the  required  values  of  the  second 

differential  coefficient.     In  a  similar  manner,  the  values  of  -t=  will 

ddw 
be  obtained.    The  values  of  —jt  will  then  be  given  directly  by  means 

of  the  first  of  equations  (65);  and  the  final  integration  will  furnish 
the  perturbations  required.     Thus  we  derive  the  following  results:- 


IDec.  12.0,- 

-0".0423  -t-l".4509  +0".0009 

-r.oo 

-|-0".18  -(-0".00 

.Jan.  21.0, 

0  .1086     1  .3405 

0  .0101 

0  .02 

0  .17     0  .00 

Mar.    1.0, 

0  .7162  +0  .7829 

0  .0183 

0  .40 

1  .47     0  .01 

Apr.  10.0, 

1  .6114—0  .0455 

0.0261 

1  .55 

S  .53     0  .04 

May  2O0, 

2  .4795     0  .9344 

0  .0300 

8  .61 

5  .54     0  .09 

June  29.0, 

3  .0807     1  .7333 

0  .0326 

6  .42 

6  .62     0  .18 

Aug.   8.0, 

3  .2971     2  .3752 

0  .0331 

9.64 

5  .98     0  .29 

Sept.  17.0. 

3  .1080     2  .8533 

0  .0311 

12  .88 

-t-2  .98     0  .44 

Oct  27.0,- 

-2.5425-3  .1872+0  .0265- 

-15  .73 

-2  86  +0  .62 

D, 

„i,.,.  ,  *^iC)()VK- 
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Dale. 


1864  Dec.    6.0,  — 1".6443  — 8".4009  +0".0190  — 17".85— 1I".88  +0".8S 

1865  Jan.  15.0,-0  .4511—8  .5334+0  .0079—18  .92—24  .29+1  .05 

It  haa  already  been  found  that,  during  the  period  inoladed  hj  theae 
results,  the  perturbations  arising  from  tJie  eqnsres  and  prodocta  of 
the  disturbing  forces  are  insensible,  and  henoe  the  application  of  the 
complete  equations  for  the  forces  and  ibr  the  diferential  coefficients 
is  not  required.  The  equations  (83)  will  give,  by  means  of  the 
results  for  ID  =  Ug  +  iw,  r:^r^-\-8r,  and  z,  the  values  of  tiie  helio- 
centrio  co-ordinates  of  the  disturbed  body,  and  the  combination  of 
these  with  the  co-ordinates  of  the  sun  will  give  the  geocentric  place. 
When  we  neglect  terms  of  the  second  order,  we  have,  according  to 
the  ennationa  (84), 

ar„  =  a^  cot  (.i  +  w)  ^  +  -  fr  +  «  COB  a, 

*y„  =  y,cotfB+w)»»  +  ^**r  +  .cc«i,  '   (86) 

«•„  =  1^  cot  (  C  +  «)  Jw  +  -  3r  +  •  coa  0, 

the  heliocentrio  co-ordinates  Zg,  y„  t^  being  referred  to  the  same  fun- 
damental plane  as  the  auxiliary  constants,  a,  b,  A,  <ftc  Thus,  in  titB 
case  of  Eiirynome,  to  find  the  perturbations  of  the  rectangular  co-oi^ 
dinates,  reierred  to  the  ecliptic  and  mean  equinox  of  1660.0,  &om 
1864  Jan.  1.0  to  1866  Jan.  15.0,  we  have 

J  =  296°  S4'  37".6,  B  =  206=  43'  M".4,         0=0, 

log  CO!  a  =  8,667354.  logooBi  3:8.860746,  logOMe  =  logc(»^=:B.W8GMk 

log  I,  =  0,3B9807„  log  y*  =  9.338709,  log  ^ = 0.148I70. 

«  =  H  +  As  =  317"  sy  20".2, 

and  hence,  by  means  of  (86),  we  derive 

»x,  =  +  36".659,        ay,  =  +  41".083,        a«,  =  —  0".588. 

If  we  exprees  these  in  parts  of  the  unit  of  space,  and  in  ornta  of  the 
sev^th  dedmal  plaoe,  we  obtain 

ix,  =  +  1772.4,       Sy.  =  +  1991.8,       8»,  =  —  28.5, 

agreeing  with  the  results  already  obtained  by  the  method  of  the  va- 
riation of  rectangular  co-ordinate,  namely, 

fa,  =  +  1772.6,        ^,  =  f  1992.3,        &,  =  —  28.2. 
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176.  By  nsiog  the  complete  ibrmDlee,  the  pertarbstions  of  r,  v, 
and  z  may  be  computed  with  respect  to  all  powers  of  the  disturbing 
fi>roe,  and  for  a  long  series  of  years,  using  constantly  the  same  faa- 
damental  osculating  elemente.  But  even  when  these  elements  are  so 
aocurate  as  not  to  require  ooireotion,  on  account  of  the  effect  of  thfl 
large  perturbations  of  long  period  upon  the  values  of  dm  and  dr,  the 
numerical  values  of  the  perturbations  will  at  length  be  such  that  a 
change  of  the  osculating  elements  becomes  desirable,  so  that  the 
iat^ration  may  again  commence  with  the  value  zero  for  the  T&riation 
of  each  of  the  co-ordinates.  This  change  from  one  system  of  ele- 
mcDts  to  another  system  may  be  readily  effected  when  the  vataes  of 
the  perturbataons  are  known.  Thus,  having  found  the  disturbed 
values  of  r,  w,  and  z,  we  have 


p  being  the  semi-parameter  of  the  instantaneous  orbit  of  the  disturbed 
body.    In  the  undisturbed  orbit  we  have 


*•      dt  ~~  V  ' 

and  hence  we  derive 

p/  *^ 

dv 
SulwtitiitiDg  for  -jT  the  value  above  giveD,  there  resolta 

by  means  of  which  p  may  be  determined.    To  find  -^>  we  have 


We  have,  also, 

11  = 

1 

rcoejS 

uui/8 

T 

*■ 

'^.™. 
Vy 

=  ^ 

/l+» 

a 

Vr 

and  if  we  put 

>!-+•■    -.1^ 


dtr 


(88) 


(8«) 


(92) 
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this  equation  becomes 

«  sin  t>  ^  ^  sin  V,  -f  M^  sin  1^  -|-  )■. 

We  have,  further; 

ecoav  =  -  —  1, 
r 
and,  putting 

WG  obtain 

a  cos  r  ^=  <^  COB  V,  +  (S  — . 

This  equation,  combined  with  (90),  gives 

eBin(v  —  V,)  ^  •^o  sin  tij  cob  t^  +  j-coa«,  —  —  fit 

eco8iv  —  v„)=e,  +  •«,  sin'e,  +  /  sin  «,  +^*  j9 « 

hy  means  of  which  the  values  of  e  and  v  may  be  found,  those  of  the 
aaxiliaries  a,  ^,  y,  being  found  from  (89)  and  (91).     Then  we  have 

\(f)  tan  \v. 


by  means  of  which  y>,  a,  //,  and  M  may  be  determined.     In  the  case 
of  orbits  of  great  eccentricity,  we  find  the  perihelion  distance  from 

and  the  time  of  perihelion  passage  will  he  derived  from  e  and  e  by 
means  of  Table  IX.  or  Table  X. 

It  remains  yet  to  determine  the  values  of  Q,  t,  and  at  or  it.  Let 
B^  denote  the  longitude  of  the  ascending  node  of  the  instantaneous 
orbit  on  the  plane  of  the  osculating  orbit,  defined  by  £},  and  ig,  mea- 
sured from  the  origin  of  w,  and  let  %  denote  its  inclinatioD  to  this 
plane.     Then  we  have 

tan  7o  sin  (to  —  fl,)       =  tan  fi, 

,         ,.d«  ,„d(9  (98) 

tan^j  coH (to  —  *,) -^  =  secV -S-. 
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tan  (w  —  O  =  jBin  2$  *    .."^  >  C»4) 


by  means  of  which  8^  may  be  found.  The  quadrant  Id  which  0,  is 
Bttuated  is  determined  by  the  oondition  that  sin  (to  —  0,)  and  tanjS 
must  have  the  same  eign.  The  value  of  ijf,  will  be  found  from  the 
first  or  the  second  of  equations  (93). 

If  we  denote  by  J  the  ai^ument  of  the  latitude  of  the  disturbed 
body  with  respect  t4)  the  adopted  fundamental  plane,  we  hare 

t».;='"<"-'-\  (96) 


and  the  angle  (  most  be  taken  in  the  same  quadrant  as  w  —  8^, 
Then,  from  the  spherical  triangle  formed  by  the  intersection  of  the 
planes  of  the  ecliptic  and  Instantaneous  orbit  of  the  disturbed  body, 
and  the  fundamental  plane,  with  the  celestial  vault,  we  derive 

coeit8in(K«  — C)  +  Kft  — Si.))=«nH«»Us  — 7.), 

C0Bjic08(K«-C)  +  Ka— ft.))  =  <»8HC08i(i.  +  ,J, 

8in^i8ina(w-C)-i(Sl-0.»  =  8inK8mi(S-%),   "•""^ 
BiniiooB(4C«-0-iCft-SiJ)=«»sKsinUs  +  '!^. 

These  equations  will  furnish  the  values  of  i,  u  —  f,  and  (2  —  Qg,  and 
hence,  since  ^  and  Si^  are  given,  those  of  £1  and  u.  The  value  of  v 
having  been  already  found,  we  have,  finally, 


and  the  elements  are  completely  determined.  These  elements  will 
be  referred  to  the  ecliptic  and  mean  equinox  to  which  {},  and  i^  are 
referred,  and  they  may  I>e'  rednced  to  the  equinox  and  ecliptic  of  any 
other  date  by  means  of  the  formuJte  which  have  already  been  given. 

The  elements  of  the  instantaneous  orbit  of  the  disturl>ed  body  may 
also  be  determined  by  first  computing  the  values  of  x„,  y,„  x,„  in 
referenoe  to  the  fundamental  plane  to  which  Q  and  t  are  to  be  re- 

,  dx„  dy„  dt„ 
~^'  'di'  dT 

by  means  of  (85)  and  (84),  and  then  determining  the  elements  from 
the  co-ordinates  and  velocities,  as  already  explained. 

It  should  be  observed  that  when  the  factor  a>*,  or  the  square  of  the 
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adopted  interval,  is  introduced  into  the  ezpree^ons  for  the  forces  id 
difierential  coefficients,  the  first  integralB  will  be 

d9r  d)vi  dt 

"  dt'  "~dt'  "W 

and  that  when  these  quantities  are  expressed  in  seconds  of  arc,  tber 
moet  be  converted  into  their  valaes  in  parts  of  the  unit  of  spta 
whenever  they  are  to  be  combined  with  qnantities  which  are  not  ex- 
pressed in  seconds.  In  other  words,  the  homogeneity  of  the  sevenl 
terms  must  be  carefully  attended  to  in  the  actual  application  of  At 
fbrmulee. 

When  the  elements  which  correspond  to  given  values  of  the  per- 
turbations have  been  determined,  if  we  compute  the  heliocentne 
longitude  and  latitude  of  t^e  body  for  the  iustant  to  which  the  ele 
ments  belong,  the  reealts  should  agree  with  those  obtained  by  am- 
puting  the  heliocentric  plaoe  from  the  fondamraital  oscalatin^  de- 
ments and  adding  the  perturbations. 

177.  The  computation  of  the  indirect  terms  when  the  pertorfas- 
tions  of  the  coordinates  r,  v>,  and  z  are  determined,  is  eflTected  with 
greater  fecility  than  in  the  case  of  the  rectangular  co-ordinate, 
although  the  final  results  are  not  so  convenient  for  the  catcalation  of 
an  ephemeris  for  the  comparison  of  observations.  This  indirect  cal- 
culation, which,  when  the  perturbations  of  any  system  of  three  co- 
ordinates are  to  be  oon^pi''^;  cannot  in  any  case  be  avoided  without 
impairing  the  accuracy  of  the  results,  may  be  iurther  simplified  hy 
determining,  in  a  peculiar  form,  the  perturbations  of  the  mean 
anomaly,  the  radius-vector,  and  the  co-ordinate  z  perpendicalar  to  the 
fundamental  plane  adopted. 

Let  the  motion  of  the  disturbed  body  be,  at  each  instant,  refened 
to  the  plane  of  its  instantaneous  orbit;  then  we  shall  have  ^  =  0, 
and  the  equations  (51)  and  (54)  become 

dV       _dv?  .    fd  +  m)  _„  '■"'J 

_„r-^+ ^ -■*• 

in  which  R  denotes  the  component  of  the  disturbing  ibroe  m  the 
direction  of  the  disturbed  radius-vector,  and  8  the  component  in  tltc 
plane  of  the  disturbed  orbit  and  perpendicular  to  the  disturbed  ndius- 
vector,  being  positive  in  the  direction  of  the  motion.     The  eftct  of 
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the  components  R  and  iS  is  to  vary  the  form  of  the  orbit  and  the 
angular  distance  of  the  perihelion  from  the  node.  If  we  denote  by 
Z  the  component  of  the  disturbing  force  perpendicular  to  the  plane 
of  the  instantaneous  orbit,  the  effect  of  this  will  be  to  change  the 
position  of  the  plane  of  the  orbit,  and  hence  to  vary  the  elements 
which  depend  on  the  position  of  this  plane. 

Xjet  us  take  a  fixed  line  in  the  plane  of  the  instantaneons  orbit, 
Bod  suppose  it  to  be  directed  from  the  centre  of  the  sun  to  a  point 
^vhoee  angular  distance  back  from  the  place  of  the  ascending  node  is 
tr,  and  let  the  value  of  tr  be  so  taken  that,  so  long  as  the  position  of 
the  plane  of  the  orbit  ia  unchanged,  we  shall  have 


The  line  thus  taken  in  the  plane  of  the  orbit  may  be  r^arded  as 
fixed  daring  all  changes  in  the  position  of  this  plane.  Let  x  denote 
the  angle  between  this  fixed  line  and  the  semi-transverse  axis;  then 
will 

;?  =  "•  +  '.  (98) 

and  when  the  position  of  the  plane  of  the  orbit  is  unchanged,  we  have 


But  if,  on  account  of  the  action  of  the  component  Z,  the  powtion  of 
the  plane  of  the  orbit  is  changed,  we  have,  according  to  the  equations 
(72)j,  the  relations 

d*  =coeida, 

doi=dx  —  coa%dSi,  (99) 

d^  =dz  +  (.l  —  a»{)da  =dx  +  2nn^idSi- 

We  have,  farther, 

u  =  v  +  z  —  <',  (100") 

V  being  the  true  anomaly  in  the  instantaneous  orbit. 

The  two  components  of  the  disturbing  force  which  act  in  the  plane 
of  the  disturbed  orbit  will  only  vary  ^  ^^"^  ^^  elements  which  deter- 
mine the  dimensions  of  the  conic  section.  We  have,  therefore,  lu  the 
case  of  the  osculating  elements,  for  the  instant  ^ 

j.,  =  -,-|-SJ,  =  V 

Let  us  now  suppose  i  to  denote  the  true  longitude  in  the  orbit,  w> 
ftatwe  have 
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then,  wnce  ^  is  equal  to  ti  when  the  position  of  the  plane  of  the  orbit 
is  Hnchanged,  it  follows  that  a  —  Q  represents  the  variation  of  the 
true  longitude  in  the  orbit  arising  irom  the  action  of  the  component 
Z^of  the  disturhing  force.  The  elements  may  refer  to  the  ecliptio  or 
the  equator,  or  to  any  other  fundamental  plane  which  may  be  adopted. 

178.  Fortihe  instant  tvre  have,  in  the  case  of  the  disturbed  motion, 
the  following  relations: — 

E  —  eaiaE  =  M+f(t~t^X 

rcoa«  =  acoa.E— gg,  ,j™ 

r8ini'  =  aV'l  — (?BinJB,  ^ 

i=v-\-x-i''-ii). 

Let  MS  first  consider  only  the  perturbations  arising  from  the  action  of 
the  two  oomponenta  of  the  disturbing  force  in  the  plane  of  the  di»- 
turbed  orbit,  and  let  us  put 

i,  =  v+z.  (lOS) 

Further,  let  3f,  +  fi^it  ~  0  +  ^^  ^  *^^  mean  anomaly  which,  by 
means  of  a  system  of  equations  identical  in  form  with  the  preceding, 
but  in  which  the  values  of  a„,  e^,  Xa  &i^  ^i^  instead  of  the  instanta- 
neous values  a,  e,  and  Xi  gives  the  same  longitude  Ji„  so  that  we  have 

£,  —  e,  sin  £,  =  if,  +  ft,  (( —  U  +  9M, 

r,  coer,  =  a.coB£,  — v^ 

r,  sin  c,  ^  a^X  —  tj  sin  E, 
^-  =  ".  +  Z.  =  "f  +  "o- 
I^  therfifbre,  we  determine  the  value  of  iMeo  as  to  satisfy  the  ooq- 
dition  that  >l,  =t)  +  );,  the  disturbed  value  of  the  true  longitude  in 
the  orbit,  neglecting  the  effect  of  the  component  Zof  the  distarbing 
foroe,  will  be  known.  The  value  of  r,  will  generally  differ  from  that 
of  the  disturbed  radius-vector  r,  and  hence  it  becomes  necessary  to 
introduce  another  variable  in  order  to  consider  completely  the  effect 
of  the  components  R  and  8.     Thus,  we  may  put 

r=r,a  +  v)/'"  (105) 

and  V  will  always  be  a  very  small  quantity.  When  8M  and  v  have 
been  found,  the  effect  of  the  disturbing  force  perpendionhir  to  the 
plane  of  the  instantaneous  orbit  may  be  considered,  and  thus  the 
nomptete  perturbations  will  be  obtained. 
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In  the  equ&tions  (97),  ^-^  eipreaaes  the  areal  velocity  iu  the  ia- 

BtantaneoiiB  orbit,  and  it  is  evident  that,  since  the  true  anomaly  is  not 
affected  by  the  ibroe  Z  perpeadicular  to  the  plane  nt  the  actual  orbit^ 

become 

<er      Jdv.y     f(l+m)  _  ''"'•' 

179.  If  we  differentiate  each  of  the  equations  (104)>  we  get 
a-^e<««-5j-=^  +  -jp 

*                   *  *  (107) 

.       dr,   ,  dv,         .,, r       _■(£,  ^ 

•"•■ -S" +  '■""■ -S- =  vi-^  «" -^^  IT' 

dl        dt' 
From  tile  second  and  the  third  of  these  Eqnations  we  easily  derive 


r, -jf  =  Co,Vl  —  fl^'r,  Sinn,  cos  jE,  — v,  coav,  sin£,) 


*■ 


Snbstitnting  in  tliis  the  Tallies  of  r,  sin  v„  r,  ooe  r„  and  --jp  and  le- 
dnoing,  we  get 

*.        ,     .    _(      ,  dlM\ 

or 

From  the  name  eqaatioos,  eliminating  -^,  we  grt 

r,' -^  =  (<i,l/l  —  (^'r,  COSH,  cos  ^  +  (V,  Binti,flin£,)-g', 
which  reduces  to 

-l.^V  M0») 
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Combining  thin  with  the  first  of  equations  (106),  we  get 

from  which  Slfmay  be  found  as  soon  as  v  is  known. 
The  equation  (106)  givea 


(111) 


Dififerentiating    equation    (108)   uid  eubstitating  fin-  -^  its  valae 
already  found,  we  obtain 

d^,  _I?(,l+m)e^coBv,l         1    diMy     AVT+we,ainp,     JJJf 
dP~  r,'  ['^^'dtj'^  li~i^^  dC* 

and  the  last  of  the  preceding  equations  becomes 

d'r         dV    ,  e(l+m)e,cosv,„    ,    .  /,    ,    1    dSMV 

rfp='-'^+ ;i ^^  +  ^M^+;;-"3r) 

The  equation  (110)  gives 

1    JW,        2         A    ,        2         *^  1  f.  J, 

_     1 a- 

•  (i+')''ti/p,a+iii)' 

whicli  is  easily  redaced  to 
ftod  henoe  we  derive 
The  eqnatioD  (109)  gives 
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this  becomes 


(118) 


Oombining  equations  (112)  and  (113)  with  the  seoond  of  eqnadona 
(106),  we  get 

<ft    i  +  »„  ,  f(i  +  .»)(i  +  >y/.  ,  1  dai\' 

^.m.  f(l+i.)(l+.)  '■"'' 

P.  <" 

From  (110)  we  derive 

Ul/y.(l  +  ro)-'  / 

and  the  preceding  equation  liecomes 

which  ia  the  complete  ezpreBsion  &r  the  determination  of  v, 

180.  It  remains  now  t4)  consider  the  effect  of  the  component  of  the 
disturbing  force  which  is  perpendicular  to  the  plane  of  the  disturbed 
ort>it  Let  x„  y„  z,  denote  the  oo-ordinstes  of  the  bodj  referred  to 
the  fundamental  plane  to  which  the  elements  belong,  and  x,  y  the 
co-ordinates  in  the  plane  of  the  instantaneous  orbit.  Further,  let  a 
denote  the  cosine  of  the  angle  which  the  axis  of  x  makes  with  that 
of  ls'„  and  ^  the  cosine  of  the  angle  which  the  axis  of  jr  makes  with 
that  of  ^,'  and  we  shall  have 

«,  =  «  +  ft/.  (116) 

If  the  position  of  the  plane  of  the  orbit  remained  oaohanged,  these 
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cosioea  a  and  ^  would  be  constant;  but  on  account  of  the  action  of 
the  force  perpendicular  to  the  plane  of  the  orbit,  these  quantities  are 
functions  of  the  time.  Now,  the  co-ordinate  2,  is  subject  to  two  dis- 
tinct variations:  if  the  elements  remain  constant,  it  varies  with  the 
time;  and,  in  the  case  of  the  disturbed  orbit,  it  is  also  subject  to  a 
variation  arising  &om  the  change  of  the  elements  themselves.  Wf 
shall,  therefore,  have 

in  which  I  -^ )  expresses  the  velocity  resulting  from  the  constant 

elements,  and  I  -~  I  that  part  of  the  actual  velocity  which  is  due 

to  the  change  of  the  elements  by  the  action  of  the  disturbing  force. 
But  during  the  element  of  time  dt  the  elements  may  be  regarded  as 

coostant,  and  hence  the  velocity  -j^  in  a  direction  parallel  to  the 
axis  of  z,  may  be  regarded  as  constant  during  the  same  time,  and  as 
receiving  an  increment  only  at  the  end  of  this  instant.  Henoe  we 
shall  have 

Differentiating  equation  (116),  re^rding  a  and  j8  as  constant,  ve 
get 

and  differentiating  the  same  equation,  regarding  x  and  y  as  constant, 
we  get 

Differentiating  equation  (117),  regarding  all  the  quantities  involved 
as  variable,  the  result  is 

<Pi, d«    ^ 

W~  dt'  dt'^'di"^' 

Now,  we  have 

Z.  =  ^X+  fiY+  ZcoBt,  (120) 

in  which  Z,  denotes  the  component  of  the  disturbing  force  parallel 
to  the  axis  of  z„  and  i  the  inclination  of  the  instantaneous  oiHt  to 
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the  fandamental  plane.    Substituting  for  Xand  K  their  values  given 
by  the  equations  (1),  and  redncing  by  means  of  (116),  vi^  obtain 

Oomparing  this  with  (119),  there  results 

da    dx   ,   dp    dy       „       .  ,.«.v 


TK1,  The  equation  (120)  gives 

^«,  +  Zoost  +  .X+  (97.  C122J 


(ft,_      P(l  +  m). 

de~ 


The  component  of  the  diaturbing  force  perpendicalar  to  the  plane  of 
the  disturbed  orbit  does  not  affect  the  radius-vector  r ;  and  heno^ 
when  we  n^lect  the  effect  of  this  component,  and  consider  only  the 
components  R  and  B  which  act  in  the  plane  of  the  orbit,  we  have 


C123) 


in  which  z^  denotes  the  value  of  z,  obtained  when  we  put  Z^O. 
Let  us  now  denote  by  3z,  that  part  of  the  change  in  the  value  of  z, 
which  arises  from  the  action  of  the  force  perpendicuUr  to  the  plane 
of  the  disturbed  orbit,  so  that  we  shall  have 

»,  =  «,  +  &„  ,  =  i^  +  ^,  fi  =  p,  +  ifi. 

Substituting  these  in  equation  (122)  and  then  subtracting  equation 
(123)  from  the  result,  we  get 

^  ^  _^a+_^  g^_^_  2  cmi  +  X»a+ rap.  (124) 

The  equations  (116)  and  (117)  give 

.    .     >«  dJjt,      dx  ,    ,   dy  .. 

If  we  eliminate  d^  between  these  equations,  there  results 
.   I    dy         dx\      dy  .  dSt, 
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uid  BiDoe  the  &ctor  of  to  in  this  eqiutioD  is  doable  the  ami  Tdodlr 
in  the  diatorbed  orbit,  we  have 

EliminatiDg  Jkt  firom  the  same  equatioiis,  we  obtun,  in  a  nmik 
Sabstitating  these  values  in  equation  (124),  it  becomes 

dv,,_     *■('  +  ■»),,  I  ^^„i 

If  we  introdace  the  components  R  and  8  of  the  disturbing  fone,  n 
have 

X=B-—SK  Y=S^  +  8-, 

r         r  T  r 

and  benoa 

Yx     —Xy     =8r. 
Therefore  the  eqoation  (127)  becomes 


wliioh,  by  means  of  the  equations  (108)  and  (109),  gives 

dr         e,8int>,     -de,   ,       dv       kl/p(l+m)       .        ,      * 

Sabetitnting  this  value  in  the  eqnatioo  (128),  we  obtain 
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^&,+Zco.i  +  (^- 

1     * 

/d&,          J.,       A 

lir-rT".-^ 

C128) 


vhii^  is  the  complete  expressloD  for  the  determioatioD  of  Sz^ 

1^  The  equations  (110),  (115),  and  (129)  determine  the  complete 
perturbations  of  the  disturbed  body.  The  value  of  v  must  first  be 
^bt^ned  by  an  indirect  process  from  the  equation  (115),  and  then  SM 
is  given  directly  by  means  of  (110).  The  value  of  St  will  also  b* 
•letermined  by  an  indirect  process  by  means  of  (129). 
^  -  VIn  order  to  obtain  the  expressions  for  the  forces  B,,  8,  and  Z,  let  u 
denote  the  longitude  of  the  disturbed  body  measured  in  the  plane  of 
the  instantaneouB  orbit  from  its  ascending  node  on  the  fundamental 
plane  to  which  Q  and  i  are  referred,  it  being  the  argument  of  the 
latitude  in  the  case  of  the  disturbed  motion.  Let  w'  denote  the  lon- 
gitude of  the  disturbing  body  measured  from  the  same  origin  and  in 
the  plane  of  the  orbit  of  the  disturbed  body,  and  let  ^'  denote  ita 
latitude  in  referenoe  to  this  plane.  Finally,  let  N,  N',  I,  and  u^' 
have  the  same  signification  in  reference  to  the  plane  of  the  instenta- 
aeous  orbit  that  they  have  in  reference  to  the  plane  of  the  undisturbed 
orbit  in  the  case  of  the  equations  (66).     Then  we  shall  have 

sin  iJsin i C-W+ Jf')  =  ain  1  (ft' -  O)  sia  ^C*  +  *), 
8iniJ«»KJ'"+Jf')  =  cosKft'-ft)ainiCt'-0.        ,,„., 
co8iJ8in^(Jf-iff')=8ini(ft'-ft)<!osJC»'  +  »'),        '■^""^ 
COS  i  JcoB  J  ( JV  -  if ')  =  COS  i  ( ft '  -  ft  )  cos  J  (»' -  *), 
from  which  to  determine  N,  N',  and  /.    We  have,  also, 

<  =  «'  — ^', 
tan  Cw*  —  A^)  =  tan  u,'  cos  J,  (ISl) 

tan  ^  =  tan  Jsin  {«'  —  N), 

from  which  to  find  w'  and  ^,  u'  being  the  argument  of  the  latitude 
of  the  disturbing  body  in  reference  to  the  plane  to  which  Q  and  t 
are  referred. 

Since,  when  the  motion  of  the  disturbed  body  is  referred  to  the 
plane  of  its  instantaneoos  orbit^  j^  =  0,  the  equations  (71),  (72),  and 
(73)  beeome 

S  =  m'}^U/cM^CMiv/  —  v,)  —  ^\, 

8  =  m'fA  /  COS  i?  sin  («/  —  w),  ^^*^' 

Z=m'ifit'sia^, 
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by  means  of  which  the  required  components  of  the  distarbing  fi>rc» 
may  be  found,  the  value  of  h  being  given  by 


To  find  p,  we  have 

^  =  Trt  +  r'  — 2jVcoBi?coBCw'  — w),  (133) 

or,  putting 

coe  r  ^  COB  ^  COS  (vf  —  w), 
the  equations 

/>  am  n  ^  r*  sin  ;■, 
pcoan^r  —  /coaj-. 


(134) 


The  values  of  r"  and  u'  for  the  actual  places  of  the  disturbing 
body  will  be  given  by  the  tables  of  its  motion,  and  the  actual  values 
of  Si'  and  t'  will  also  be  obtained  by  means  of  the  tables.  The  de- 
termination of  the  actual  values  of  r  and  w  requires  that  the  pertur^ 
bations  shall  be  known.  Thus,  when  SM  and  f  have  been  found, 
we  compute,  by  means  of  the  mean  anomaly  Jf,  +  fi^(t  —  Q'\~  8if 
and  tbe  elements  a„  e^,  the  valnes  of  v,  and  r^  Then,  since 
«  +  j;  =  »,  +  w„  we  have,  according  to  (100), 

tt  =  tt,  +  7r,  — tf.  (136) 

We  have,  also, 

r  =  a  +  .)r,. 

Tn  the  case  of  the  fundamental  osculating  elements,  we  have 


which  may  be  used  as  an  approximate  value  of  a;  but  the  oompletf* 
determination  of  w  requires  that  *f  =  Sia-\-  8tf  shall  also  be  deter- 
mined. The  exact  determination  of  the  forces  also  requires  that  the 
actual  values  of  £i  and  i  as  well  as  those  of  Si'  and  t',  shall  be  used 
in  the  determiuation  of  N,  N',  and  /  for  each  instant.  When  tbeee 
have  been  found,  it  will  be  suIBcient  to  compute  the  actual  values  of 
N,  N',  and  /at  intervals  during  the  entire  period  for  which  the  per- 
turbations are  required,  and  to  interpolate  their  values  for  the  intei> 
mediate  dates.  The  variations  of  these  quantities  arising  from  the 
variations  of  Q,  i,  Si',  and  i'  may  also  be  determined  by  means  of 
difTerential  formulte.  Thus,  from  the  differential  relations  of  tha 
parts  of  the  spherical  triangle  from  which  the  equations  (130)  aie 
derived,  we  easily  find 
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sm  1  ain  /  Sin  i 

dl   =coaJV'dt'  — cosJVdi  +  sinisinJVdCft'  — (i). 

When  i  and  /are  very  small,  it  will  be  better  to  use 

sin* sinJT  aiiii'  sinJV  nvf^ 


in  finding  the  numerical  values  of  these  coefficieats.  By  means  of 
these  formulffi  we  may  derive  the  values  of  iN,  SN',  and  81  corre- 
sponding to  given  values  of  8q,  di,  8Si',  and  8i'.  The  formuln 
by  means  of  which  da,  HR,  and  Si  may  be  obtained  directly,  will  be 
presently  considered. 

The  results  for  dN,  3N',  and  91  being  applied  to  the  quantities  to 
which  they  belong,  we  may  compute  the  actual  values  of  w'  and  j9'. 
The  value  of  r  will  be  found  from  the  given  value  of  v,  and  that  of 
us  will  be  given  by  means  of  equation  (135).  Then,  by  means  of 
the  formulra  (132),  the  forces  R,  S,  and  Z  will  be  obtained.  The 
perturbations  will  first  be  computed  in  reference  only  to  terms  de- 
pending on  the  first  power  of  the  disturbing  force,  and,  whenever  it 
becomes  necessary  to  consider  the  terms  of  the  second  order,  the 
results  already  obtained  will  enable  us  to  estimate  the  values  of  the 
perturbations  for  two  or  more  intervals  in  advance  with  sufficient 
accuracy  for  the  determination  of  the  three  required  components  of 
the  disturbing  force;  and  when  there  are  two  or  more  disturbing 
bodies  to  be  considered,  the  forces  for  each  of  these  may  be  computed 
at  once,  and  the  values  of  each  component  for  the  several  disturbing 
bodies  may  be  united  into  a  Bingle  sum,  thus  using  SR,  £S,  and  HZ 
in  place  of  R,  S,  and  Z  respectively.  The  approximate  values  of  the 
perturbations  will  also  &cilitate  the  indirect  calculation  in  the  deter- 
mination of  the  complete  values  of  the  required  differential  coeffi- 
cients. 

-t83.  When  only  the  perturbations  due  to  the  first  power  of  the 
disturbing  force  are  required,  the  osculating  elements  Si^  and  i^  will 
be  used  in  finding  N,  N',  and  /,  and  r„  to,  will  be  used  instead  of  r 
and  v>  in  the  calculation  of  the  values  of  R,  S,  and  Z.  The  equations 
for  the  determination  of  the  perturbations  dSf,  v,  and  8z„  neglecting 
terms  of  the  secoiti  order,  are,  according  to  the  equations  (110), 
(115),  and  (129),  the  following:— 
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The  value  of  v  Ls  first  found  by  integration  from  the  results  given 
hy  the  second  of  these  equations,  and  then  iM  la  found  from  the  first 
equation.  Finally,  9z,  is  found  by  means  of  the  last  equaUon.  The 
integrals  are  in  each  oase  equal  to  zero  for  the  dates  to  whidi  th« 
fundamental  osculating  elements  belong,  and  the  process  of  intc^ra" 
tion  is  analogous,  io  all  respects,  to  that  already  illustrated  in  the 
case  of  the  variation  of  the  rectangular  co-ordinates.  It  will  be  ob- 
served,  however,  that  the  expression  for  -^  involves  only  ooe  indi- 
rect term,  the  coefBcient  of  which  is  small,  and  the  same  is  true  in 
the  case  of  -JS''  while  -^  is  given  directly.  When  the  perturba- 
tions have  been  found  for  a  few  dates,  the  values  for  the  following 
date  can  be  estimated  so  closely  that  a  repetition  of  the  calculation 
will  rarely  or  never  be  required ;  and  the  actual  value  of  r  may  be 
used  inst^d  of  the  approxtmata  value  r,  in  these  expressions  for  the 
differential  coefficients.  Keglecting  t«rma  of  the  second  order,  we 
have 

logr  =  logr,  +  V. 

wherein  it,  denotes  the  modulus  of  the  system  of  logarithms.  We 
may  also  use  v,  instead  of  v^;  but  in  this  case,  since  r,  and  v,  depend 
on  iM,  only  the  quantities  required  for  two  or  three  plaoea  may  be 
computed  in  advance  of  the  integration. 

A  comparison  of  the  equations  (138)  with  the  complete  equations 
(110),  (116),  and  (129)  shows  that,  if  the  values  of  ^'  and  w'  are 
known  to  a  sufGcient  degree  of  approximation,  we  may,  with  very 
little  additional  labor,  consider  the  terms  depending  on  the  squarea 
and  higher  powers  of  the  masses.  It  will,  however,  appear  from 
what  follows,  that  when  we  consider  the  perturbations  due  to  the 
higher  powers  of  the  disturbing  forces,  the  consideration  of  the  effect 
of  the  variation  of  2,  in  the  determination  of  the  heliocentric  place 
of  the  dbtorbed  body,  becomes  much  more  difficult  than  when  the 
terms  of  the  second  order  are  neglected;  and  hence  it  will  be  found 
advisable  to  determine  new  osculating  elements  whenever  the  eon- 
eideration  of  these  terms  becomes  troublesome. 
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The  results  may  he  conveDientlj'  expressed  in  seconds  of  arc,  and 
afterwards  v  and  8z,  may  be  converted  into  their  values  expressed  in 
unite  of  the  seventh  decimal  place,  or,  giving  proper  attention  to  the 
homogeneity  of  the  several  terms  of  the  equations,  in  the  nQmerical 
operations,  dM  may  be  expressed  in  seconds  of  arc,  while  v  and  iz, 
are  obtained  directly  in  units  of  the  seventh  decimal  place.  It  will 
be  advisable,  also,  to  introduce  the  interval  a>  into  the  formule  in 
such  a  manner  that  this  quantity  may  be  omitted  in  the  case  of  the 
formuhe  of  integration. 

184.  In  the  case  of  orbits  of  ^"eat  eccentricity,  the  mean  anomaly 
und  the  mean  daily  motion  cannot  be  conveniently  used  in  the  nu- 
merical application  of  the  formulie.  Instead  of  these  we  must 
employ  the  time  of  perihelion  pass^e  and  the  elements  q  and  e. 
Thus,  let  Tg  be  the  time  of  perihelion  passage  for  the  osculating  ele- 
ments for  the  date  ^,  and  let  T^  -f*  9T  be  the  time  of  perihelion  pas- 
sage to  be  used  in  the  formulre  in  the  place  of  7),  and  in  connection 
with  the  elements  q^  and  f^  in  the  determination  of  the  valaes  of  r, 
find  v„  so  that  we  have 

In  the  case  of  parabolic  motion  we  have,  neglecting  the  mass  of  the 
disturbed  body, 

(139) 


the  solution  of  which  to  find  v,  is  effected  by  means  of  Table  VI.  as 
already  explained.     To  find  r„  we  have 

r,  =  5„  setf  ic,. 

For  the  other  cases  in  which  the  elements  M^  and  fi^  cannot  be  em- 
ployed, the  solution  must  be  effected  by  means  of  Table  IX.  or  Table 
X.     Thus,  when  Table  IX.  is  used,  we  compute  M  from 

jf=(i-ci;-H^r))4-s/4^. 

3.*  ^ 

wherein  log  4^  =  9.9601277,  and  with  this  as  the  ailment  we  derive 
from  Table  VI.  the  corresponding  value  of  V.     Then,  having  foond 

*  = .  -  °.  by  means  of  Table  IX.  we  derive  the  ooefficienta  required 
in  die  equation 

v,  =  V+A  (lOOt)  +  B  (lOOt)'  +  0(1000'.  (140) 
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from  which  r,  will  be  detenained.     Finally,  r,  will  be  found  from 

l  +  iV'^W". 

When  Tubie  X.  is  used,  we  proceed  as  explained  in  Art.  41,  ming 
the  elements  T=  T^  +  dT,  q^,  and  Cj,  and  thua  we  obtain  the  reqnired 
values  of  V,  and  r,. 

It  is  evident,  therefore,  that,  for  the  determination  of  the  pertur- 
bations, only  the  formula  for  finding  the  value  of  dJf  requires  modi- 
fication in  the  caae  of  orbits  of  great  eccentricity,  and  thiB  modificfrr 
tion  is  easily  efilected.     The  expression 

M,  +  /»,(.t~i,)  +  m=M, 
gives 

lUit, -  t;)  +  f^{t - 1,)  + ait  =p,(t-{T, +  »!•)). 
or,  simply, 

dM=  —  ii,ST, 

and  the  equation  (110)  becomes 

by  means  of  which  the  value  9T  required  in  the  solution  of  the  eqmt- 
tions  for  r,  and  v,  may  be  found. 

If  we  denote  by  t,  the  time  for  which  the  true  anomaly  and  the 
radius-vector  computed  by  means  of  the  fundamental  osculating  el^ 
ments  have  the  values  which  have  been  designated  by  v,  and  r„  ro- 
spectively,  we  have 


lM=fi,{t,  —  t),  1  + 

and  the  equation  (110)  becomes 

dt,  _      1  1_ 


1    diM 


'  dt' 


fSrdi,  (148J 


~a+'')'^(i+'')*  kVp,a+m) 

or,  putting  t,  =  t  +  fit, 

^  =  /-r-T-^i-l  +  7i-l--^i^      ;    ^  fSrdt.       (144) 

If  we  determine  dt  by  means  of  this  equation,  the  values  of  the 
radius-vector  and  true  anomaly  will  be  found  for  the  time  t+^ 
instead  of  t,  according  to  the  methods  for  the  difierent  conic  sections. 
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using  the  fuDdameotal  osculating  elements.  The  results  thus  obtained 
are  tiie  required  values  of  r,  and  v,  respectively. 

185.  When  the  values  of  the  perturbations  v,  9z„  and  3M,  3T,  or 
dt  have  been  determined,  it  remains  to  find  the  place  of  the  disturbed 
body.     The  heliocentrio  longitude  and  latitude  will  be  given  by 

cosftcosC/  — ft)=C08(-l  — (J), 
cos  6  sin  (/ —  (J  )  =  sin  (i  —  n  )  coa  ^ 
sinS  ^sin(<l  —  £i)ain^ 

or,  since  X  =  X,  —  a+Q, 

coabcoa(l —  JJ)  ^coaCi,  —  *), 

cosisinC?—  ft)=:8in{J,  —a)cosi,  (145) 

ein  b  :^  gin  (i,  —  ir)  sin  i, 

ID  which  i,  =  v,  +  ir^  If  we  multiply  the  first  of  these  equations 
by  cos  (£2  — A),  and  the  second  by  — 8in(fl  — A),  in  which  h  may 
have  any  value  whatever,  and  add  the  results ;  then  multiply  the  first 
by  (sin  Si  —  A),  and  the  second  by  coe  (ft  —  A),  and  add,  we  get 

coa6  cosC?— A)=cob(^, — a)  cosCJJ— A)— sinO,— ff)8in  (JJ — A)cos(, 
cos  b  sin  (I — A)=C08  (i,— ")  sin  (d  — A)+8in  {i, — <r)  eosCSJ — ^A)co«  t, 
sin  6  ^=Bin(i, — 'r)8ini. 

But,  since  i,  —  it  =  {^, —  flu)  —  (a — SJo),  these  equations  may  be 
written 

cos  6  cos  (^  —  A) 

=co8a— J1,)(cob(*— Jl,)cos(Jl~A)+ain  (tf— (J,)8in  (ft— A)co8i) 
+9in(-l,— (Jj)(sin(*— JJ,)oob((J— A)— cos(ff— JJ,)Bin(f!— A)co8i), 

cosftMnC/  — A)  (146) 

=co8a,— n.)(co8Ctf-QJain(a— A)-sin(<r— EJo)cobCR— A)cobt') 
+8in  (:J  — (l,)(Bin  (tf— Jl,)Bin(JJ— A)+co8(*— ft,)cosCfl— A)co84 

sinA=sin(i, — Ji,)co8('» — Si,)Bint — cos(^— Jjjsin  {<r — Qj  sin  »'. 

Let  ua  now  conceive  a  spherical  triangle  to  be  formed,  of  which  two 
of  the  sides  are  ff  —  Cl^  and  £1  —  A,  respectively,  and  let  the  angle 
included  by  these  sides  be  i.  Since  A  is  entirely  arbitrary,  we  may 
assign  to  it  a  value  such  that  the  other  angle  adjacent  to  the  side 
ff —  Oo  will  be  equal  to  t^.  liet  the  third  side  be  designated  by 
A, —  SJo,  and  the  angle  opposite  to  a —  fto  by  7'.  The  auxiliary 
triaugle  thus  formed  gives  the  following  relations:— 
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W)8(V-(i.)=c«(*~il.)«»CQ— A)+Bin(*— 0.)8in((l— A)cos^ 
ein  (ft,— SJ,)8ini;==sm  (JJ— A)  sin  t,  (147) 

8m(A,— JJ,)c(wi,=Bin(<f— Jl,)cos(JJ— A)— C08(<f— Q,)8in(ft— A)coei, 
rin(Ao— 0,)<!Os))'=cob(»— Sl,)Bin(S3— A)— flinCir— JJ,)co8CSi— A)coe», 
ComblniDg  these  with  the  preceding  equationa,  we  easily  derive 

cobJcosCI— A)=<!os(i,— Si,)oo8(A,— JJ,)+ainC^,— J3,)8iQ(A,— Jl^)cost^ 
f.oabB'.n(l — A)^8inC.l, — £J«)cos(A, — £2*)  cost, — cos(^, — £2«)8in(A, — JJ,) 
+<mii-  R.)  sin  (A,- fl.)  (1  +008,')  (148) 

+Bin(J,-Q.)((coB*-co8i,)cM(A.-«.)+sin('-R.)3inrn-A)Bin'i), 
Mn6;^m^Biii(i,— fi,)+(cos(ff— Ji,)Bini— sint|,)Hin(:J,— SJ,) 
—  COS  (^,— (i,)  sin  (* —  JJ^  sin  i. 

Since  the  action  of  the  oompoDent  of  the  disturbing  force  perpen- 
dioolar  to  the  plane  of  the  disturbed  orbit  does  not  change  the  radiuS' 
vector,  we  have 

rainA  =  rflint,sin(i,--JJo)  +  a*,, 

aod  hence  the  last  of  these  equations  gives 

y  =Mn(J,  —  (J,)(coa(tf  —  a,)mn»  — sini,) 

—COS  (i,  —  SJ,)  sin  iff  —  JJ,)  ein  i. 
From  the  relation  of  the  parts  of  the  auxiliary  spherical  triangle,  we 
have 

Bin  t  sin  (tf  —  £J,)  =  sin  ij'  sin  (A^  —  JJ,), 

sintco8(tf —  (i,)  =  8inij'cos(A,  —  £J()cos«|,  +  cos^unv 

Therefore, 

-^  =  Hn(i,—  JJo)(cosj;cos(A,~-  ft,)sinV  — sini:o(l— cosV)).   «kq^ 

—  coaC^,— JJ,)sin(A,— JJ,)8iny, 
and 

— ^-i ,=Bin(i,— Jl,)(coBiico8(A, — (l«)Cl-f-eo8i)') — ein  i^  sin  9') 

r     1  —  cos^  . 

-C03(i-£l.)sin(A,-a.)Cl  +  C08,').       ^      ^ 

"We  have,  further,  from  the  auxiliary  gpherioal  triangl^ 

COB  i  =  sin  ^  ain  ig'  cos  (A«  —  JJ,)  —  cos  ^  cofl  V, 

from  which  we  get 

COB*  —  co8^  =  siQ^cos(A« —  Q«)«nij'  —  cob^(1  -)-coa<). 

We  have,  also, 

Bin(* —  £},)Bini=Bin)!'ein(A« — (1,), 
Bin(£2  — A)Bin»=:sin^Bin(A| — (2*), 
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sinC* —  (i«)Biii({i  — A)  Bin' t  =  sin' (A* —  £iO>uii>vsi[>'?'* 
Seace  we  derive 
CcoBi — cos i^)  cos  (A, — £2,)-|-eia(if— Si()«n(£}— A)fim*f=«iiitiemi}' 

—  (l+C08V)C08i,CO8CA,~Q,). 

OombiDing  this  and  the  equation  (151)  with  the  equationa  (148),  we 
obtain 

coB6co8(f— A)=cob(A,— Jl,)coB{fio— n,)+8iii(i,— JJ,)8in(A«— £l»)cosi;, 
coe  i  ein  (i— A)=an  C-l*— Si«)  COB  (A«— Jl  ^  coa  i— COB  (:i,— JJ,)  Bin  (ft,— ftj) 

ain  ff        Si, 
1  —  cobV   ~' 
nn  6  =ein{i, — fi*)siii  %  -\ • 

If  we  multiply  the  first  of  these  equations  by  ooe(h^ —  Q^),  and  tha 
eecond  by  — 8iD(\  —  Qg),  and  add  the  results;  then  multiply  the 
first  by  Bin(Ag —  ^e),and  the  second  bycoe(fto —  £Jo),  and  add,  we  get 

«>86coB(f-R.-CA-A,))=co8(^,-(l,)+8iiiCA.-£l.)j^^-~, 
C08&  Bin  (i-(J,-CA-A,))=Bin  (A,-  ftjcos  t,-ooe(ft,-n^  -^^ 


1 — COB^      T 

sin  6  =BiQ(i,-0.)8ini,+-^.  (162) 

Let  OS  now  put 


y  =  Bin(ff—  fio)sini, 
g'  =  C0B(ff —  Jio)  flint  — 


(153) 


uid  there  results,  from  (149), 

^  =  3'sin(^,-R,)-p'cofl(^,-(iO.  (154) 


(Tompariog  this  with  equation  (150),  we  observe  that 

p'  =  sin  ^ 
g'=Bini 

Therefore,  we  have 


p'  =  Bin  ^'  sin  (A,  —  ft,), 

g'  =  sin  V  COB  {ft,  —  (J,)  cos  ^  —  sin  %  (1  —  coa  V). 


— - — i  Bin  (A,  —  ft,)  =  - — £ J, 

-COflV  1  —  COB?" 


TCoBfA,  — ft,)  =  tan4H ^t,  rt. 

Y         V--        "»/  C0B«,(1  —  COSf)' 
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and,  if  we  put  7^=4  —  h^,  the  equatioQB  (152)  be<v>me 

c<.ioo.((-a.-r)=co.ft-8,)+j-^4,  (,„, 

cmt,m(l-a.-n^mi>,-a,)«>,i^{t^<.+^l^^/_^^.^)^. 

sin  b  ^in  (^, — JJ,)  sin  t^H — '- 

Aa  soon  as  /^,  p',  q',  and  i;'  are  known,  these  equations  will  furnish 
tiie  exact  values  of  I  and  6,  those  of  i,  and  r  heing  found  by  means 
of  the  perturbations  v  and  8M. 

186.  The  value  of  P  may  be  expressed  in  terms  of  p'  and  q'. 
Thus,  if  we  differentiate  the  first  of  equations  (147)  and  reduce  by 
means  of  the  remaining  equations  of  the  same  group,  we  get 

d (A,- a.)  =C08VdCSi -A)  +  coBt,d^  +  8iii^BinC»- Q,)di, 

and  if  we  interchange  JJ  —  A  and  \ —  fio '"  ^^'^  equation,  we  must 
also  interchange  i  and  ^  which  are  the  angles  opposite  to  these  sides, 
respectively,  in  the  auxiliary  spherical  triangle,  8o  that  we  shall  have 

d(ft-fc)  =  coB,'dCA,-fi.)  +  coai(ir, 

ig  being  constant.  Adding  these  equations,  observing  that  Sit,  is  also 
constant,  we  get 

(1— cosV)dCJJ— A+fta)=8in^ain(ff— (l,)dt+(eost+coBO<i*;  (166) 
and  since  dff=:co6id(i,  this  becomes 

(1  —  cos  50  d  (A  —  A.)  =  —  sin  t,Bin  (*  —  ft.)  di 

+  (am't  —  coflij — coe»coss) * 

which,  since 

COaV  — sin  t  sin  1^  cos  (ff—fiO— cos*  COSH.  (157) 

may  be  written 

(1 — coey}')dr= — aini^un((r — $i«)(It-j-tani(Bint — ain^coe('r — Q,))d<r. 

(158) 
The  differentiation  of  the  equations  (163)  gives 

dp' =  sin  (ff  -  n.)  cos  i  di  +  sin  t  COB  (tf  —  a.)  d», 
dg"  ^  ooa  (ir  —  Q  b)  cos  t  dt  —  tin  t  sin  (*  —  U»)  d», 

from  which  we  derive 
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^d^  — p'd^  =  tan'  ida  —  ain  i^  dp' 

=  C0B»( — siii^eiD(<r — Q,)(if-[-taitt(Bini— smi^coB(<r— {},))(}ir), 

CombiiUDg  this  with  equation  (158),  we  get 

coe  i  (1  —  cos  1)')  dr  ^  (fdj/  — p'd(f, 
and  hence 

r=jl^i-J^di,  (159) 

Uie  int^ral  being  equal  to  Eero  for  the  instant  to  whioh  the  funda- 
mental oecnlating  elemente  belong.  It  is  evident  from  the  equatioa<i 
{163}  that  p'  and  q'  are  of  the  order  of  the  first  power  of  the  dis- 
tarbing  forces,  and  hence,  since  t}'  differs  but  little  from  180° — (t+ic)) 
it  follows  that,  so  long  as  i  is  not  very  large,  /"'is  at  least  of  the 
second  order. 

The  last  of  equations  (145)  gives 

s,  =  r  sin  i  sin  J,  cos  T  —  r  sin  t  cos  ^,  sin  a, 
and  since 

a:^rcoBi„  y^rrin-l,, 

this  becomes 

f,  =  —  a:  sin  i  sin  IT  -|-  y  gin  i  cos  If. 

Comparing  this  with  equation  (116),  it  appears  that 

«  =  —  sin  ( sin  IT,  ^  =;:  sin  t  cos  <r,  (160) 

and  henoe,  by  means  of  (153),  we  derive 


P'  =  — •COBft,- 

-/>Bia(J, 

{■--..ma. 

f  ^coBa.- 

Binv 

alio 

*• 

*■         ■    r, 

* 

*  =  - 

COB  S3, 

■■a--'"" 

•V 

f  =  - 

Bio  ft, 

,§  +  00.0 

df 

m  the  equations  (118)  a 

,nd  (121),  observing  tbat 

4- 

=  iv'p{l  + 

iiO, 

derive,  by 

elimination, 

d. 

rBin;l,coat   „ 

dt 

r  COB  i,  cos* 

■s= 

*•?(!  + 

=)■ 

S  =  , 

tVpd+m) 

(lei) 


ogle 


(168) 
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Therefore  we  sliall  have 

dp' _  r  eoe*  gin  (J,  — Q,)„ 

<**  kt/pH  +  m) 

dif rcofltco8(J,  —  R,)  — 

dt  -      il/p(l  +  m)        ' 

oy  means  of  which  p'  atid  ^  may  be  found  by  integration,  the  iote- 
gral  in  each  case  being  zero  for  the  date  At  >t  which  the  determiu- 
tion  of  the  perturbations  be^os. 

When  tbe  value  of  dx,  has  already  been  found  by  means  of  the 
equation  (129),  if  we  compute  the  value  of  f',  that  of  p'  will  be 
given  bj  means  of  (164),  or 

and  if  p'  is  determined,  q'  will  be  given  by 

If  both  p'  and  g'  are  found  from  the  equations  (162),  3z,  may  be  de- 
termined directly  from  (154);  but  the  value  thus  obtained  will  be 
less  accurate  than  that  derived  by  means  of  eqoation  (129). 


due  to  the  action  of  the  component  Z  perpendicular  to  the  plane  of  the 
instantaneoDS  orbit,  instead  of  determining  p'  and  q'  by  an  independrat 
integration  by  means  of  the  results  given  by  the  equations  (162),  it 

will  be  preferable  to  derive  them  directly  from  dz,  and  -^-  The 
equations (161)  give 

p' =  —  COB  Si, 3»  —  sin  Sl^ifi,  5^  =  — 8in£l,a«  +  eoB£i,«A. 

Substituting  for  8a  and  d^  their  values  given  by  (125)  and  (126), 
and  putting 

«"=aico9Si, +  yBinQ^  y"  =  —  «flinR,  +  ycosQ^ 

weobtWD 


kl/pil+m) 
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SobBtituUi^;  fUrther  the  values 

And  also 

di._k\/p{l+m) 

dt~  r" 

dr  _  kl/T+m      .      _i;Vj»(l  +  m)_      eaintr 

dt  j/p  r  l-{-«coei 

we  easily  find,  since  ^/  ^  »  =  Z» 


A|/i>(l+m)     dt 
J       ,*■•/.       «  X  ,      ■    /        ^  s\^h    .  TCoa{i,  —  Sill)   diz,         ' 

which  may  be  used  for  the  determination  of  p'  and  <f.  These  equa^- 
tious  re(}aire,  for  their  exact  solution,  that  tbe  diatarbed  values  e,  Xt 
and  p  shall  be  knowu,  but  it  is  evident  that  the  error  will  be  slight^ 
especially  when  e  is  small,  if  we  use  the  undisturbed  values  cq,  pa, 
and  Xi^^  ^^  actual  values  of  X,  and  r  are  obtained  directly  from 
the  values  of  the  perturbations. 

When  p'  and  q'  have  been  found,  it  remains  only  to  find  cos  i,  and 
1  —  coe:^',  in  order  to  be  able  to  obtain  F  by  means  of  the  equatioa 
(169).    From  (153)  we  get 

i»''+  9^  =  8in't  —  sin'^  —  29'8in^ 

and  hence  

COS*  =  V^l  —p'*—i^  +  sin  O'.  (165) 

ttom  which  coei  may  be  found.     The  equation  (157)  gives 

1 — cos  V  =  cos  ^  (cos  t^  +  cos  t)  —  g'sin^,  (166) 

by  means  of  which  the  value  of  1  —  cosi^  will  be  obtained. 

eqostions  (153)  and  (162)  in  (159),  it  is  easily  reduoed  to 


J{1- 


, Zdi,  (167) 

C0fl9')*Vfa  +  m) 

which  may  be  used  for  the  determination  of  P.  When  we  n^lect 
terms  of  the  order  of  the  cube  of  the  disturbing  force,  in  finding  /^ 
we  may  use  p^  in  place  of  p  and  put  1  —  coe  i;'  =  2  co£^i|„  so  that  the 
formula  becomes 
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Cit,Zdt.  (168) 


2coe*i,ii/p,Cl  +  m) 

~*t97^  By  meaDs  of  the  formulte  which  have  thus  been  derived,  wa 
may  fiod  the  values  of  all  the  qnaotities  required  in  the  solatiou  of 
the  equations  (166),  in  order  to  obtain  the  values  of  I  and  b  for  the 
disturbed  motion.  From  r,  I,  and  6  the  corresponding  geocentric 
place  may  be  found.  The  heliocentric  longitude  and  latitude  may 
also  be  determined  directly  by  means  of  the  equations  (146),  provided 
that  (i,  a,  and  i  are  known;  apd  the  required  formulae  for  the  deter- 
mination of  these  elements  may  he  readily  derived.  Thos,  the  eqoa- 
tions  (160)  give,  by  diSerentiation, 


Bin  tr  cos 

di 

Hi' 

-A^ 

COB  (T  cos 

di 
dt 

-.in. 

d» 

-=— ^ 

-.i.,f, 

-=-.i..^ 

+  -f- 

Introducing  thevalues  of  -^  and  -jr  already  found  into  these  eqoa-  | 

tiona,  and  putting 

we  obtain    ^,:--  I 

-jT  =  — 7 — ■  cot  t  am  (a,  —  V)  rZ, 

-^r  =  — ,-L       — ■  cos  C^(  —  *;  '■^i 

and  also,  since  da=^O0BidSi, 

d»a  _  1  sin  ji,  - 


(169) 


dt        i|/p(H-m)         Bin* 


(170) 


by  means  of  which  the  vsnations  of  a,  i,  and  {J  dae  to  the  action 
of  the  disturbing  forces,  may  be  determined.  The  int^;ral  is  in  each 
case  equal  to  cero  at  the  initial  date  ^  to  which  the  fundamental  os- 
culating elements  belong  and  at  which  the  integration  is  to  com- 
mence. 
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If  vfl  find  i,  and  then  a  —  Si  from 

JJ  — ff=  f-,-^}^ Bin  (J,  —  »)  rZ  dt,  (171) 

J  kVpil+m) 

tne  true  longitude  in  the  orbit  will  be  obtained  from 

It  ifl  evident  that  since  the  expressions  for  —rp  ~jp  and  —tt-  re- 
quire, for  an  accurate  solution,  that  the  disturbed  values  i,  a,  and  p 
shall  be  known,  and  require,  besides,  that  three  separate  integrations 
shall  be  performed,  unless  the  perturbations  are  computed  only  in 
reference  to  the  first  power  of  the  disturbing  force,  in  which  case  we 
use  ^  p„  and  Q^  in  place  of  i,  p,  and  tt,  respectively,  in  the  equations 
(169)  and  (170),  the  action  of  the  component  ^can  be  considered  in 
the  most  advantageous  manner  by  means  of  tlie  variation  of  z,  arising 
from  this  component  alone;  and  even  when  only  the  perturbations 
of  the  first  order  are  to  be  determined  it  will  still  be  preferable  to 

derive  3z,  by  the  indirect  process  irom  the  expression  for  —~,  and  to 

determine  the  heliocentric  place  by  means  of  the  equations  (156). 
When  we  u^lect  the  terms  of  the  second  order,  these  equations 
become 

cos  6  cos  (/  —  JJ^  =  cofl(i, —  (Ij, 

cos  6  sin  (^  —  il,)  =  sin  (i,  —  (J^  cos  ^  —  tan  s— ^        (172) 

sin  6  =8in(i, —  Q«)sin^-| '-, 

by  means  of  which  I  and  b  are  determined  immediately  from  the  per- 
turbations 3M,  V,  and  dz,.  The  peculiar  advanb^  of  determining 
the  effect  of  the  action  of  the  component  Z  by  means  of  the  partial 
variation  of  z,  is  apparent  when  we  observe  that  the  expressions  for 

-;-  and  — ;—  involve  sin  i  as  a  divisor ;  and  in  the  case  of  orbits  whose 
dl  dl 

inclination  is  small,  this  divisor  may  be  the  sonrce  of  a  considerable 
amount  of  error. 

183.  The  determination  of  the  perturbations  so  as  to  include  thit 
higher  powers  of  the  masses  is  readily  eSccted  by  means  of  the  com- 
plete expressions  for  — ^.  ^  and  -j^^.  when  the  correct  values  of 
B,  S,  Z,  i,  and  p  are  known.     The  corrected  values  of  i  and  p — 
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which  are  required  only  in  the  case  of  iz, — may  be  easily  e 
with  Bufficieot  accuracy,  since  we  require  only  cost,  while  vp  ap- 
pears as  the  divisor  of  a  term  whose  Dumerical  value  is  generally 
iDsigDificant.  To  obtain  the  actual  values  of  R,  3,  and  Z,  the  cor- 
rections to  be  applied  to  N,  N',  and  /must  first  be  determined  by 
means  of  the  formulee  (136).  The  values  of  8i'  and  8U'  will  be 
found  by  means  of  the  data  furnished  by  the  tables  of  the  motion  of 
the  disturbing  body,  and  the  corresponding  corrections  for  N,  N', 
and  /  having  been  found  by  meanB  of  the  terms  of  (136)  involvihg 
di'  and  d £}',  there  remain  the  corrections  due  to  Si  and  dQ  to  be 
applied.  These  may  be  found  in  terms  of  the  quantities  p'  and  ^ 
already  introduced.     Thus,  the  equations 

dp' =  cost  sin  (ff—  Si^di  +  Bintcos(<T —  Ut)d', 
d^  ^cosicos{a —  £i«)dt  —  Bint  sin  (iT  —  Si»)dit, 
give 

cosidi  =8in{tf  —  R,') dp'  +  cob(<> ~  Si,)d^, 
sin  *  dff  =  COS  (ff  —  Qt)  dp'  ~aia  (,<r —  Si^d^. 

The  equations  (136)  give,  observing  that  da^cmidd, 

dl   =  —  coaJVdt  —  taaiaiaNda, 

,,-        ,   sin^  J.       tant        „ , 

■    ami  Bin  J 

and,  substituting  the  preceding  values  of  di  and  da,  these  become 

j^  ^_.in(jf  + ,- n.)       oo.(jf +.-  n.) 

coat  ^  coat  ' 

Bin /cost  '^  ami  cost,  ' 

If  we  neglect  the  perturbations  of  the  third  order,  these  equations 
give 

dl    =  — ainJV-^— cosJf-^, 

T"-  ,    ""''  .    ,  (1781 

3N'  =  —  coB&il{coaN^—amN-3-,], 
\  cos(„  cosi,/ 

by  means  of  which  dl  and  3N  may  be  determined,  p'  and  q'  being 
found  by  means  of  the  equations  (164),  using  e^  ?„,  and  pt,  in  place 
of  e,  Xi  "ind  p.  The  results  for  31  and  dN'  obtained  from  (173) 
being  applied  to  the  values  of  /'  and  N'  as  already  corrected  on 
atxxjunt  of  Si'  and  3 ^',  give  the  required  values  of  these  qoantitiea. 


NUUEBICAL  EXAMPLE.  SOS 

When  we  consider  oalj  di  and  dSi,  since 

sin  t'  COS  A*'  =  cos  i  Bin  /  +  Bin  i  cos  /  coe  ^, 

we  easily  find 

ilf=  cos  ISN'  —  Sa,  (174) 

and  if  we  add  the  quantity  cob  JSN'  to  the  value  of  N  already  cor- 
rected on  accouDt  of  3i'  and  3Si',  and  denote  the  result  by  N„  the 
required  value  of  W  will  be  N,  —  ia.  Then,  according  to  (131),  we 
may  compute  to'  +  Sa  and  ^'  by  means  of  the  formulie 

<  =  «'_JV', 

tan  ((«/  +  Jl")  —  N,)  =  tan  m,'  cos  I,  (176) 

tan  jS*  =  tan  Isin  ((to'  +  Sa)  —  N,), 

nfflng  the  values  of  W  and  /  as  finally  corrected.  We  have,  farther, 
according  to  (135), 

w  +  a*  =  «,+*,  — jj^ 

by  means  of  which  we  may  compute  the  value  of  u  -f  3<'',  then  the 
value  of  to'  —  to  required  in  the  equations  (132),  and  also  iu  finding 
the  value  of  p,  will  be  given  by 

v/  —  «j  ^  («/  -t-  in')  —  (w  +  in), 

and  the  forces  R,  S,  and  Z  may  be  accurately  determined. 

By  thus  determining  the  correct  values  of  R,  S,  and  Z  from  date 
to  date,  the  perturbations  SM,  v,  and  3z,  may  be  determined  in  refer- 
ence to  the  higher  powers  of  the  disturbing  forces  according  to  the 
process  already  explained.  The  only  difEculty  to  be  encountered  is 
that  which  arises  from  the  quantities  F,  p',  and  q",  required  in  the 
determination  of  the  heliocentric  place  of  the  disturbed  body  by 
means  of  the  equations  (165).  If  an  exact  ephemeris  for  a  short 
period  is  required,  by  means  of  the  complete  perturbations  we  may 
determine  new  osculating  elements,  and  by  means  of  these  the  required 
heliocentric  or  geoceatric  places. 

189.  Example. — We  will  now  illustrate  the  application  of  the 
formulfe  for  the  determination  of  the  perturbations  9M,  v,  and  iz,  by 
a  numerical  example;  and  for  this  purpose  let  it  be  required  to 
determine  the  perturbations  of  Earynome  ©  arising  from  the  action 
of  /uptfer   from    1864  Jan.  1.0   to   1866  Jan.   15.0,  Berlin   mean 
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time,  the   fuadamental   oecultLtiag  elemeate   being  those   given  in 
Art.  166. 

In  the  first  place,  hy  means  of  the  formuhe  (130),  using  the  valaea 

a  =206°  39'    5".7,  t  =4"  36'  62".l, 

Si'=   98    68  22  .7,  *'  =  1    18  40  .5, 

which  refer  to  the  ecliptic  and  mean  eqainox  of  1860.0,  we  obtain 

*'=194''  ff  4r.9,       ^^'  =  301"  38'  31".7,       1=6°  9'  66".4. 

Then,  by  meiuis  of  the  data  furoisbed  by  the  TaiUa  of  Jujnter,  we 
find  the  values  of  «',  the  ai^ument  of  the  latitude  oiJupUer  in  refer- 
CDce  to  the  ecliptic  of  1860.0,  and  from  the  equations  (131)  we  derive 
w'  and  ^'.  The  values  of  r'  are  given  by  the  TubUs  of  Jupiier,  and 
the  values  of  r„  and  Vg  are  found  from  the  elements  given  in  Art^ 
166.     The  results  thus  obtained  are  the  following: — 

Bctllu  Kmh  Tims.          log  n,  q,                     log  r'                   »>                           f 

1863Dflc      12.0,  0.294084  3M=26'18".0  0.73426  14°  18'64".6  — 0°    1'38".] 

ISMJiui.     21.0,  0.294837  10     2  46   .7  0.73368  17   2]   44   .2       0  18     9   .1 

Msrch    1.0,  0.300674  25  24  69   .4  0.73306  2026     6.2       03439. 9 

April    10.0,  0.3108S4  40  13  31    .8  0.73237  23   2S  69   .8       0  61     7    .6 

Maj     20.0,  0.324298  64  14  41    .4  0.73164  26  33  32   .1       1     7   29   .7 

June    29.0,  0.339746  67   21   23   .S  0.73086  29   38  44   J       1   23  43   .6 

Aug,      8.0,  0.366101  79   32  18   .1  0.73003  82  44  41    .2       1   39   46   .3 

Sept.    17.0,  0.372469  90  49  67   .6  0.72916  35  61   24   .6       1  55  36   .2 

Oct.     27.0,  0.388214  101  19    9  .8  0.72823  38  58  67   .6      2  11     7   .6 

Dec.       6.0,  0.402894  111     6  42   .2  0.72726  42     723.8       226203 

1365  Ju.     16.0,  0.416240  120  16  32  .6  0.72626  46  16  43  .9  —2  41  10  .6 

The  value  of  w  for  each  date  is  now  found  from 

w  =  v,  +  '^,— SJo  =  '',+  197''38'6".5, 

and  the  components  of  the  disturbing  Arce  are  determined  by  meana 
of  the  formula  (132),  p  being  found  from  (133)  or  (134),  and  A  from 
(70).     The  adopted  value  of  the  mass  of  JiipUer  is 


""  1047.879 

and  the  results  for  the  components  R,  8,  and  2^  are  espreesed  in  units 
of  the  seventh  decimal  plaoe.  The  fnctor  <u*  is  introduced  for  conve- 
nience in  the  integration,  w  being  the  int«rval  in  days  between  the 
successive  dates  for  which  the  forces  are  to  be  determined.  Thm  we 
obl^n  the  following  results: — 
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to? 

But 

d'B 

w>». 

t^Zcms 

./*^ 

1863  Dec 

12.0, 

+  70.82 

+     7.16 

+  0.04 

+   1.87 

1864  Jim. 

21.0, 

68.95 

-   32.76 

0.49 

—  11.45 

Much 

1.0, 

61.16 

70.38 

0.92 

63.32 

April 

10.0, 

48.57 

102.91 

1.S2 

150.48 

M.J 

20.0, 

32.77 

128.34 

1.68 

266.75 

June 

29.0, 

+  15.41 

145.39 

1.96 

404.35 

Aug. 

8.0, 

-   2.19 

153.44 

2.17 

554.54 

Sept. 

17.0, 

19.12 

152.41 

2.29 

708.21 

Oct. 

27.0, 

34.81 

142.50 

225 

856.39 

Dec. 

6.0, 

48.95 

124.04 

2.09 

990.36 

1865  Jan. 

15.0, 

-  61.45 

-   97.36 

+  1.75 

- 1101.73 

The  single  integration  to  find  loiSr^  is  effected  by  means  of  the 
formula  (32). 

The  equations  for  the  determination  of  the  required  differentia] 
coefficients  are 

.(ft.       o,*B  ,   2«.f       1         f,    ,,      e,eine,    ,_     «* 
•'3rr  = i j=iiitSr,dl  —  -^ Dili's i-  y. 

Substituting  in  these  the' results  already  obtained,  and  also 

log  i>^  =  2.967809,        logp,  =  0.371237,        log  <^  =  9.290776, 

yn  obtain  first,  by  an  indirect  process,  as  illustrated  in  the  case  of 
the  direct  determination  of  the  perturbations  of  the  rectangular  co- 

ordinatea,  the  values  of  o''~>t  8D*1  '^~3p^  ^^^  then,  having  found  v, 
01  -jT-  is  given  directly  by  the  first  of  these  equations.  The  integra- 
tion of  the  results  thus  derivt^,  by  the  formula  for  mechanical  quad- 
rature, furnishes  the  required  values  of  v,  iJf,  and  iz,.  The  calcula- 
tion of  the  indirect  terms  in  the  determination  of  v  and  Jh„  there 
being  but  one  such  term  in  each  case,  is,  on  account  of  the  smallnesa 
of  the  coefficient,  effected  with  very  great  fitcility. 
The  final  results  are  tlie  following : — 
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Dil«. 

"T 

"i- 

a-at, 

"■-3? 

etr 

' 

*, 

1863  Dec. 

12.0, 

—  0".02«  +  36.16  +  0.04  +  0".01 

+  4.41 

+  0.02 

1864  Jan. 

21.0, 

0  .072 

33.61 

0.49- 

-0  .01 

4.31 

0.04 

March 

1.0, 

0  .499 

22.66 

0.89 

0  .27 

37.11 

0.54 

April 

10.0, 

1  .213  +   6.68 

1.21 

1  .11 

91.96 

1.93 

May 

20.0, 

2  .070- 

- 13.52 

1.45 

2  .75 

162.22 

4.62 

Jun« 

29.0, 

2  .902 

31.69 

1.63 

6  .24 

199.05 

8.54 

Aug. 

8.0, 

3  .646 

46.66 

1.60 

8  .49 

214.64 

14.10 

Bept 

17.0, 

3  .858 

67.88 

1.62 

12  .22 

183.69 

21.24 

Oct 

27.0, 

S  .723 

65.19 

1.28 

16  .05  +  96.29 

29.90 

Dec. 

6.0, 

3  .066 

68.83 

0.92 

19  .49 . 

-  68.00 

39.82 

1865  Jan. 

15.0, 

—  1  .800- 

-  69.19 

+  0.40  - 

-21  .97 

-279.84  +60.64 

Since,  daring  the  period  inclnded  hj  these  reeultB,  the  pertnrbatioDS 
of  the  second  order  are  insensible,  we  have,  for  the  perturhationa  of 
Euryjiome  arising  from  the  action  of  Jupiter  from  1864  Jan.  1.0  to 
1865  Jan.  16.0, 

SM=~  21".97,        V  =  —  0.00002798,        Si,  =  +  0.00000506. 

It  is  to  be  observed  that  dz,  is  not  the  complete  variatioQ  of  the  co- 
ordinate z,  perpendicular  to  the  ecliptic,  but  only  that  part  of  thia 
variation  which  is  due  to  the  action  of  tbe  component  Zalone ;  and 
hence  tbe  results  for  dz,  differ  from  the  complete  values  obtained 
when  we  compute  directly  the  variations  of  the  rectangular  co- 
ordinates. 

Let  us  now  determine  the  heliocentric  longitude  and  latitude  for 
1865  Jan.  16.0,  Berlin  mean  time,  including  the  perturbations  thos 
derived.     From  the  equations 

Jf,  =  Jf,  +  /•,(*  — 0  +  iM, 

E,  ~%  sin  E,  =  M„ 

r,    =  a,  (1  —  6o  COB  E,), 

sin  i  («,  —  E,)  =  sin  J  ?^,  sin  E,  -J?!, 

i,  =  v,  +  n^.  r  =  T,(l  +  y), 
we  obttun 

JM;      =99''29'36".51,  £,=  110"   0'83".76, 

log  r,  =  0.4162304,  v,  =120   15  13  .80, 

logr  =0.4162183,  X.  =164  32  25  .97. 

The  calcalation  of  the  values  of  r,  and  v,  from  the  values  of  Jf„  Og, 
and  «„  may  be  effected  by  means  of  the  various  formube  for  the 
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Jet«Tmination  of  the  rRdiua-vector  and  tnie  anomaly  from  given 
elements.  If  we  substitute  these  results  for  X^  r,  and  8z,  in  the  equa- 
'-ions  (172),  we  get 

I  =  164°  37'  59".05,  6  =  —  3"  6'  82".54, 

which  are  referred  to  the  ecliptic  and  mean  equinox  of  1860.0,  and 
from  these  we  may  derive  the  geocentric  place  of  the  disturbed  body. 
Tf  the  place  of  the  body  is  required  in  reference  to  the  equinox  and 
ecliptic  of  any  other  date,  it  is  only  necessary  to  reduce  the  elements 
^u  Ha,  and  tg  to  the  equinox  and  ecliptic  of  that  datej  and  then, 
having  computed  X,  and  r,  we  obtain  by  means  of  the  equations  (172) 
the  required  values  of  I  and  b.  In  the  determination  of  the  pertur- 
bations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic 
throughout  the  calculation ;  and  afterwards,  wheu  the  heliocentric  or 
geocentric  places  are  determined,  the  proper  corrections  for  precession 
and  nutation  may  be  applied. 

In  order  to  compare  the  results  obtained  from  the  perturbations 
8M,  V,  and  Sz,  with  those  derived  by  the  method  of  the  variation  of 
rectangular  co-ordinates,  we  have,  for  the  date  1866  Jan.  16.0, 


a;,  =  —  2.0107684,        y,  =  +  0.6897713,        «,  =  —  0.1 

and  for  the  perturbations  of  these  co-ordinates  we  have  found 

Sx=  +  0.0001773,         «!/  =  +  0.0001992,        Si  =  —  0.0000028. 

Hence  we  derive 

«  =  — 2.5105811,         sf=  + 0.6899705,         «=— 0.1406618, 

and  from  these  the  corresponding  polar  co-ordinatea,  namely, 

log  r  =  0.4162182,        /  =  164''  37'  59".05,         6  =  — 3*"  6'  32".54, 

from  which  it  appears  that  the  agreement  of  the  results  obtained  hf 
the  two  methods  is  complete. 

190.  When  the  perturbations  become  so  lai^  that  the  t«rms  of  the 
second  order  must  be  retained,  the  approximate  values  which  may  be 
obtained  for  several  intervals  in  advance  by  extending  the  columns 
of  difierences,  will  serve  to  enable  us  to  consider  the  neglected  terms 
partially  or  even  completely,  and  thus  derive  the  complete  perturba- 
tions for  a  very  long  period.  But  on  account  of  the  increasing  diffi- 
culties which  present  themselves,  arising  both  from  the  consideration 
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of  tlie  perturbations  due  to  the  action  of  tlie  oomponent  Z  ia  com- 
puting the  place  of  the  body,  and  irom  the  oiagtiitude  of  the  nameri- 
cal  values  of  the  perturbations,  it  will  be  advautageoos  to  determioe, 
from  time  to  time,  new  osculating  elemeota  corresponding  to  the 
values  of  the  perturbations  for  any  particular  epoch,  and  thus  com- 
mencing the  integrals  again  with  the  value  zero,  only  the  teraas  of 
the  first  order  will  at  first  be  considered,  and  the  indirect  part  of  the 
calculation  will,  on  account  of  the  smalluess  of  the  terms,  be  effected 
with  great  facility.  The  mode  of  effecting  the  calculation  when  the 
higher  powers  of  the  masses  are  taken  into  account  has  already  been 
explained,  and  it  will  present  no  diiEculty  beyond  that  which  is  in- 
separably connected  with  the  problem.     The  det^mination  of  F,  p', 

and  if  may  be  effected  from  the  results  for  -j-.  ■^^  and  ^  by  means 

of  the  formulie  for  integration  by  mechanical  quadrature,  as  already 
illustrated,  or  we  may  find  F  hy  a,  direct  integration,  and  the  values 

of  y  and  q'  by  means  of  the  equations  (164),  —^  being  found  from 
-j^  by  a  single  integration.  The  other  quantities  required  for  the 
complete  solution  of  the  equations  for  the  perturbations  wil!  be 
obtained  according  to  the  directions  which  have  been  given;  and  in 
the  numerical  application  of  the  formulse,  particular  attention  shonld 
be  given  to  the  homogeneity  of  the  several  terms,  especially  unce,  for 
convenience,  we  express  some  of  the  quantities  in  units  of  the  seventh 
decimal  place,  and  others  in  seconds  of  arc. 

The  magnitude  of  the  perturbations  will  at  length  be  such  that, 
however  completely  the  terms  due  to  the  squares  and  higher  powers 
of  the  disturbing  forces  may  be  considered,  the  requirements  of  the 
numerical  process  will  render  it  neceseary  to  determioe  new  osculating 
elements;  and  we  therefore  proceed  to  develop  the  formule  for  this 
purpose. 

191.  The  single  integration  of  the  values  oi  a?-^  and  «»*-^will 

give  the  values  of  *u  -^  and  o>  —^i  and  hence  those  of  ^  and  -^, 

which,  in  connection  with  ~jr>  are  required  in  the  determination  of 

the  new  system  of  osculating  elements.  Since  r*-^  represents  double 
the  area!  velocity  in  the  disturbed  orbit,  we  have 
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dv,  _  kVp  (1  +  m) 


rhe  eqaatioD  (109)  gives 


dv,_kVp,{l+m){^   .    1    ddM\ 

dt -     V      \  '^f^'  dt  r 

Elence,  ranee  r^r,  (1  +J'),  we  obtain 

\fy  meana  of  which  we  ma^  derive  p.     This  formula  will  furnish  at 
ODoe   the  value  of  p,  which  appears  in  the  complete  equation  fot 

j-'>  and  also  in  the  equations  (164);  and  the  value  of  oost  may  be 

determined  by  means  of  (166). 
In  the  disturbed  orbit  we  have 

dr        kVT+m      . 

■*  =  -7;— ""• 

and  the  eqtiations  (108)  and  (111)  give 

Therefore  Te  obteio 

v'ft..m.  =  v7^.nr,(l  +  ---3-)(l+.)  +  -^^,j^.-3j, 
which,  by  means  of  (176),  becomes 

..m.  =  ^sm.,(l+-.^J(l+v)-  +  .j-i=£=.^         (177) 

The  lelatioD  between  r  and  r,  gives 

£ = ?• a  +  »). 

1  +  e  COB  t>      1  +  «» ooe  B,  ^ 

and,  sQbBtttatiDg  in  this  tbe  value  of  p  already  found,  we  get 
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Let  as  now  pnt 


-Ui  +  ^y-u 


a  —     ^'^      *■  ^^^ 

a  and  ^  being  email  qnantitiee  of  the  order  of  the  distarbing  fine. 
and  the  equations  (177)  and  (178)  become 

6  gin  »  =  (^  ein  V,  +  osj  Bin  u,  +  ^, 

e  COB  »  ^  ^  cos  B,  +  »«n  COe  P,  +  a. 

These  equations  pve,  observing  that  r,  (cos  v,  +  e,,)  ^Pn  «•  -2^. 
e  sin  (v,  —  «)  =  »  sin  »,  ^ —  ^  cos  v„ 
«  cos  (f ,  —  p)  =  e,  +  —  COB  £,  -f-  ^  sin  T„ 


CI80) 


from  which  e,  v,  —  v,  and  v  mar  be  found;  and  thus,  since 

X  =  ',  +  (v,-v).  (181) 

we  obtain  the  values  of  the  only  remaining  unknown  quantities  is 
the  second  members  of  the  equations  (164).  The  determination  </ 
p'  and  «/  may  now  be  rigorously  effected,  and  the  correspcMidiiig 

value  of  co8»  being  found  from  (165),  —jr  and  -4r  will  be  ^ven  br 

(162).  Then,  having  found  also  1  —  cos  7'  by  means  of  (166),  F  naj 
be  determined  rigorously  by  the  equation  (159),  and  not  only  tbr 
complete  values  of  the  perturbations  in  reference  to  all  poweis  of  t3» 
masses,  but  also  the  corresponding  heliocentric  or  geoceotric  plsxi 
of  the  body,  may  be  found. 
If  we  put 

/  ^  a  sin  B,  —  j9  cos  v„ 

Kai  neglect  terms  of  the  third  order,  the  equations  (180)  give 

in  which  s=206264".8.    These  equations  are  convenient  for  the 
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determination  of  e  and  tt,  — v,  and  henoe  X  bj  means  of  (181),  when 
the  n^lected  tenna  are  inaeneible. 

The  values  of  p,  e,  and  v  having  been  found,  ve  have 

kVl+m 

tan  Ji;=tan(45''— Jflt)taniw,  3i=E—otmE. 

from  -which  to  find  the  elements  f,  a,  Ih  ^°^  ^-  ^^  mean  anomaly 
thus  found  belongs  to  the  date  t,  and  it  may  be  reduced  to  any  other 
epoch  denoted  by  ^  by  adding  to  it  the  quantity  p{tf  — t).  When  we 
neglect  the  terms  of  Uie  third  order,  we  have 


•      008  jJ,  —  i  (ff  —  p,)  sin  9-, 

and  if  we  substitute  for  sinjn  —  sinyg^^e  — e,  the  valne  given  bv 
the  fiist  of  equations  (183),  the  result  is 


•      2  Bin  y>,  COB  {p,  —  ffsmy„tany, 
from  which  we  get 

'■  '  cos?,         2coaV»        2 am jo, cos?',  ^      ' 

by  means  of  which  ^  may  be  fonnd  directly,  terms  of  the  third  order 
being  neglected. 

In  the  case  of  the  orbits  of  comets  for  which  e  differs  but  little 
from  unity,  instead  of  3M  we  coiflpute  by  means  of  the  formula 
(142)  the  value  of  dT,  and  since  we  have 

dar^_l   dm 
dl  P.'   dt' 


the  equation  for  p  beoomea 


daT^ 


;>=ft(l-=^|(l  +  .)*;  (186) 

and  for  a  we  have 

Then  t,  t,  and  q  will  be  found  by  means  of  the  equations 
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s  Bin  (t,  —  «)  =  a  un  V, — pcwv,, 

ecoa(y,  —  tt)  =  ^  +  ■  (coe  t,  +  e^  +  fi  aa  v„  f  I887 

and  the  time  of  perihelion  passage  will  be  derived  from  e  and  v  by 
means  cf  Table  IX.  or  Table  X. 

There  remain  yet  to  be  found  the  elements  a,  Si,  and  i,  which  d^ 
termine  the  position  of  the  plane  of  the  disturbed  orbit  in  space. 
The  values  of  j>'  and  g'  will  be  found  from  the  equations  (164),  and 
r,  whenever  it  may  be  required,  will  be  determined  as  already 
explained.    Then  we  shall  have 

sin  *  sm  (ff  —  (J,)  =p',  (139) 

sin  t  COS  (ff  —  ft,)  =  j"  +  gin  i^ 

from  which  to  find  i  and  <t.    "When  we  neglect  the  terms  of  the  third 
order,  these  equations  give 

,    pY 

^      '       smt, 
and  hence 

•      smi,        sin' to 

i=i,+j^,+p^,+^y  ...      (190) 

^  '  COB*,     '   2co8't,     '  2Bint,C08i,  '  ^      ^ 

ia  which  8^206264".8.     The  auxiliary  spherical  triangle  which  ve 
have  employed  iu  the  derivatiou  of  the  equations  (155)  giives  directly 

cosH*  +  %)  _  tanj(^-ftj 

C08i(»-H)      taiii(ft-A  +  ^-Ji.)' 
and  since  h  —  A,  =  T',  we  have 

ta«j(a-a.-r)=^|^=4]i.nl(.-n.).     (isi) 

by  means  of  which  the  value  of  Si  may  be  found.     This  equadoi^ 
gives,  when  we  neglect  terms  of  the  third  order, 

Subfltituting  in  thia  the  values  of  t —  R^  and  i  —  i^  given  by  (190\ 
we  get 

o„o   J- E 1-j.in'i.   , 


Jj/j'.  +  r.  (II 
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P  being  ezpreeaed  in  seconds  of  arc.  Finally,  for  the  longluude  of 
the  perihelion,  we  have 

"=/+«-".  (194) 

and  the  elements  of  the  inetantaneoaa  orbit  are  completely  deter- 
mined. When  we  neglect  terms  of  the  third  order,  this  equation, 
nnbstitQting  the  vsluee  given  by  (190)  and  (192),  becomes 


It  should  also  be  observed  that  the  inclination  i  which  appears  in 
these  formnlffl  is  supposed  to  be  susceptible  of  any  value  from  0°  to 
180°,  and  hence  when  t  exceeds  90°  and  the  elements  are  given  in 
accordance  with  the  distinction  of  retrograde  motion,  they  are  to  be 
changed  t»  the  general  tbrm  by  using  180° — t  instead  of  i,  and 
2JJ  — ff  instead  of  jr. 

The  accuracy  of  the  numerical  process  may  be  checked  by  com- 
puting the  heliocentric  place  of  the  body  for  the  date  to  which  the 
Dew  elements  belong  by  means  of  these  elements,  and  comparing  the 
results  with  those  obtained  directly  by  means  of  the  equations  (155). 
We  may  remark,  also,  that  when  the  inclination  does  not  differ  much 
from  90°,  the  reduction  of  the  longitudes  to  the  fundamental  plane 
becomes  uncertain,  and  F  may  be  very  large,  and  hence,  instead  of 
the  ecliptic,  the  equator  must  be  taken  as  the  fundamental  plane  to 
which  the  elements  and  the  longitudes  are  referred. 

.  192.  Although,  by  means  of  the  formuUe  which  have  been  given, 
the  complete  perturbations  may  be  determined  for  a  very  long  period 
of  time,  using  constantly  the  same  osculating  elements,  yet,  on 
account  of  the  ease  with  which  new  elementA  may  be  found  from  SM, 

"'  ^*"  ~^'  ~di'  ""^  ~dl''  ^^^  '"'  **'**'"**  of  the  Ikcility  afforded  id 
.the  calculation  of  the  indirect  terms  in  the  equations  for  the  differen- 
tial coefficients  so  long  as  the  values  of  the  perturbations  are  smnll, 
it  is  evident  that  the  most  advantageous  process  will  be  to  compute 
dM,  V,  and  Sz,  only  with  respect  to  the  first  power  of  the  disturbing 
force,  and  determine  new  osculating  elements  whenever  the  terms  of 
the  second  order  must  be  considered.  Then  the  integration  will 
Hgain  commence  with  zero,  and  will  be  continued  until,  on  account 
of  the  terms  of  the  second  order,  another  change  of  the  elements  is 
required.     The  frequency  of  this  transformation  will  aecesaarily  de- 
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fwnd  on  the  magnitude  of  the  disturbing  force;  and  if  the  JiatoAd 
body  is  BO  near  the  disturbing  body  that  a  very  frequent  cbai^rf 
the  elcmeDts  becomes  necessary,  it  may  be  more  oonTenient  eithem 
include  the  terms  of  the  second  order  directly  in  the  oompatuiDi 
tf  the  values  of  SM,  v,  and  iz„  or  to  adopt  one  of  the  other  methoji 
which  have  been  given  for  the  determination  of  the  perturbatiMK  gf 
a  heavenly  body.  In  the  case  of  the  asteroid  planetB,  the  codbAh^ 
atiou  of  the  terms  of  the  second  order  in  this  manner  will  onlr 
require  a  change  of  the  osculating  elements  after  an  interval  of  sen- 
ral  years,  and  whenever  this  transformation  shall  be  required,  the 
equations  for  ^,  i,  £i,  and  ^,  in  which  the  terms  of  the  third  wda 
are  neglected,  may  be  employed.  It  should  be  observed,  however, 
tlut  the  p«rturbation8  of  some  of  the  elements  are  much  greater  tbas 
the  perturbations  of  the  co-ordinates,  and  henoe  when  terms  depend- 
ing on  the  squares  and  higher  powers  of  the  masses  have  ben 
neglected  in  the  computation  of  these  perturbatioits,  it  may  still  be 
necessary  to  include  the  values  of  the  terms  of  the  second  order  in 
the  incomplete  equations  referred  to.  No  general  criterion  can  be 
given  as  to  the  time  at  which  a  change  of  the  osculating  elemeola 
will  bo  required;  but  when,  on  account  of  the  magnitude  of  the 
values  of  3^f,  v,  and  5z„  it  appears  probable  that  the  perturbati<Mi* 
of  the  second  order  ought  to  be  included  in  the  results,  by  compntii^ 
a  single  place,  taking  into  account  the  neglected  terms,  we  may  if 
once  determine  whether  such  is  the  case  and  whether  new  eleroento 
are  required, 

193.  We  have  already  found  the  expressions  for  the  vanationscf 
(J  and  i  due  to  the  action  of  the  disturbing  forces,  and  we  shall  nov 
consider  those  for  the  variation  of  the  other  elemenls  of  the  orbit 
directly.  Let  z,  y,  2  be  the  co-ordinates  of  the  body  at  any  givn 
time  referred  to  any  fixed  system  of  co-ordinates.  These  will  be 
known  functions  of  the  six  elements  of  the  orbit  and  of  the  time. 
If  the  body  were  not  subject  to  the  action  of  the  disturbing  forces 
these  six  elements  would  be  rigorously  constant,  and  the  co-ordinata 
would  vary  only  with  the  time;  but  on  account  of  the  action  of  these 
forces  the  elements  must  be  regarded  as  continuously  varying  in  order 
that  the  relation  between  the  elements  and  the  co-ordinates  at  any 
instant  shall  be  expressed  by  equations  of  the  same  form  as  in  the 
case  of  the  undisturbed  motion.  The  co-ordinates  will,  thnefbre,  in 
the  disturbed  motion,  be  subject  to  two  distinct  variaUons:  that 
which  results  from  considering  the  time  alone  to  vary,  and  that  which 
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reeulta  from  the  variation  of  the  elemeolB  themaelvea.  Let  these  twd 
kinds  of  partial  variations  be  symbolized  respectively  by  |  -n*  1  ^nd 
1 -^T- Ji  and  similarly  in  the  case  of  the  other  oo-ordinatee;  then  will 
the  total  variations  be  given  by 

dt~\dtr   LdtJ  ^       \dt}^  \_dtj' 

^      ldi\,    r<fc~l  (196) 

But  if  we  difierentiate  twice  in  Bucoesaion  the  equations  which  ex- 
press the  values  of  x,  y,  and  2  as  functions  of  the  elements  and  of 
the  time,  regarding  both  the  elements  and  the  Ume  as  variable,  the 
BubetitutJoa  of  the  results  in  the  general  equations  for  the  motion  of 
the  disturbed  body  will  furnieh  three  equations  for  the  detenniaation 
of  the  variations  of  the  elements.  There  are,  however,  six  unknown 
quantities  to  be  determined;  and  hence  we  may  assign  arbitrarily 
three  other  equations  of  condition.  The  euppoeition  which  affords 
the  required  &cility  in  the  solution  of  the  problem  is  that 

[a-.  [!]=«.  [^]=».    ('") 

and  hence  that 

dx_i^\  iy.—(^\  A_/^\ 

dt  ~~\  dt  }'  dt  ~\  dt  }'  dt~\dt  }' 

It  thus  appears  that  in  order  that  the  int^;rals  of  the  equations  (1) 
shall  be  of  the  same  form  as  those  of  the  equations  (3), — the  arbi- 
trary constants  of  int^ration  which  result  from  the  integration  of 
the  latter  being  r^arded  as  variable  when  the  disturbing  forces  ara 
considered, — the  first  differential  coefficients  of  the  coordinates  with 
reapect  to  the  time  have  the  same  form  in  the  disturbed  and  undi»- 

birbed  orbita.     But  since  -jti  -^'  and  -^  are  the  velocities  of  the 

disturbed  body  in  directions  parallel  to  the  co-ordinate  axes  respect* 
ively,  it  follows  that  during  the  element  of  time  dt  the  velocity  of 
the  body  must  be  regarded  as  constant,  and  as  receiving  an  increment 
ooly  at  the  end  of  this  instant.  The  equations  (197)  show  also  Hat 
if  we  differentiate  any  co-ordinate,  rectangular  or  polar,  referred  to  a 
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fixed  plane  and  measured  &om  a  fixed  origtQ,  with  respect  to  the  ele- 
ments alone  considered  aa  variable,  the  first  differential  coefficient 
must  be  put  equal  to  zero,  and  this  enables  ne  at  once  to  effect  the 
solution  of  the  problem  under  consideration.  It  is  to  be  observed, 
further,  that  the  functions  whose  first  differential  coefficient  with 
respect  to  the  time  when  only  the  elements  are  regarded  as  variable 
are  thus  put  equal  to  zero,  must  not  involve  directly  the  motion  of 
the  disturbed  body,  since  the  second  differential  coefficients  of  the  co- 
ordinates have  not  the  same  form  in  the  case  of  the  disturbed  motion 
as  in  that  of  the  undisturbed  motion. 

194.  If  we  suppose  the  disturbing  force  to  be  resolved  into  three 
components,  namely,  R  in  the  direction  of  the  disturbed  radius- 
vector,  S*  in  a  direction  perpendicular  to  the  radius-vector  and  in  the 
plane  of  disturbed  orbit,  positive  in  the  direction  of  the  motion,  and 
Z  perpendicular  to  the  plane  of  the  instantaneous  orbit,  the  latter 
will  only  vary  £3  and  t  and  the  longitude  of  the  perihelion  so  far  aa 
it  is  affected  by  the  change  of  the  place  of  the  node,  while  the  forces 
R  and  8  will  cause  tlie  elements  M,  n,  e,  and  a  to  vary  without  affect- 
ing Si  and  t. 

Let  us  now  differentiate  the  equation 

F-  =  f(I+m)(?-l), 
r^arding  the  element*  as  variable,  and  we  get 

2r*1__J_     da   ,         2V  dV  —  n 


dt       A"  (1  -I-  m)     dt 


rating  force,  in  the  direction  of  the  tangent  to  the  orbit  at  the  given 
point, due  to  the  action  of  the  disturbing  force;  and  if  we  deaignata 
the  angle  which  the  tangent  makes  with  the  prolongation  of  the 
■radius-vector  by  (*„,  we  shall  have 


Substitutii^  this  value  in  the  preceding  equation,  we.  obtain 


ogle 
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But  -we  have,  aeoording  to  tile  equations  (60)^ 

_       ,        ldT\       tvT+S     . 


in  iff'iiii^h  v  denotee  the  true  anomaly  in  the  instantaneons  orbit;  and 
hence  there  results 


(eanvB  +  ^S), 


(109) 


hy  means  of  which  the  variation  of  a  ma^  be  found. 
If  we  introduce  the  mean  daily  motion  p,  we  shall  have 

d/i j  /»     da 

H  T"dr' 

and  hence 

±= ^ (■.,in„B+f>r).  (200) 

for  the  determination  of  9fi. 

The  first  of  the  equations  (97)  giives 

and  hence  we  obtain 

d(Vp)__       Sr 
■dt  kVl  +  m 

*  -    ^'^S.  (201, 


*        i/1  + 
The  eqoation  p  =  a  (1  —  ^  gives 


dp p      da 

~Si~  a  '"ST" 


Equating   tliese  values  of  —fri   and  introducing  tlie  value  of  -jt- 
aliead^  found,  we  get 

de  1 

*       Wp(l+m)\' 
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and  since 


E  being  the  eccentric  anomaly  in  the  inBtanfaneoos  orbi^  this  beoomea 

-^  =  -^^^===0)«nt.ii+7,Cco.>  +  co.J:)S).       (203) 

vbtoh  will  give  the  variation  of  «.    If  we  introdace  the  angle  of 
ecoentrimtj'  f,  we  ahall  have 


dt  ; 


COB  f  -jT-7  ;)  =  o  cor  f. 


and  henoe 

da  1 

~=       ,.       .„-  (aoo89iBiniiJi  +  ocoBffCcoeii  +  co«£)iS).     (2041 

195.  When  we  oonaider  only  the  components  R  and  8  of  the  dis- 
turbing force,  the  longitude  in  the  orbit  will  be 

We  have,  therefore, 

^  =  l  +  «co«(4,— /), 

(be  differentiation  of  which,  regarding  the  elements  as  variable,  give* 

dp  de    ,        .       dy 

-^  =  rcoBt--2j-  +  «-nnr-J-. 

There&re 

■^—        _}: i(— poo6»it  +  -i^(2— cob'i>— eoi»coa£)ff), 

*        ivXl+m)     «  ^Bmir'-  •*     > 

and,  since  p  cos  £=  r  (eoa  «  +  «)*  we  have 

j)(l  —  coaffCOHi;)=r  sin'  v, 

BO  that  the  eqoadon  becomes 

Digitizecy  Google 


VABU.noN  OF  OONSTAirrB. 


from  which  the  valne  of  -^  may  be  derived. 

If  we  iDtroduce  the  element  a>,  or  the  angular  dietaoce  of  the  peri- 
helion from  the  aecending  node,  it  will  be  necessary  to  comider  also 
the  component  Z;  and,  eince  <o  =  Z  —  a, -we  shall  have 

d0__  dx       ^_^_        ■  dft 
dt~  dt        dt~  dt       **"*  d(  ' 
and  hence 

^°H/p(l+^)'«'-~'"^''*"^^"^''^°°'^-'~°°"'^'  *'"*' 
In  the  case  of  the  longitude  of  the  perihelion,  we  have 

dir  _  <fm       dSi 
dt~~  dt'^   dt' 
and  therefore 

t=ii^^-7C-^—-«  +  Ci'  +  ')"»'« 

+  2<iii'J<^  (2071 

The  first  of  the  eqnatioos  (ld)t  gives 
rJrl  ,  .       IdM,    ,   ,,      ,.di^\       ir      df  de       . 

L-a-J='""'""'n^+''-«-3f)-3;r--s— ''°"-5f=''- 

in  whioh  If,  denotes  the  mean  anomaly  at  the  epoch,  which  ia  usually 
adopted  a^i  one  of  the  elements  in  the  case  of  an  elliptic  orbit.     Sul^ 

glitutlng  for  -^  and  -jr  the  values  already  found,  we  get 


\{,p  cotpcosv  —  2rcos9')ii 


^-P-  ^  — -—  ((t>  cotfooev  —  2ircoBv)B  —  (j>  +  r)cotfsinfljS) 

«         kVp(l  +  m) 

-C*-«§-  (203) 

Tbr  equation  (205)  givei 
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kVpil  +  m)   "^  kVpil  +  m) 

+  ooey 


W 


hj  meana  of  which  (208)  reduces  to 

^  =  _c«,.-g- ^^^B-it-Q^.        (209) 

*  dt        kVp(l  +  m)  ^       ^  dt  ^      ' 

which  will  determiDe  the  variation  of  the  mean  anomalj  at  the 
epoch. 

Since  the  equations  for  the  detenni nation  of  the  place  of  the  bod^ 
in  the  case  of  the  disturbed  motion  are  of  the  same  form  as  those  for  the 
andisturbed  motion,  the  mean  anomaly  at  the  time  t  will  be  given  hj 

Jf  =  if,  +  a k;  +  (( -  «  O,  +  J/i), 

in  which  ^  denotes  the  mean  daily  motion  at  the  instant  t^  There- 
fore we  shall  have 

if=Jlf.+/^il  +  f.(l-« +  (!-(,)/§«, 
the  integrals  being  taken  between  ibe  limits  ^  and  t.    The  qnanti^ 

K  +  M,it  —  t,) 

expresses  the  mean  anomaly  at  the  time  t  in  the  undisturbed  orbit; 
and  if  we  designate  by  iM  the  correction  to  be  applied  to  this  ip 
order  to  obtain  the  mean  anomaly  in  the  disturbed  orbit,  so  that 

we  shall  have 

if=if.  +  /^(i-«+/^<ft, 
and  hence 

Differentiating  this  with  respect  to  i,  we  get 
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Subatituting  in  this  the  valae  of  -^  from  (209),  the  result  ift 

dM                    dy           2rcos7       „    ,    C^t*  j,  ,n,ns 

—r--  =  —  COB  f  -s- : —      ■       R  +  I-jt'^  (210) 

'which  does  not  involve  the  fitctor  t  —  t^  explicitly,  and  hj  means  of 
which  the  mean  ftDomaly  in  the  disturbed  orbit,  at  any  instant  t,  may 
be  found  directly  from  that  for  the  same  instant  in  the  undisturbed 
orbit. 

Xo  find  the  variation  of  the  mean  longitude  L,  we  have 

dZ      dM   ,    d"       dx   ,    dM  ,  ,.  .   dft 


and  therefore 

^  =  2sinMf|-  +  2sinM4g- f^^^fi+f^A      (211) 

dt  ^^di^  ^    dt        i/p(l  +  m)     ^J  dt  ^      •' 

To  find  the  variations  of  Q  and  i,  since 


u  deootiag  the  argument  of  the  latitude  in  the  disturbed  orbit,  we 
have,  according  to  the  equations  (169)  and  (170), 


il/p(l  +  m} 
1 


*        kV^pil+m) 

The  inclination  i  may  have  any  value  from  0°  to  ISO" ;  and  when- 
ever the  elements  are  given  in  sccordanoe  with  the  distinction  of  re- 
trograde motion,  they  must  be  converted  into  those  of  the  general 
form  by  taking  180°  —  i  in  place  of  the  given  value  of  t,  and  2Q  — ff 
in  place  of  the  given  value  of  n,  before  applying  the  formube  which 
involve  these  elements. 

196.  In  the  case  of  the  orbits  of  comets  in  which  the  eocentricnty 
differs  but  little  from  that  of  the  parabola,  the  perturbations  of  the 
perihelion  distanre  q  and  of  the  time  of  perihelion  passage  Twill  be 
determined  instead  of  those  of  the  elements  if  and  a  or  p. 

The  equation 

p  =  q(l  +  «) 
gives 
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dq 1         dp  q        de 

dt~l  +  e'  dt       1  +  e'  dt' 

and  aubstltuting  in  tbia  the  value  of  -^  already-  found,  and  neglect- 
ing the  masB  of  the  comet,  which  ia  always  iacoosiderable,  we  get 

by  means  of  which  the  variation  of  q  may  be  foand.     In  the  case  of  . 

elliptic  motion  the  value  of  -jt-  may  be  fonnd  by  means  of  (202)  or 

(203);  but  in  the  caae  of  hyper)>olic  motion  the  equation  (202)  will 
be  employed.  It  should  be  oliserved,  also,  that  when  the  general 
formulte  for  the  ellipse  are  applied  to  the  hyperbola,  the  semi- 
traosverse  axis  a  must  be  considered  negative. 

When  the  orbit  is  a  parabola,  the  equation  (202)  becomee 

±  =  -S^  (p  Bin  vS  +  2p  cos'  ivS).  (214) 

and  for  the  value  of  -^  we  have 

It  remains  now  to  find  the  formula  for  the  variation  of  the  time  of 
perihelion  passage.    The  relation  between  T  and  Jf,  is  expressed  by 

360"  — J4  =  p(r— 4). 

the  difierentiation  of  which  gives 

*  -<■■'-«  di  +'*' 

and,  subatitutiDg  for  -jp  the  value  given  by  equation  (209),  we  ge* 


+  ((-!•)- 


dl 


Substituting  iurther  tlie  values  of  ■-n'  and  -^  given  by  the  equations 
(206)  and  (199),  the  result  is 
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3A((-T)       .      . 
-y^ — -  e  Bin  »; 

,   aSlp-\-r  .  U(t—T)    pi 

+tf(^'°" — V^-t)' 

irhkh  may  be  employed  to  determine  the  variation  of  T  whenever 
the  eccentrici^  is  not  very  nearly  equal  to  unity.  It  is  obvioue, 
however,  that  when  a  is  very  large  this  equation  will  not  be  con- 
venient for  numerical  calcnlation,  and  hence  a  further  transformation 

of  it  is  desirable.  Thus,  if  we  derive  the  e:fpres8ioiiH  for  -j-  and  -p 
from  the  equations  (24),  and  (23)2,  ^^  easily  obtain 


dr 

HP- 

l/j. 

St(t-T)    p\ 
Vp        ') 

.1    1           '''         r, 

d,- 
dt 

i  +  .d.      \  .  ■■"■      Vp      tI    .(i  +  .)'\*t^,;""- 

By  means  of  these  results  the  equation  (216)  is  transformed  into 

.dT 
dt' 
and  -T-  being  foond  by  means  of  the  various  formulte  developed  in 

Art.  50.  When  a  is  very  large,  its  reciprocal  denoted  by /may  often 
be  conveniently  introduced  as  one  of  the  elements,  and,  for  the  deter- 
mination of  the  variation  of/,  we  derive  from  equation  (198) 

|  =  -^(„in.ie  +  i«,.  (218) 

In  the  ease  of  parabolic  motion  we  have  £=1,  and  j>  =  29;  and 
if  we  substitute  in  (217)  for  -j-  and  -j-  the  values  given  by  the  equa- 
tions (33),  and  (30)t,  the  result  is 

+  -|-(*'"J«-(««"'J''))-  (219) 
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197.  Instead  of  the  etemente  usnally  employed,  it  ma;^  be  desirable, 
in  rare  and  special  cases,  to  introduce  other  combinations  of  the  ele- 
ments or  constants  which  determine  the  circumBtancea  of  the  undis- 
turbed motion,  and  the  relation  between  the  new  elements  adopted 
and  those  for  which  the  expressions  for  the  differential  coeEBdents 
have  been  given,  will  furnish  immediately  the  necessary  formulie. 
In  the  case  of  the  periodic  comets,  it  will  often  be  desired  to  deter- 
mine the  alteration  of  the  periodic  time  arising  from  the  action  of  the 
disturbing  planets.  Let  us,  therefore,  suppose  that  a  comet  has  been 
identified  at  two  successive  returns  to  the  perihelion,  and  let  r  denote 
the  elapsed  interval.  The  observations  at  each  appearance  of  the 
comet,  however  extended  they  may  be,  will  not  indicate  with  certainty 
the  semi-transverse  axis  of  the  orbit,  and  hence  the  periodic  time. 
But  wben  r  is  known,  by  eliminating  the  effect  of  the  disturbing 
forces,  we  may  determine  with  accuracy  the  value  of  tlie  semi-trans- 
verse axis  a  at  each  epoch,  and,  from  this  and  the  observed  places, 
the  other  elements  of  the  qrbit  according  to  the  prooesa  already 
explained. 

Let  /^  be  the  mean  daily  motion  at  the  first  epoch,  and  we  shall 
hav6 

rdM  , 


'+/-f- 


in  which  n  denotes  the  semi-circumference  of  a  circle  whose  radius  is 
onity.    Hence  we  obtain 


-/■f"' 


(220) 


by  means  of  which  to  determine  fi^.  Then,  to  find  the  mean  daily 
motion  p  at  the  instant  of  the  second  return  to  the  perihelion,  we 
hav« 

the  integral  being  taken  between  the  limits  0  and  r.  The  provisional 
value  of  the  mean  motion  as  given  by  the  observed  inter\'al  r  will  be 
sufficiently  accurate  for  the  calculation  of  the  variatioos  of  3£  and  ft 
during  this  interval.  The  semi-transverse  axis  will  now  be  derived 
by  means  of  the  formula 
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from  the  values  of  /i  for  the  two  epochs.  Let  r'  denote  the  intcrvat 
which  must  elapse  before  the  next  sacceeding  perihelion  passage  of 
the  comet,  and  we  have 


/■f* 


and  coneequentlf 


=„,'+ 


"S^"  m 


the  integral  being  taken  between  the  limits  t^O,  corresponding  to 
the  beg;innu]g  of  the  interval,  and  t  =  t'.     We  have,  therefore. 


li-J   at 


(223) 


for  the  change  of  the  periodic  time  due  to  the  action  of  the  distarb- 
ing  forces. 

198.  The  calculation  of  the  values  of  the  components  By  8,  and  Z 
of  the  disturbing  foroe  will  be  effected  by  means  of  the  formulae 
given  in  Art.  182.  It  will  be  observed,  however,  that  not  only  these 
components  of  the  disturbing  force,  but  also  their  coefficients  in  the 
expressions  for  the  difiereotial  coefficients,  involve  the  variable  ele- 
ments, and  hence  the  perturbations  which  are  sought.  But  if  we 
consider  only  the  perturbations  of  the  first  order,  the  fundamental 
osculating  elements  may  be  employed  in  place  of  the  actual  variable 
elements,  and  whenever  the  perturbations  of  the  second  order  have  a 
sensible  influence,  the  elements  must  be  corrected  for  the  terms  of  the 
first  order  already  obtained.  Then,  commencing  the  integration  anew 
at  the  instant  to  which  the  corrected  elements  belong,  the  calculation 
may  be  continued  until  another  change  of  the  elements  becomes 
necessary.  The  several  quantities  required  in  the  computation  of  the 
forces  may  also  be  corrected  from  time  to  time  as  the  elements  are 
changed. 

The  frequency  with  which  the  elements  must  be  changed  in  ordei 
to  include  in  the  results  all  the  terms  which  have  a  sensible  influence 
in  the  determination  of  the  place  of  the  disturbed  body,  will  depend 
entirely  on  the  circumstances  of  each  particular  case.  In  the  case  of 
the  asteroid  planets  this  change  will  generally  be  required  only  after 
an  interval  of  about  a  year;  but  when  the  planet  approaches  very 
near  to  Jupiter,  the  interval  may  necessarily  be  much  shorter.     The 
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magDitode  of  tbe  resulting  values  of  the  pertorbationB  vill  sn^est 
the  necessity  of  correcting  the  elements  whenever  it  exists;  and  if 
we  apply  the  pioper  corrections  and  commence  anew  the  int^rataon 
for  one  or  more  intervals  preceding  the  last  date  for  which  the  per- 
turbations of  the  first  order  have  been  found,  it  will  appear  at  onoe, 
by  a  comparison  of  the  results,  whether  the  elements  have  too  long 
been  re^rded  an  constant. 

The  intervals  at  which  the  differential  coefficients  must  be  com- 
puted directly,  will  also  depend  on  the  relation  of  the  motion  of  the 
disturbing  body  to  that  of  tbe  disturbed  body;  and  a>though  the  in- 
terval may  be  greater  than  in  the  case  of  the  variations  of  the  co- 
ordinates which  require  an  indirect  calculation,  still  it  must  not  be  so 
large  that  the  places  of  both  the  disturbing  and  the  disturbed  body,  as 
well  as  the  values  of  the  several  functions  involved,  cannot  be  inter- 
polated with  the  requisite  accuracy  for  all  intermediate  dates.  In  the 
case  of  the  asteroid  planets  a  uniform  interval  of  about  forty  days  wiU 
generally  be  preferred ;  but  in  the  case  of  the  comets,  which  rapidly 
approach  the  disturbing  body  and  then  again  rapidly  recede  from  it, 
the  magnitude  of  the  proper  interval  for  quadrature  will  be  very 
different  at  different  times,  and  the  necessity  of  shortening  the  inter- 
val, or  the  admissibility  of  extending  it,  will  be  indicated,  as  the 
numerical  calculation  progresses,  by  the  manner  in  which  the  several 
functions  change  value. 

If  we  compute  the  forces  for  several  disturbing  bodies  by  using 
£R,  2S,  and  £Z  in  the  formula  in  place  of  It,  S,  and  Z,  respect- 
ively, the  total  perturbations  due  to  the  combined  action  of  all  of 
these  bodies  may  be  computed  at  once.  But,  although  the  numerical 
process  is  thus  somewhat  abbreviated,  yet,  if  tbe  adopted  values  of 
the  masses  of  some  of  the  disturbing  bodies  are  uncertain,  and  it  is 
desired  subsequently  to  correct  the  results  by  means  of  corrected 
values  of  these  masses,  it  will  be  better  to  compute  the  perturbations 
due  to  each  disturbing  body  separately,  and,  since  a  large  part  of  the 
numerical  process  remains  unchanged,  the  additional  labor  will  not 
be  very  considerable,  espedally  when,  for  some  of  the  disturbing 
bodies,  the  interval  of  quadrature  may  be  extended.  The  successive 
oorrection  of  tbe  elements  in  order  to  include  in  the  results  the  pei^ 
turbations  due  to  tbe  higher  powers  of  the  masses,  must,  however, 
involve  the  perturbations  due  to  all  the  disturbing  bodies  considered. 

The  differential  coefficients  should  be  multiplied  by  the  interval  m, 
so  that  the  formulte  of  int^ration,  omitting  this  &ctor,  will  furnish 
directly  the  required  integrals;  and  wheoevw  a  change  of  the  intt^r- 
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val  is  introdaced,  the  proper  caution  mnst  be  observed  in  r^&rd  to 
the  process  of  integration.  The  quantity  8  —  206264".8  should  be 
introduced  into  the  formulffi  in  such  a  manner  that  the  variations  of 
the  elements  which  are  expressed  in  angular  measure  will  be  obtained 
directly  in  seconds  of  arc;  and  the  variations  of  the  other  elements 
will  be  conveniently  determined  in  units  of  the  nth  decimal  place. 
Tt  should  be  observed,  also,  that  if  the  constants  of  integration  are 
put  equal  to  zero  at  the  beginning  of  the  int^ration,  the  int€^rale 
obtained  will  be  the  required  perturbations  of  the  elements. 

199.  Example. — We  shall  now  illustrate  the  calculation  of  the 
perturbations  of  the  elements  by  a  numerical  example,  and  for  this 
purpose  we  shall  take  that  which  has  already  been  solved  by  the 
other  methods  which  have  been  given.  From  1864  Jan.  1.0  to  1865 
Jan.  1 5.0  the  perturbations  of  the  second  order  are  insensible,  and 
hence  during  the  entire  period  it  will  be  sufficient  to  use  the  values 
^f  r,  Vf  and  JS  given  by  the  osculating  elements  for  1864  Jan.  1.0. 

The  calculation  of  the  forces  B,  8,  and  Z  is  ejected  precisely  as 
already  illnstrated  in  Art,  189,  and  from  the  results  there  given  we 
obtain  the  following  values  of  the  forces,  with  which  we  write  also 
the  values  of  E^: — 


Berlin  Mean  Tiine. 

tUR 

40S 

40Z 

a 

1863  Deo. 

12.0, 

+  coses 

+  0".0019  +  r.0OOO2 

355 

26'   8' 

.2 

1864  Jan. 

21.0, 

0  .0356 

-  0  .0086 

0  .00025 

8 

14  67 

.8 

Man* 

1.0, 

0  .0315 

0  .0182 

0  .00047? 

20 

67  65 

.1 

April 

10.0, 

0  .0250 

0  .0269 

0  .00068 

33 

26  47 

.6 

May 

20.0, 

0  .0169 

0  .0314 

0  .00087 

45 

85  26 

.3 

June 

29.0, 

+  0  .0079 

0  .0343 

0  .00101 

67 

20    3 

.8 

Ang. 

8,0, 

-0  .0011 

0  .0349 

0  .00112 

68 

39  14 

.6 

•        Bepl. 

17.0, 

0  .0099 

0  .0333 

0  .00117,- 

79 

33  13 

.1 

OoL 

27.0, 

0  .01791 

0  .0301 

0  .00116 

90 

3  23 

.2 

Dee. 

6.0, 

0  .0252 

0  .0253 

0  .00108 

100 

11  49 

.1 

1865  Jan. 

15.0, 

-  0  .0317 

-  0  .0193  +  0  .00090: 

110 

064 

.3 

We  compute  the  values  of  the  required  differential  coefficients  by 
means  of  the  equations 

d^St  1        rsinu-  dti  1 

«         kVp        em»  dt       kVp 


^^W^-^ii^^  +  ^'^^i^V^^I+^'^'^^ir' 
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d»t<  _         1 


n  eB  +  a  COB  ?  (C08  w  +  coa  £)  8), 


dt 


d9M^     III 


kVp 
p  cosv 
sin  i/> 


nf  sinvA-f 


'-sy,+S^-^.. 


and  the  resQits  are  the  following: — 
l«^  «^       40^        «^ 

uudhi.    110,     — 1)".«4     —v.va     — is'.Tsa 

UN  Jma.    il.Ob  0  IM  Q  -air  II  SM 

Huch   1.0,  0  .302  '        0  .029  IS  JTS 

.Iprtl  lOJ),  0  .£59  0  .029  22  .OM 


+  tyjoi     +  ii",(»f 


^1M         3  ^»2 


1  .ZK       +  U  JOS 


The  values  thus  obtained  give,  by  means  of  the  formuUe  for  integrsr- 
tioD  by  mechanical  quadrature,  the  following  perturbations  of  ths 
elements: — 


1863  Dec     12.0, 

+  0".01 

-  0".00 

+  8".43 

+  0".12 

+  0".0007 

—  6".48 

1864  Jm.     21.0. 

-0  .04 

0  .01 

-8  .49 

—  0  .38 

0  .0040 

+  6   .72 

March   1.0, 

0   .24 

0  .03 

26   .78 

1   .80 

0  .0216 

19   .15 

April  10.0, 

0   .60 

0  .06 

48  .01 

3  .88 

0  .0502 

87   .11 

May     20.0, 

1    .35 

0  .08 

72  .82 

6  .27 

0  .0875 

60  .91 

Jam    29.0, 

2  .29 

0  .10 

100  .83 

8   .81 

0  .1299 

90  .73 

Aug.      8.0, 

3   .40 

0  .09 

130  .93 

10   .66 

0  .1751 

126  .79 

Sept.    17.0, 

4  .63 

0  .07 

161   .66 

12  .26 

0  .2200 

164   .79 

Oct.      27.0, 

6  .84 

—  0  .03 

101   .48 

13   .48 

0  .2624 

206   .19 

Dea      6.0, 

6   .93 

+  0  .03 

219  .27 

14   .44 

0  .3004 

248   .72 

186GJaii.     15.0, 

-7   .8U  +0  .10 

-244  .24 

-16  .37 

+  0  .3323 

+  291   .33 

Applying  the  variations  of  the  elements  thus  obtained  to  the  osca- 
lating  elements  for  1864  Jan.  1.0,  as  given  in  Art.  166,  the  osculaluig 
elements  for  the  iustant  1865  Jan.  15.0  are  found  to  be  the  following: — 

Epoch  =  1865  Jan.  15.0  Berlin  mean  time. 
M=   99°  34' 48".81 
IT  =   44   13    7  .931  ^  ,.    . 
Ji=206   38  57  .88>E^'^P*!'='"^,i*^ 
"=     4   36  52  .21 J     Equinox  1860.0. 

y  =   11    15  35  .65 
Iogo  =  0.3f 
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Id  order  to  compare  the  results  thus  derived  -with  the  perturbations 
computed  bj  the  other  methods  which  have  been  given,  let  us  com- 
pute the  heliocentric  longitude  and  latitude,  in  the  case  of  the  dis- 
turbed orbit,  for  the  date  1865  Jan.  16.0,  Berlin  mean  time.  Thus, 
hy  means  of  the  new  elements,  we  find 

M=   99°  34' 48".81,  £=110°    5' 14".15, 

Iogp=   0.4162102,  v=  120    19  18  .01, 

I  =  IW  37'  59".04,  A  =  —  3     5  32  .64,  : 

agreeing  completely  with  the  results  already  obtained  by  the  other 
methoda.  The  heliocentric  place  thus  found  is  referred  to  the  ecliptic 
and  mean  equinox  of  1860.0,  to  which  the  elements  .t,  SI,  and  i  are 
referred;  and  it  may  be  reduced  to  any  other  ecliptic  and  equinox  by 
means  of  the  usual  formulte.  Throughont  the  calculation  of  the  per- 
turbations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic, 
the  results  being  subsequently  reduced  by  tlie  application  of  the  cor- 
rections for  precession  and  nutation. 

In  the  determination  of  dM,  if  we  denote  by  JM  the  value  which 

is  obtained  when  we  neglect  the  last  term  of  the  equation  for  —jT-'  we 
shall  have 

which  form  is  equally  convenient  in  the  numerical  calculation.  Thus, 
for  1865  Jan.  15.0,  we  find 

-dJf=  +  234".74, 

and  from  the  several  values  of  1600—7^  we  obtain,  for  the  same  date^ 
by  means  of  the  formula  for  double  integration, 


//^ 


'dV 


^-(£i'=  +  66".59. 

Hence  we  derive 

iM=  +  234".74  +  56".59  =  +  291".38, 

agreeing  with  the  result  already  obtained. 

.    If  we  compute  the  variation  of  the  mean  anomaly  at  the  epoch,  by 

means  of  equation  (209),  we  find,  in  the  case  under  consideration, 

3J«;  =  +  165".29, 
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and  since  tlie  place  of  the  body  in  the  case  of  the  instantaneous  orbit 
is  to  be  computed  precisely  as  if  the  planet  had  been  moving  oon- 
stantly  in  that  otbit,  we  have,  for  1866  Jan.  16.0, 

(t  — (,)a,i  =  +  126".27, 
and  hence 

3jf  =  jk;  +  (t — (,)  a^  =  +  ?91".56. 

The  error  of  this  result  is  —  0".23,  and  arises  chiefly  from  the  in- 
crease of  the  accidental  and  unavoidable  errors  of  the  numerical  cal- 
culation by  the  factor  t^tg,  which  appears  in  the  last  term  of  the 
equation  (209).  Hence  it  ia  evident  that  it  will  always  be  preferable 
to  compute  the  variation  of  the  mean  anomaly  directly;  and  if  the 
variation  of  the  mean  anomaly  at  a  given  epoch  be  required,  it  may 
easily  be  found  from  8M  by  means  of  the  equation 

If  the  osculating  elements  of  one  of  the  asteroid  planets  are  thus 
determined  for  the  date  of  the  opposition  of  the  planet,  they  will 
suffice,  without  further  change,  to  compute  an  epheraeris  for  the  brief 
period  included  by  the  observations  in  the  vicinity  of  the  opposition, 
unless  the  disturbed  planet  shall  be  very  near  to  Jupiter,  in  which 
case  the  perturbations  during  the  period  included  by  the  epbemeria 
may  become  sensible.  The  variation  of  the  geocentric  place  of  the 
disturbed  body  arising  from  the  action  of  the  disturbing  forces,  may 
be  obtained  by  substituting  the  corresponding  variations  of  the  ele- 
ments in  the  differential  formnlffi  as  derived  from  the  equation  {1\, 
whenever  the  terms  of  the  second  order  may  be  neglected.  It  should 
be  observed,  however,  that  if  we  substitute  the  value  of  iif  directly 
in  the  equations  for  the  variations  of  the  geocentric  co-ordinates,  the 
coefBcieot  of  $ft  must  be  that  which  depends  solely  on  the  variation 
of  the  semi-transverse  axis.  But  when  the  coefficient  of  Sft  has  been 
computed  so  as  to  involve  the  effect  of  this  quantity  during  the  in- 
terval t  —  i^,  the  value  of  8M^  must  be  found  from  SM  and  subsU'- 
tuted  in  the  equations. 

200.  It  will  be  observed  that,  on  account  of  the  divisor  e  in  the 

expressions  for  -^  -tt'  and  ^,-.  these  elements  will  be  subject  to  lai^ 

perturbations  whenever  e  is  very  small,  although  the  absolute  effect 
on  the  heliocentric  place  of  the  disturbed  body  may  be  small ;  and  oo 
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■OGOunt  of  the  divisor  sia  i  in  tbe  ezpreflBion  fbr  --jr-  the  variation 

of  Si  will  be  large  whenever  «  is  very  small.  To  avoid  the  difficul- 
ties thus  encountered,  new  elements  must  be  iotroduoed.  Thus,  in 
the  case  of  Si,  let  us  put 

(224) 


•"  =  8iii»8inft, 

/!"=.mi( 

shall  hays 

4  +  ^ioo.a- 

4-.mi.i»a- 

dSi 
'dT 

Introducing  the  values  of  -j-  and  — j-  given  by  the  equations  (212), 

and  introducing  further  the  auxiliary  constants  a,  b,  A,  and  B  com- 
puted by  means  of  the  formula  (94)^  with  respect  to  the  fundamental 
plane  to  which  Q  and  i  are  reterred,  we  obtain 

—  =rZBinacoe(^ +  «), 


^  =  ~-=^=  rZ  Bin  bcoa(B  +  u), 

by  means  of  which  the  variations  of  a"  and  ^"  may  be  found.  If 
tbe  integrals  are  put  equal  to  zero  at  the  banning  of  the  int^ration, 
the  values  of  da"  and  3^"  will  be  obtained,  so  that  we  shall  have 

sin  i  sin  £2  ^  sin  t^  Bin  Q^-l-  ia", 
sin  t  cos  £}  =  sin  t^  cos  Sio  +  ^^', 
or 

sin  1  sin  (  £J  —  ftj  =  COS  £2,  9a"  —  sin  Sic  ^fi"i 
sin  i cos  (ft  —  JJ^  =  8in  1,  +  sin  Q,  a«"  +  cos  ft, »fi",       (226) 
by  means  of  which  i  and  (J  —  ft^  may  be  ibund. 
In  the  case  of  Xi  '^t  us  put 


(227) 


^ 

=  ^4^' 

dt 

de 

=  00./-^-.: 

'dt' 
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Sub&titating  for  -^  luid  -^  the  valaes  given  by  the  equations  (203) 
and  (205),  and  redainng,  we  obtain 

by  meana  of  which  the  values  of  dif'  and  S!^"  may  be  found.  Then 
we  shftll  have 

e  sin  ;;  ^  «„  Bin  JT,  4-  iij", 

«C08J|r=^C0S:r^  +  iC", 
or 

e  sin  (7  —  «,)  ^  COB  jTi,  V'  —  sin  «,  9t", 

ecoe(x  —  «,)  ^  e,  +  sin  IT,  ^"  -j-  cosw,  Jf,  (229) 

from  which  to  find  e  and  ^.  If,  in  order  to  find  the  variation  of  n,  we 
write  n  iostead  of  j;  in  these  formulie,  the  terms  +  2c  cos  jt  sin*  i»-^ 
and  — 2eBin;r8in' Ji-jT-  must  be  added  to  the  second  members  of 
(228),  respectively. 

!M1.  By  means  of  the  four  methods  which  we  have  developed  and 
illustrated,  the  special  perturbations  of  a  heavenly  body  may  be  de- 
termined with  entire  accuracy,  and  the  choice  of  the  particular  method 
will  depend  on  the  circumstances  of  the  case.  By  computing  the 
perturbations  of  the  elements,  correcting  these  elements  as  often  as 
may  be  required,  the  terms  depending  on  the  higher  powers  of  the 
masses  may  be  included,  and  no  indirect  calculation  becomes  necessary. 
The  frequent  correction  of  the  elements  will  also  render  insensible 
the  effect  of  whatever  uncertainty  remains  in  regard  to  their  true 
values.  But,  since  the  perturbations  of  the  elements  are  iu  general 
much  greater  than  those  of  the  co-ordinates,  the  efiect  of  the  terms 
of  the  second  order  will  be  much  greater  upon  the  values  of  the  ele- 
ments  than  upon  those  of  the  co-ordinates.  Hence,  the  frequencjf 
with  which  a  change  of  the  elements  will  be  required  will  fully  com- 
])ensate  the  labor  of  the  indirect  part  of  the  calculation  in  the'  case 
of  the  perturbations  of  the  co-ordinates. 


Digitizecy  Google 


VAHIATION  OP   CONSTANTS.  635 

The  determiofttioii  of  the  perturbations  of  the  polar  co-ordinates 
r,  w,  and  z,  and  that  of  the  perturbations  SM,  v,  and  Sz„  are  effected 
with  almost  equal  facility,  especially  when  the  eSect  of  the  disturb- 
ing forces  is  to  be  determined  for  a  long  interval  of  time.  If  the 
perturbations  are  required  only  for  a  brief  period,  it  will  be  prefer- 
able to  determine  dM,  v,  and  dx,  rather  than  iio,  dr,  and  z,  sinco  the 
indirect  part  of  the  calculation  will  thus  be  effected  with  less  repe- 
tition. In  both  of  these  cases  the  values  of  the  perturbations  arej 
generally  smaller  than  in  the  case  of  the  rectangular  co-ordinates,  and.' 
hence  they  are  less  affected  by  terms  of  the  second  order;  but  on 
acoonnt  of  the  simplicity  of  the  formulee,  even  when  we  include  the 
terms  depending  on  the  higher  powers  of  the  masses,  so  long  as  tlie 
magnitude  of  the  values  of  8x,  dy,  and  dz  is  not  so  large  as  to 
render  troublesome  the  indirect  part  of  the  calculation,  the  method 
of  the  variation  of  rectangular  co-ordinates  may  be  advantageously 
employed  when  the  perturbations  are  to  be  determined  for  a  long 
period. 

By  whatever  method  the  perturbations  are  determined,  if  the  fun- 
damental osculating  elements  are  correct,  the  final  elements  of  tha 
instantaneous  orbit  will  be  the  same.  But,  since  the  effect  of  the 
errors  of  the  elements  will  differ  in  d^ree  in  the  different  methods 
of  treating  the  problem,  if  these  elements  are  affected  with  small 
errors,  the  agreement  of  the  final  osculating  elements  obtained  by  the 
different  methods,  in  connection  with  the  corrections  derived  by  the 
comparison  of  observations,  may  not  be  complete. 

When  the  disturbed  body  approaches  very  near  to  a  disturbinjf 
planet,  the  magnitude  of  the  perturbations  will  be  such  as  to  enable 
OS  by  means  of  accurate  observations  to  correct  the  adopted  value  of 
the  disturbing  mass.  In  this  case  the  perturbations,  computed  by 
means  of  either  of  the  methods  applicable,  must  be  converted  inte 
the  corresponding  perturbations  of  the  geocentric  spherical  co-ordi- 
nates. Let  the  variation  of  either  of  the  geocentric  co-ordiiiateR 
arising  from  the  action  of  the  disturbing  planet  be  denoted  by  dd-, 
then,  if  we  suppose  the  correct  value  of  the  disturbing  mass  to  be 
1  -f-  n  times  the  assumed  value  used  in  computing  86,  the  correspond- 
ing variation  of  the  geocentric  spherical  co-ordinate  will  be 

(1  +  n)  S6. 

The  value  89  may  be  included  in  the  determination  of  the  diSeFen<y 
between  computation  and  observation  in  the  formation  of  the  equa- 
tions of  condition  for  finding  the  corrections  to  be  af^lied  to  the  ele- 
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menta;  and,  finally,  the  term  vS6  maj  be  added  to  each  of  the  eqna* 
tiona  of  oondition,  eo  that  ve  thus  introduce  a  new  nnknown  qnantatf 
n.  The  solution  of  all  the  equations  thus  formed,  by  the  method  of 
least  squares,  will  then  fnmieh  the  moet  probable  values  of  the  oor- 
recttons  to  be  applied  to  the  adopted  elemeuts,  and  also  the  value  of 
n,  by  means  of  which  a  corrected  value  of  the  mass  of  the  disturbing 
■body  will  be  obtained. 

202.  If  the  determination  of  the  perturbations  of  a  heavenly  body 
required  that  all  the  disturbing  bodies  in  the  system  shoald  be  oon- 
tbintly  considered,  the  labor  would  be  very  great.  But,  fortunately, 
it  so  happens  that  the  masses  of  many  of  the  planets  are  so  small  in 
comparison  with  that  of  the  sun,  that  the  sphere  of  their  diatnrbing 
ioftueuce  is  very  much  restricted.  Thus,  in  the  determination  of  the 
perturbations  of  the  asteroid  planets,  only  the  action  of  Mars,  Jupi- 
ter, and  Saturn  need  be  considered ;  and  of  these  disturbing  planets 
Jupiter  exerts  the  principal  influence.  It  is  true,  however,  that,  on 
account  of  the  elongated  form  of  the  orbits  of  the  periodic  comets, 
they  may  at  difierent  times  be  sensibly  disturbed  by  each  of  the 
planets  of  the  system.  But  since  in  the  remote  parts  of  their  orbits 
they  are  very  distant  from  many  of  the  disturbing  planets,  the  detw- 
mination  of  their  perturbations  will  then  be  much  facilitated  by  con- 
sidering them  as  revolving  around  the  common  centre  of  gravity  of 
the  sun  and  disturbing  planet.  When  the  motion  is  referred  to  the 
centre  of  the  sun,  the  disturbing  force  is  the  difference  of  the  direct 
action  of  the  disturbing  body  upon  the  disturbed  body  and  upon  the 
Fun ;  and  in  the  case  of  those  disturbing  planets  whose  periodic  time 
is  short,  the  term  which  expresses  the  action  upon  the  sua  will  change 
value  so  rapidly  that  it  will  be  necessary  to  adopt  small  intervals  in 
the  direct  numerical  calculation.  But  when  we  refer  the  motion  to 
the  centre  of  gravity  of  the  system,  which  does  not  reodve  any 
notion  in  virtue  of  the  mutual  attractions  of  the  bodies  which  com- 
)M)se  the  system,  that  part  of  the  di.sturbing  force  which  expresses  the 
action  of  the  disturbing  planet  upon  the  sun  will  disappear,  and  the 
magnitude  of  the  disturbing  force  will  be  leas  than  that  of  the  fbroe 
which  disturbs  the  motion  of  the  comet  relative  to  the  sun,  so  that 
the  intervals  for  quadrature  may  be  greatly  extended.  It  will  be 
observed,  further,  that,  if  the  distance  of  the  comet  from  the  sun  is 
(xF  greater  than  the  distance  of  the  disturbing  body,  the  direct  action 
of  the  planet  upon  the  comet  becomes  so  small  that  its  eflcct  upon  the 
motion  will  be  quite  insignificant.     In  this  case  the  motion  of  tin 
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comet  will  be  sensibly  the  saine  as  the  pure  ellipdo  motion  arounil 
the  oommon  centre  of  gravity  of  the  gun  and  disturbing  planet. 

In  order  to  exhibit  these  principles  more  clearly,  let  ns  denote  by 
f,  7,  (^,  the  co-ordinates  of  the  Bun  referred  to  the  centre  of  gravity 
of  the  system;  by  x^  y„  z„  the  co-ordinates  of  the  comet;  and  by 
"v't  Vo't  "n'l  ^^^  co-ordinates  of  the  dtsturbiag  planet  referred  to  the 
same  origin.  Let  x,  y,  z  be  the  oo-ordinates  of  the  comet,  and 
x'f  y",  z'  those  of  the  planet  referred  to  the  centre  of  the  sun;  then 
we  shall  have 


1  =-»'».', 

C=-rfV. 

and  hence 

/  =  <  +  ».'<, 

i'  =  r;  +  m'r,'. 

From  these  we  derive 

—  if^." 

mV 

'      1+;;?' 

--T^- 

(230) 
The  eqoatinns  (16),  are  now  easilj  traosformed  into  the  following: — 


If" 
+  i'(i.  +  mX')(-^-p). 

+  f(,.+  m's.')(^-^). 
Ji.  ,  i"a+mT£,_    ,„,  ,        ,/l        1\ 

+  f(<.  +  ».V)(^-p). 

which  eompletely  determine  the  motion  of  the  comet  aljout  the  com- 
mon centre  of  gravity  of  the  sun  and  planet.  The  second  members 
express  the  ibroes  which  disturb  the  pure  elliptic  motion ;  and  it  is 
evident,  by  an  inspection  of  the  terms,  that  when  the  comet  is  remote 
from  both  the  planet  and  the  sun  these  forces  become  extremely 
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Btnall.  If,  therefore,  we  compute  the  perturbatjons  of  the  motion 
relative  to  the  sun  as  &r  as  to  the  point  at  which  the  seoond  membera 
of  (231)  have  not  any  appreciable  influence  on  the  results,  it  will 
Buffioe  simply  to  convert  the  elements  which  refer  to  the  centre  of 
the  BUD  into  those  relative  to  the  common  centre  of  gravity  of  the 
snn  and  disturbing  plauet,  and  then  to  regard  the  motion  aa  undis- 
turbed until  the  comet  i^in  approaches  eo  near  that  the  direct  per- 
torbations  must  be  considered,  at  which  point  the  motion  will  ^aia 
be  referred  to  the  centre  of  the  snn. 

203.  The  reduction  of  the  elements  from  the  centre  of  gravity  of 
the  sun  to  the  common  centre  of  gravity  of  the  snn  and  the  disturb- 
ing planet,  may  be  easily  effected  by  means  of  the  variations  of  the 
rectangular  co-ordinates  and  of  the  corresponding  velocities.  To 
derive  the  co-ordinates  of  the  comet  referred  to  the  centre  of  gravity 
of  the  sun  and  planet,  it  is  only  necessary  to  add  to  the  faeliocentria 
0(M)rdiDat«8  the  co-ordinates  of  the  snn  referred  to  this  origin,  so 
that,  according  to  (230),  we  shall  have 

and,  also. 


If,  therefore,  from  the  elements  of  the  orbit  of  the  disturbing  pland 
we  compute  the  auxiliary  constants  for  the  adopted  fundamental 
plane  by  means  of  the  equations  (94),  or  (99)^  and  also  V  and  W 
from 

^iS^  (e- dn  «/ +  sin  «■)  =F' Bin  tr, 

^?^^±^  (fl' cos »' + cos  «■) = r  cos  rr, 

the  eqnationfl  (lOO),  and  (49),  in  connection  with  (232)  and  (233), 
pva 

&  =  _-_^_^r'Bino'8in(il' -!-«'),  (284) 
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If  we  add  the  values  of  8x,  8y,  iz,  d-^'  8-^>  and  8-jt  to  the  cor- 


respoDdiog  co-ordinates  and  velooities  of  the  comet  in  reference  to 
the  centre  of  gravity  of  the  bud,  the  results  will  give  the  co-ordinates 
and  velocities  of  the  comet  in  reference  to  the  common  oentre  of 
gravity  of  the  sun  and  disturbing  planet,  and  from  these  the  new 
elements  of  the  orbit  may  be  determined  as  explained  in  Art.  168. 

The  time  at  which  the  elements  of  the  orbit  of  the  comet  may  be 
referred  to  the  common  centre  of  gravity  of  the  sun  and  planet,  can 
be  readily  estimated  in  the  actual  application  of  the  formuln,  by 
means  of  the  magnitude  of  the  disturbing  force.  In  the  case  of  Mer- 
cury as  the  disturbing  planet,  this  transformation  may  generally  be 
effected  when  the  radiua-vector  of  the  comet  has  attained  the  value 
1.5,  and  in  the  case  of  Venus  when  it  has  the  value  2.6.  It  should 
be  remarked,  however,  that  the  distance  here  assigned  may  be  in- 
creased or  diminished  by  the  relative  position  of  the  bodies  in  their 
orbits.  The  motion  relative  to  the  common  centre  of  gravify  of 
the  sun  and  planet — disregarding  the  perturbations  produced  by  the 
other  planets,  which  should  be  considered  separately — may  then  be  re- 
garded as  undisturbed  until  the  comet  has  again  arrived  at  the  point 
at  which  the  motion  must  be  referred  to  the  centre  of  the  sun,  and  at 
which  the  perturbations  of  this  motion  by  the  planet  under  consider- 
ation most  be  determined.  The  reduction  to  the  centre  of  the  sun 
will  be  effected  by  means  of  the  values  obtained  from  (234),  when  the 
second  member  of  each  of  these  equations  is  taken  with  a  contrary 
sign. 

204,  In  the  cases  jo  which  the  motion  of  the  comet  will  be  referred 
to  the  common  centre  of  gravity  of  the  sun  and  disturbing  planet, 
the  resulting  variations  of  the  co-ordinates  and  velocities  will  be  so 
BmalJ  that  their  squares  and  products  may  be  neglected,  and,  there- 


ogn 
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fore,  instead  of  ming  the  complete  formuin  in  finding  the  new  ele* 
mente,  it  will  enffiue  to  emplo7  differential  formuUe.  The  ibnnolM 
(100),  give 

^  =  i!iniflin(B  +  «)^  +  »-8in6co«(B  +  ti)^        (235) 

—  =Mne8in(C7+«)-^  •+ r an e (x» (C  +  u) -yr' 

If  we  multiply  the  first  of  these  equations  bj  8x,  the  second  l^  dy, 
and  the  third  by  ix;  then  maltiply  tiie  first  by  ^-yz'  the  second  by 
i-^'  and  the  third  by  d-^'  and  put 

P=  aiu  a  sin  (^  -|-  u)  dx  -{-  sin  &  sin  (£  -f  v)  ^ 

-{- sin  e  sin  (  £7  4~  *()  ^'i 
Q  =  sin  a  COS  (^  4-  u)  ^x  +  sin  i  c<M  (£  +  u)  ay 

-|- sin  e  COB  ( <7  4~  **)  ^' : 


+  BinccoeCC+«)3-^. 
WB  shall  have,  observing  that -^  =  -^«  sin  «  and  that  -^  =  — ^ 

dx  .dx    .    dy  .dy    ,dM     da  _   h   ,-„„«,  i^Vp  a 

From  the  eqoations 

dr  dx    ,      </tf    ,     d> 
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we  get 

which  by  means  of  (237)  become 

From  the  equation 

we  get 

2pMi  +  pap  =  2t'Far+ 2FVA- —  2^  «(^  |. 

Sabetitatmg  the  valaes  given  hj  (238),  observing  also  that  f=  8r, 
this  becomes 

and,  aince 
we  obtain 

by  means  of  which  the  variation  of  v^  may  be  fbond. 
The  eqaation 

a         t 
gives 

from  which  we  derive 


Vy 
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from  which  the  new  valne  of  the  semi-tianBTerse  axis  a  cutj  be 
found.    To  fiod  8/i  -we  have 

a/.  =  j^i  +  ^-^,  (2411 

If «zt,  to  find  de,  we  hav^  from p  =  a{l  —  ^, 


The  equation  (12),  gives 

3if=-=-^». 'f'^y  (2  +  gcoBg)ag,  (246) 

o»coef  o'cos*?  *■    ^  '  ^  ■■      ' 

and  fiwm  -  =  1  +  6ooaB  we  get 

A,  =  i^  A, +  _£_*. ?^i(^-),  (2«j 

s  Bin  «  Ho  8in  V  reamv     ^'^  ^ 

Substituting  this  value  of  A)  in  (246),  and  reducing,  we  find 
from  which  to  derive  the  variation  of  the  mean  anomaly. 


205.  Let  us  now  denote  hy  x",  y",  z"  the  heliocentric  co-ordinates 
of  the  comet  referred  to  a  BTStem  in  which  the  plane  of  the  orbit  in 
the  fundamental  plane,  and  in  which  the  positive  axis  of  x  is  directed 
to  the  ascending  node  on  the  ecliptic.  Let  us  also  denote  by  x',  y",  il 
the  co-ordinatee  referred  to  a  system  in  which  the  plane  of  the  ecliptic 
is  the  plane  of  tcy,  and  in  which  the  poeitivfl  axis  of  a;  is  directed  to 
the  vernal  equinox.     Then  we  shall  have 


D,:„l,zec.y  Google 


FKBTDBBATIONB  OF  COMETS.  o43 

«"  =  »'  COB  SI  +  y*  sin  0 , 

y"  =  —  x'Bui£icoet  +  y'coflQ  wwi  +  i'Bint, 

»"  =;^Bm{iBini  —  y'coBpBini  +  f'coat. 

If  we  tranBfonn  the  co-ordinates  etill  further,  and  denote  by  x,  y,  x 
the  co-ordinates  referred  to  the  equator  or  to  any  other  plane  making 
the  angle  c  with  the  ecliptic,  the  positive  axis  of  x  being  directed  to 
the  point  from  which  longitudes  are  measured  in  this  plane;  and  if 
we  introdnoe  also  the  auxiliary  constants  a.  A,  b,  B,  <&c.,  we  shall 
have 

dz"  ^  sin  a  Bin  ^  te  -|-  Bin  £  Bin  £  ^  -|-  sin  e  Bin  C  Hz, 

i\/'  =  aaacoaAiK  +  ajibaaaBiif-\-a.ateoiCSa,        (248) 

8J'  =  o(!maix-\-OMbiy-\-coBedt. 

Multiplying  tlie  first  of  these  by  —  sin  u,  and  the  second  by  cos  u, 
adding  the  resnlte,  and  introducing  Q  as  given  1^  the  second  of 
equations  (236),  we  get 

cos  uV— Bin  «*!:"=§. 

Substituting  for  3x"  and  Ay"  the  values  given  by  the  equations  (73)^ 
tlw  result  is 

and,  introducing  the  value  of  Sv  given  by  (246),  we  obtain 


Substituting  further  for  3e,  ir,  and  3  (j/p)  the  values  already  ob- 
tuned,  and  reducing,  we  find 


l^  means  of  which  8^  may  be  found. 
If  we  put 

COB  a  ^x  4"  cos  &  ^  +  cos  eSt  =  S, 

COB  a  a-^j  +  COS  6  i-^  +  VXO  *jr  ~X,  ^ 


the  last  of  the  equations  (! 
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iJ'  =  R',  (261) 

Mid  if  we  difFerentut«  the  eqoatioQ 

which  eziBta  in  the  case  of  the  anchanged  clemeDts,  we  shaU  lum 

0  =  C08  a  S—  +  COB  fr  *^  +  C0«  0  i-jr 

dx   .       ,        dv   .    ,  ,,       di    . 
— ^  nnaAi  — —Binbdb— -^amete. 

SubstitutiDg  for  8a,  3b,  and  dc  the  values  gives  in  Art.  60,  observing 
that  df  =  0,  we  have 


(dx  dv  d*  \  V^sa-fJ 

-^  ain  o  006 .4  + -^  Bin  6  cos  B  + -^  ain  e  COB  C I  ^ 

From  the  equations  (100),,  observing  that  the  relations  between  the 
ftDxiliaty  constants  are  not  changed  when  the  variable  u  is  pat  equal 
to  zero,  or  equal  to  90°,  we  get 

nn'  a  sin*  A  -j-  Bin*  b  sin'  B  -\-  sin*  e  sid*  C=  1,  f  253^ 

un'acos'jl  +  sin' i  cob' £  +  Bin'ecos'C=l, 

and  from  (235)  we  find 

sin*  a  sin  j1  cos  J  -^  oj^b  »m  B  coa  B  -\-  ain'esin  Ccoa  0=0.    (254) 

Subetitaling  in  (252)  for  -^t  -^t  and  -^  the  values  given  by  the 

equations  (49),  and  reducing  by  means  of  (253)  and  (254),  we  get 

0  =  fi'  — Faintrsiniaa—rcoBD'.Jt.  (265) 

SubatJtnting  further  for  ii"  in  (251)  the  value  given  by  the  last  of 
the  equations  (73)i,  there  results 

0  =  B  +  rcoa«rinifl(J— rrinttJt.  (266) 

From  these  equations  we  derive,  by  elimination. 
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pain.  ^kVp      am.  ^gST) 

p  Wp 

hy  means  of  wUch  dQ  and  3i  may  be  found.     To  fiod  Jot  and  in  we 
have 

fc.  =  ity~co8ta(l,  Jjr  =  <f(  +  2Mn'JiJJJ.  (258) 

2;f  being  fonnd  from  equation  (249). 

N^lecting  the  mass  of  the  comet  as  inappreciable  in  comparison 
with  that  of  the  aun,  the  attractive  force  which  acta  upon  tbe  comet 
in  the  case  of  the  uodisturtied  motion  relative  to  the  snn  is  if,  but  iir 
the  case  of  the  motion  relative  to  tiie  common  centre  of  gravit7  of 
the  sun  and  planet  this  force  is  £*(!  +»>')■  Hence  it  follows  that 
thn  increment  of  this  force  will  be  m'Jf,  and  we  shall  have 

\>j  means  of  which  the  value  of  this  ftctor,  which  is  required  in  the 
formulffi  for  ^(v^t  ^~'  ^-t  ™3y  he  found. 

206.  The  formula  thus  derived  enable  ue  to  effect  the  required 
transformation  of  the  elements.     In  the  first  place,  we  compute  the 

,^  — 

"  dt'  dt'  """  "  dt 
(234);  then,  by  means  of  (236)  and  (250),  we  compute  P,  Q,  R,  J", 
Q',  and  M',  the  auxiliary  constantfi  a,  A,  &c.  being  determined  in 
reference  to  the  fundamental  plane  to  which  the  co-ordinates  are  re- 
ferred. When  the  fundamental  plane  ie  the  plane  of  the  ecliptic,  oi 
that  to  which  £2  and  i  are  referred,  we  have 


The  algebraic  signs  of  cos  a,  cos  6,  and  cose,  as  indicated  bj  thecqua- 
taons  (101),,  must  be  carefully  attended  to.  The  formulse  for  the 
variations  of  the  elements  will  then  give  the  corrections  to  be  applied 
to  the  elements  of  the  orbit  relative  to  the  sun  in  order  to  obtain 
those  of  the  orbit  relative  to  the  common  centre  of  gravity  of  the 
snn  and  planet.  Whenever  the  elements  of  the  orbit  about  the  sun 
nre  again  required,  the  corrections  will  be  determined  in  the  samo 
maoner,  but  will  be  applied  each  with  a  contrary  sign. 
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Since  the  equations  have  been  derived  for  the  variations  of  mora 
than  the  six  elements  usually  employed,  the  additional  formule,  aa 
well  aa  those  which  give  different  relations  between  the  elements  em- 
ployed, may  be  used  to  check  the  nnmerical  calculation;  and  this 
proof  should  not  be  omitted.  It  is  obvious,  also,  that  these  ditfereii- 
tial  formula  will  serve  to  convert  the  perturbations  of  the  rectangnUr 
coordinates  into  perturbations  of  the  elements,  whenever  the  terms 
of  the  second  order  may  be  n^lected,  observing  that  in  this  case 
8k  =^0.  If  some  of  the  elements  considered  are  expressed  in  angular 
measure,  and  some  in  parts  of  other  units,  the  quantity  a  ^  206264".8 
should  be  introduced,  in  the  numerical  application,  so  as  to  preserve 
the  homogeneity  of  the  formulse. 

When  the  motion  of  the  comet  is  r^arded  as  undisturbed  about 
the  centre  of  gravity  of  the  system,  the  variations  of  the  elements  for 
the  instant  t  in  order  to  reduce  them  to  the  centre  of  gravity  of  the 
system,  added  algebraically  to  those  for  the  instant  ('  in  order  to 
reduce  them  again  to  the  centre  of  the  sun,  will  give  the  total  pertur- 
bations of  the  elements  of  the  orbit  relative  to  the  sun  during  the 
interval  t'  —  (.  It  should  be  observed,  however,  that  the  value  of 
8M  for  the  instant  t  should  be  reduced  to  that  for  the  instant  f,  so 
that  the  total  variation  of  if  during  the  interval  f — t  will  bo 

m  -t-if  —  t)  »^,'\iM^. 

In  this  manner,  by  considering  the  action  of  the  several  disturbing 
bodies  separately,  referring  the  motion  of  the  comet  to  the  common 
centre  of  gravity  of  the  sun  and  planet  whenever  it  may  subsequently 
be  regarded  as  undisturbed  about  this  point,  and  t^ain  referring  it  to 
the  centre  of  the  sun  when  such  an  assumption  is  no  longer  admissi- 
ble, the  determination  of  the  perturbations  daring  an  entire  revoln> 
tion  of  the  comet  is  very  greatly  &cilitated. 

207.  If  we  consider  the  position  and  dimensions  of  the  orbits  of 
the  cornels,  it  will  at  once  appear  that  a  very  near  approach  of  some 
of  these  bodies  to  a  planet  may  otlen  happen,  and  that  when  they 
approach  very  near  some  of  the  large  planets  their  orbits  may  lie 
entirely  changed.  It  is,  indeed,  certainly  known  that  the  orbits  of 
comets  have  been  thus  modified  by  a  near  approach  to  Jupiter,  and 
there  are  periodic  comets  now  known  which  will  be  eventually  thus 
acted  upon.  It  becomes  an  interesting  probleni,  therefore,  to  con- 
sider the  formulie  applicable  to  this  special  case  in  which  the  ordinary 
methods  of  calculating  perturbations  cannot  be  applied. 
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If  we  denote  hj  x',  y",  %',  r',  the  co-ordinates  and  radius-vector  of 
the  planet  referred  to  the  oentre  of  the  sun,  and  regard  its  motjoo 
relative  to  the  sua  as  disturbed  by  the  comet,  we  shall  have 

Let  oa  now  denote  hy  f,  7,  Z  l^he  co-ordinates  of  the  comet  referred 
to  the  centre  of  gravity  of  the  planet;  then  will 


S  =  x  —  al,  V  =  V  —  y**  C  =  «  —  J. 

Hubatitutii^  the  resulting  values  of  s^,  y',  ^  in  the  preceding  equa- 
tions, and  subtracting  these  from  the  corresponding  equations  (1)  for 
the  disturbed  motion  of  the  comet,  we  derive 

•^+ ? -^\7^ ^]'  ^^l> 

tPC  ,    ife'Cm-hW)C_,^/  /       /  +  C\ 
_+         _^         -*^\7r        ;*-/■ 

These  equations  express  the  motion  of  the  comet  relative  to  the  centre 
of  gravity  of  the  disturbing  planet;  and  when  the  comet  approaches 
very  near  to  the  planet,  so  that  the  second  member  of  each  of  these 
equations  becomes  very  small  in  comparison  with  the  second  term 
of  tiie  first  member,  we  may  teke,  for  a  first  approzimatioo, 

-0, 


d^  ,  ^(»»  +  »0:_ 


OD  the  comet  and  of  the  reciprocal  action  of  the  comet  on  the  planet, 
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these  equations,  bmg  of  the  same  form  as  those  for  the  nndistorbeJ 
motioD  of  the  oomet  relative  to  the  sun,  show  that  when  the  action 
of  the  disturbing  planet  on  the  comet  exceeds  that  of  the  sun,  the 
resnlt  of  the  first  approximation  to  the  motion  of  the  comet  is  that 
it  describes  a  conic  section  around  the  centre  of  gravity  of  the  planet. 
Farther,  since  — *',  — y",  — ^  are  the  co-ordinafea  of  the  son  re- 
ferred to  the  centre  of  gravity  of  the  planet,  it  appears  that  the 
second  membera  of  (261)  express  the  disturbing  force  of  the  sau  on 
the  comet  resolved  in  directions  parallel  to  the  co-ordinate  axes 
respectively.  Hence  when  a  comet  approaches  so  near  a  planet  that  ' 
the  action  of  the  latter  upon  it  exceeds  that  of  the  sun,  its  motion 
will  be  in  a  conic  section  relatively  to  the  planet,  and  will  be  dis- 
turbed by  the  action  of  the  sun.  But  the  disturbing  action  of  the 
sun  is  the  difference  between  its  action  on  the  comet  and  on  the 
planet,  and  the  masses  of  the  lai^er  bodies  of  the  sohir  system  are 
auch  that  when  the  comet  is  equally  attracted  by  the  sun  and  by  the 
planet,  the  diBtancca  of  the  comet  and  planet  from  the  sun  differ  so 
Jittle  that  the  disturbing  force  of  the  sun  on  the  comet,  regarded  as 
describing  a  conic  section  about  the  planet,  will  be  extremely  small. 
Thus,  in  a  direction  parallel  to  the  co-ordinate  f  the  disturbing  force 
exercised  by  the  sun  is 


and  when  the  comet  approaches  very  near  the  planet  this  force  will 
be  extremely  small.  It  is  evident,  further,  that  the  action  of  the 
sun  regarded  as  the  disturbing  hody  will  be  very  small  even  when 
its  direct  action  upon  the  comet  considerably  exceeds  that  of  the 
planet,  and,  therefore,  that  we  may  consider  the  orbit  of  the  comet  to 
be  a  conic  section  about  the  planet  and  disturbed  by  the  sun,  when  it 
is  actoally  attracted  more  by  the  sun  than  by  the  planet. 

208.  In  order  to  show  more  clearly  that  the  disturbing  force  of  the 
sun  is  very  small  even  when  its  direct  action  on  the  comet  exceeds 
that  of  the  planet,  let  us  suppose  the  sun,  planet,  and  comet  to  be 
situated  on  the  same  straight  line,  in  which  case  the  disturbing  force 
of  the  sun  will  be  a  maximum  for  a  given  distance  of  the  comet  from 

the  planet.     Then  will  the  direct  action  of  the  sun  be  — ,  and  thai 

of  the  planet  — ^-     The  disturbint;  action  of  the  sun  will  be 
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IX  +  P)' 


which,  Binoe  p  is  sappcsed  to  be  small  ia  comparisoD  with  r,  may  b« 
put  equal  to 

t*  ' 

and  beoce  the  ratio  of  the  disturbing  action  of  the  son  to  the  direct 
action  of  the  planet  on  the  oomet  cannot  exceed 

mr 

If  the  comet  is  at  a  distance,  such  that  the  direct  action  of  the  suu  u 
equal  to  the  direct  action  of  the  planet,  we  have 

ff  =  m't', 

and  the  ratio  of  the  direct  action  of  the  sun  to  its  disturbing  action 
cannot  in  this  case  exceed  2v'm'.  In  the  case  of  Jupiter  this  amounts 
to  only  0.06. 

So  long  as  p  is  small,  the  disturbing  action  of  the  planet  is  very 


hence  the  ratio  of  the  disturbing  action  of  the  planet  to  the  direct 
action  of  the  sun  cannot  exceed 

At  the  point  for  which  the  valoe  of  p  corresponds  to  R  =  R',  tho 
oomet,  sun,  and  planet  being  supposed  to  be  situated  in  the  same 
straight  line,  it  will  be  immaterial  whether  we  consider  the  sun  or 
^e  planet  as  the  disturbing  body;  but  for  values  of  p  less  than  this 
R  will  be  less  than  R',  and  the  planet  must  be  regarded  as  the  con- 
trolling and  the  sun  as  the  disturbing  body.  The  supposition  that 
R  is  equal  to  R'  gives 

m'r*        p* 
and  therefore 

P  =  tVW*.  (263j 

Hence  we  may  compute  the  perturbations  of  the  oomet,  regarding 
the  planet  as  the  disturbing  body,  until  it  approaches  so  near  the 
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planet  that  p  has  the  value  given  by  this  equation,  after  whi<.h,  ao 
long  BA  p  does  not  exceed  the  value  here  assigned,  the  eun  must  be 
r^arded  as  the  disturbing  body. 

If  ip  represents  the  angle  at  the  planet  between  the  snn  and  cornet^ 
the  disturbing  force  of  the  aun,  for  any  position  of  the  oomet  near 
Ihe  planet,  will  be  very  nearly 

and  when  this  angle  is  considerable,  the  diaturbing  action  of  the  son 
will  be  small  even  when  p  is  greater  than  n/^m'*.  Hence  we  may 
<ximmence  to  consider  the  sun  as  the  disturbing  body  even  before  ths 
nomet  reaches  the  point  for  which 

and,  since  the  ratio  of  the  disturbing  action  of  the  planet  to  the 
direct  action  of  the  sun  remains  nearly  the  same  for  all  values  of  f, 
when  p  is  within  the  limits  here  assigned  the  sun  must  in  all  cases 
be  so  considered.  Corresponding  to  the  value  of  p  given  by  equation 
(263),  we  have 

S  =  f^4^, 

and  in  the  case  of  a  near  approach  to  Jupiter  the  results  are 

/>=  0.054  r,  ^  =  0.33. 

209.  In  the  actual  calculation  of  the  perturbations  of  any  particu- 
lar comet  when  very  near  a  lai^e  planet,  it  will  be  easy  to  determine 
the  point  at  which  it  will  be  advantageous  to  commence  to  r^ard  the 
eun  as  the  disturbing  body;  and,  having  found  the  elements  of  the 
orbit  of  the  comet  relative  to  the  planet,  the  perturbations  of  these 
elements  or  of  the  co-ordinates  will  be  obtained  by  means  of  the 
formulie  already  derived,  the  necessary  distinctions  being  made  in  the 
notation.  When  the  planet  again  becomes  the  disturbing  body,  tlie 
elements  will  be  found  in  reference  to  the  sun;  and  thus  we  are 
enabled  to  trace  the  motion  of  the  comet  before  and  subsequent  to  ita 
being  considered  as  subject-  pnncipally  to  the  planet.  In  the  case  of 
the  first  transformation,  the  co-ordinates  and  velocities  of  the  oomet 
and  planet  in  reference  to  the  sun  being  determined  for  the  imitsnt  at 
wliich  the  sun  is  regarded  as  ceasing  to  be  the  controlling  body,  ve 
■ihall  have 
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f^»  —  ^,  i)  =  y  —  y'.  C  —  «  —  J, 

d$_^_^         j±_^__^  rfc  _  tfa     ^  . 

dt^  tk        dt'  dl~  tU        dl'  dt  ~  dt        dl' 

and  from  f,  rj,  f,  -jr-  -jr>  and  -jT'  the  elements  of  the  orbit  of  the 

comet  about  the  planet  are  to  be  determined  precisely  as  the  elementa 
dx     dy 
dt'   dt' 

as  explained  in  Art,  168.  Having  compated  the  pertiirbationa  of 
the  motion  relative  to  the  planet  to  the  point  nt  which  the  planet  ia 
again  considered  as  the  disturbing  body,  it  only' remains  to  find,  for 
the  corresponding  time,  the  co-ordinates  and  velocities  of  the  comet 
in  reference  to  the  centre  of  gravity  of  the  planet,  and  from  these  the 
co-ordinates  and  velocities  relative  to  the  centre  of  the  sun,  and  the 
elements  of  the  orbit  about  the  sun  may  be  determined.  As  the  in- 
terval of  time  during  which  the  sun  will  be  regarded  as  the  disturb- 
ing body  will  always  be  small,  it  will  be  most  convenient  to  compute 
the  perturbations  of  the  rectangular  co-ordinates,  in  which  case  th<.' 

values  of  f,  7,  !^,  -^>  -3^.  and  ~  will  be  obtained  directly,  and  then, 

having  found  the  corresponding  co-ordinates  x',  y',  z'  and  velocities 

-JT'  -St'  ~jf  of  the  planet  in  reference  to  the  sun,  we  have 

x  =  J-\-s,  v='<f  +  -n.  «  =  «'  +  :, 

"rf(  ~  d*"''  dl'  dt  ~  dt  "^  dt'  dt~dt'^~M' 

by  means  of  which  the  elements  of  the  orbit  relative  to  the  sun  will 
be  found.  If  it  is  not  considered  necessary  to  compute  rigorously 
the  path  of  the  comet  before  and  after  it  is  subject  principally  to  the 
action  of  the  planet,  but  simply  to  find  the  principal  eifect  of  the 
action  of  the  planet  in  changing  its  elements,  it  will  be  sufficient, 
daring  the  time  in  which  the  sun  is  regarded  as  the  disturbing  body, 
to  suppose  the  comet  to  move  in  an  undisturbed  orbit  about  the 
planet.  For  the  point  at  whiuh  we  cease  to  regard  the  sun  as  the 
disturbing  body,  the  co-ordinates  and  velocities  of  the  comet  relative 
to  the  centre  of  gravity  of  the  planet  will  be  determined  from  the 
elements  of  the  orbit  in  reference  to  the  planet,  precisely  as  the  corre- 
sponding quantities  are  determined  in  the  case  of  the  motion  relative 
to  the  sun,  the  necessary  distinctions  being  made  in  the  notation. 
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210.  The  resalta  obtaiDed  from  the  obgervfttiona  of  the  periodic 
comets  at  their  successive  returns  to  the  penheliou,  render  it  probable 
that  there  ezbts  in  space  a  resbting  medium  which  opposes  the  motion 
of  all  the  heavenly  bodies  in  their  orbits;  bat  since  the  observations 
of  the  planets  do  not  exhibit  any  effect  of  such  a  resistance,  tt  is  in- 
ferred that  the  density  of  the  ethereal  fluid  is  so  slight  that  it  can 
have  an  appreciable  effect  only  in  the  case  of  rare  and  attenuated 
bodies  like  the  comets.  If,  however,  we  adopt  the  hypothesis  of  a 
resisting  medium  in  space,  in  considering  the  motion  of  a  heavenly 
body  we  simply  introduce  a  new  disturbing  force  acting  in  the  direo^ 
tion  of  the  tangent  to  the  instantaneous  orbit,  and  in  a  sense  contrary 
to  that  of  the  motion.  The  amount  of  the  reeistanoe  will  depend 
chiefly  on  the  density  of  the  ethereal  fluid  and  on  the  velocity  of  the 
body.  In  accordance  with  what  takes  place  within  the  limits  of  our 
observation,  we  may  assume  that  the  resistance,  in  a  medium  of  con- 
stant density,  is  proportional  to.  the  square  of  the  velocity.  The 
density  of  the  fluid  may  be  assumed  to  diminish  as  the  distance  from 
the  sun  increases,  and  hence  it  may  be  expressed  as  a  function  of  the 
reciprocal  of  this  distance. 

Let  ds  be  the  element  of  the  path  of  the  body,  and  r  the  radius- 
vector;  then  will  the  reslstsntw  oe 

K  being  a  constant  quantity  depending  on  the  nature  of  the  body, 

and  f\  -  I  the  density  of  the  ethereal  fluid  at  the  distance  r.     Since 

the  force  acts  only  in  the  plane  of  the  orbit,  the  elements  which  de- 
fine the  position  of  this  plane  will  not  be  twanged,  and  hence  we  have 
only  to  determine  the  variations  of  the  elements  M,  e,  a,  and  x-  If 
we  denote  by  ^^  the  angle  which  the  tangent  makes  with  the  prolon- 
gation of  the  radius- vector,  the  components  R  and  8  will  be  given  by 

and,  since 

„  ,  it  .  ir  •      ,  ^yp  -IT         ^ 

Fcosi*.  =  -T-6  8mt',  rsmi*,  =  — *-»  v=-^, 

'      |/p  r  dt 

we  have 
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SatwdtntiDg  these  values  of  B  and  8  ia  the  equation  (205),  it  reduces  tn 

edx  =  —  2Kf  I  -  I  sin  V  cij. 


Now,  einoe 


and  henca 


r=4-a  +  26cost.  +  e0^. 

yp 

dt  =  Vdt  =  — (l  +  2e  COB  v  +  ^^dv, 


edx  = ^?  I  -  jr*  (1  +  2«j  cos  t.  +  e")^  wn  t.  dtf.        (286) 

If  we  Bnppose  the  funotion 

S>  (  i^  r*  (1  +  26  coa  tf  +  «»)*. 

the  value  of  which  is  always  positive,  to  be  developed  m  a  senea 
arranged  in  reference  to  the  cosines  of  t>  and  of  its  multiples,  so  tliat 
we  have 


in  which  A,  S,  &o.  are  positive  and  funoUous  of  e,  the  equation  (266) 
becomes 

edx  =  ~'U  + SCOBV  + )ainvdv. 

Henoe,  by  integrating,  we  derive 

cdz  =  -(A<iOBv+iBcoa2v +  ....),  (268) 

irom  which  it  appears  that  j^  is  subject  only  to  periodic  perturbations 
on  accooDt  of  the  resisting  medium. 

In  a  similar  manner  it  may  be  shown  that  the  second  term  of  the 
second  member  of  equation  (210)  produces  only  periodic  terms  in  the 
value  of  dir,  so  that  if  we  seek  only  the  secular  perturbations  due  to 
the  action  of  the  ethereal  fluid,  the  first  and  second  terms  of  the 
second  member  of  (210)  will  not  be  considered,  and  only  the  secular  ' 
perturbations  arising  from  the  variation  of  fi  will  be  required. 

Let  US  next  consider  the  elements  a  and  e.    Substituting  in  th« 
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eqoalioDS  (198)  aod  (202)  the  valaea  of  E  and  S  given  b^  (265),  and 
redacing,  we  get 

da  =  —  ^K<p{-)f'(.l  +  2ecmv  +  i?)^dv, 

^  '  fnaa\ 


If  we  introduoo  into  these  the  aeries  (267),  and  integrate,  it  will  lie 
found  that,  in  addition  to  the  periodic  terms,  the  expressions  for  9a 
uid  He  oontain  each  a  term  multiplied  by  v,  and  hence  inoreasing  with  ' 
the  time.  It  is  to  be  observed,  further,  that  since  A  and  B  are  posi- 
tive, the  secular  variation  of  a,  and  also  that  of  e,  will  be  n^;ative, 
and  hence  the  resisting  medium  acts  continuouEly  to  diminish  both 
the  mean  distance  and  the  eccentricity. 

211.  The  m^nitude  of  the  disturbing  force  arising  from  the  acdon 
of  the  resisting  medium  is  so  small  that  the  periodic  t«rms  have  no 
sensible  influence  on  the  place  of  the  comet  during  the  period  in 
which  it  may  be  observed;  and  hence,  since  the  effect  of  the  resist- 
ance will  be  exhibited  only  by  a  comparison  of  observations  made  at 
its  successive  returns  to  the  perihelion,  the  effect  of  the  planetary  per- 
turbations being  first  completely  eliminated,  it  is  only  neceseaty  to 
consider  the  secular  variations.  Further,  since  x  ^^  subject  only  to 
periodic  changes  in  virtue  of  the  action  of  the  resistance,  and  since 
the  mean  longitude  is  subjected  to  a  secular  change  only  through  /i, 
it  will  suffice  to  employ  the  formula  for  3/i  and  $e  or  9^.  The 
variations  of  these  elements  may  be  computed  most  conveniently  by 

mechanical  quadrature  from  given  values  of  -^  and  -yr  ot  -jr.  al- 
though their  values  for  one  complete  revolution  of  the  comet  may  be 
determined  directly,  the  values  of  the  coefficients  A  and  B  which 
appear  in  the  series  (267)  being  found  by  means  of  elliptic  funUions. 
The  calculation  of  the  effect  of  the  resisting  medium  will  be  made  in 
connection  with  the  determination  of  the  planetary  perturbations,  so 
that  there  will  be  no  inconvenience  in  adding  to  the  results  the  temif 
depending  on  this  resistance.     Since 

dii  &  f     da  dip  de 

-di'—-2-i--dr  ■s-="'"-ar 

the  e<}uations  (269)  give,  putting  K=1?U, 
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BBBierrtNQ  HEDnm  in  space. 


(270) 


It  remains  now  to  make  an  asBumption  in  regard  to  the  law  of  the 
density  of  the  resistiDg  medium.  In  the  case  of  Enoke's  comet  it 
has  been  assumed  that 


and  this  hjpothesis  gives  results  which  suffice  to  represent  the  obser- 
vations  at  its  successive  returns  to  the  perihelion,  Substitutiog  for  V 
its  value  in  terms  of  r  and  a,  the  equations  (270)  thus  become 


hy  means  of  which  S(i  and  dtp  may  he  found;  and  irom  any  given 
value  of  Sfi  we  may  derive  the  corresponding  value  of  Ha.  The 
variation  of  M,  neglecting  the  periodic  terms  arising  from  the  first 
and  second  terms  of  the  second  member  of  equation  (210),  will  be 
given  by 


=//!*. 


which  will  be  integrated  by  mechanical  quadrature  so  as  to  include 
the  interval  of  an  entire  revolution  of  the  comet.  The  quantity  U 
has  been  determined,  by  means  of  observations  of  Encke's  comet,  to  be 

^^  894.892 

This  value  may  be  corrected  by  introducing  a  term  in  the  equations 
of  condition  precisely  as  in  the  case  of  the  determination  of  the  cor- 
rection to  be  applied  to  the  mass  of  a  disturbing  planet  Intro- 
ducing U  into  the  equation  (264),  and  adopting  the  hypothesis  that 

f't  ~  I  ~  ~t*^  ^^  expression  for  the  action  of  the  ethereal  fluid  be- 
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Since  the  cODstant  U  depends  on  the  natare  of  the  comet,  the  valua 
obtained  in  the  case  of  Encke's  comet  may  be  ¥617  diBcrent  from 
tliat  in  the  case  of  another  comet  Thus,  in  the  case  of  Face's  comet 
the  valne  has  been  found  U>  be 


and  in  the  application  of  the  formula  to  the  motion  of  any  particular 
body  it  will  be  necessary  to  make  an  independent  determination  of 
this  constant. 

212.  The  assumption  that  the  density  of  the  ethereal  fluid  varies 
inversely  as  the  square  of  the  distance  from  the  sun,  is  that  which 
appears  to  be  the  most  probable,  and  the  results  obtained  in  accord- 
ance therewith  seem  to  satisfy  the  data  furnished  by  observation.  It 
is  true,  however,  that  the  whole  subject  is  involved  in  great  uncer- 
tainty as  re^rds  the  nature  of  the  resisting  medium,  so  that  the 
results  obtained  by  means  of  any  assumed  law  of  density  are  not  to 
be  r^arded  as  absolutely  correct, 

From  the  formulae  which  have  been  given,  it  appears  that,  whatever 
may  be  the  law  of  the  density  of  the  resisting  fluid,  the  mean  motioo 
is  ooQStantly  accelerated  and  the  eccentricity  diminished,  and  we  may 
determine,  by  means  of  observations  at  the  successive  appearances  of 
the  comet,  the  amount  of  these  secular  changes  independently  of  any 
assumption  in  regard  to  the  density  of  the  ether.  Let  x  denote  the 
variation  of  fi  during  the  interval  r,  which  may  be  approximately  the 
time  of  one  revolution  of  the  comet,  and  let  y  denote  the  correspond- 
ing variation  of  ff;  then,  after  the  lapse  of  any  interval  t  —  Tg,  \ve 
aball  have 

P  =  H-\-~^''.  f  =  9,  +  ^-^V.  (272) 

and,  since  the  average  variation  of  (i  during  the  interval  t  —  3J,  ia 

2f  =  Jf,  +  ^  e  -  r.)  +  ^^^^  *■  (278^ 

If  we  introdace  x  and  y  as  unknown  quantities  in  the  equations  of 
oondition  for  the  correction  of  the  elements  by  means  of  the  differ- 
ences between  computation  and  observation,  the  secular  variations  <if 
(t  and  ip  may  be  determined  in  connection  with  the  corrections  to  bf 
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applied  to  the  elements.  For  this  onrpose  the  partial  differential  co- 
efGcients  of  the  geocentric  spherical  co-ordinates  with  respect  to  x 
and  y  must  be  determined.  Thus,  if  we  substitute  the  values  of  /<, 
p,  and  M  given  by  (272)  and  (273)  in  the  equations  (12),  and  (14)^ 
we  obtain 

d*-  _    *        -     (^  —  r,)'      2r    f  — r. 


in  whioh  «  =  206264".8,  ft  being  expressed  in  seconds  of  arc.  Com- 
bining the  results  thus  obtained  with  the  differential  coefScients  of 
the  geocentric  spherical  co-ordinates  with  respect  to  r  and  v,  as  indi- 
cated by  the  equations  (42)^  we  obtain  the  required  coefficients  of  x 
and  ^  to  be  introduced  into  the  equations  of  condition.  The  solution 
of  all  the  equations  of  condition  by  the  method  of  least  squares  will 
then  furnish  the  most  probable  values  of  y  and  x,  or  of  the  secular 
variations  of  the  eccevj-icity  and  mean  motion,  without  any  assump- 
tion being  made  in  ret  Tcnce  either  1 1  the  density  of  the  ethereal  fluid 
or  to  the  modificatious  of  the  resistaucc  on  account  of  the  changes  in 
the  form  and  dimensions  of  the  comet,  and  the  results  thus  derived 
may  be  employed  in  determining  the  values  of  M,  ft,  and  f  for  the 
Bubsequent  returns  of  the  comet  to  the  perihelion. 

In  all  the  cases  in  which  the  periodic  comets  have  been  observed 
euffidently,  the  existence  of  these  secular  changes  of  the  elements 
seems  to  be  well  established;  and  if  we  grant  that  they  arise  from  the 
resistance  of  an  ethereal  fluid,  the  total  obliteration  of  our  solar 
system  is  to  be  the  final  result.  The  fact  that  no  such  inequalities 
have  yet  been  detected  in  the  case  of  the  motion  of  any  of  the  planets, 
shows  simply  the  iramensify  of  the  period  which  must  elapse  before 
the  final  catastrophe,  and  does  not  render  it  any  the  less  certain. 
Such,  indeed,  appear  to  be  the  present  indications  of  science  in  re- 
gard to  this  important  question;  but  it  is  by  no  means  impossible 
that,  as  in  at  least  one  similar  case  already,  the  operation  of  &€ 
simple  and  unique  law  of  gravitation  will  alone  completely  explain 
these  inequalities,  and  assign  a  limit  which  they  can  never  pass,  and 
thus  afford  a  sublime  proof  of  the  provident  care  of  the  Omnipotent 
Cbeatob. 
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1.941547 
1.953470 
1.964393 

18..91 
181,91 
i8i.?i 
181,91 
181,91 
.81.93 
1I1.93 
III  93 
181.93 
ili,9] 

111. 94 
1I1.94 
1I1.94 
111  94 
181.94 
181.9s 
181,9s 
ili,9S 
1I..9S 

111. 95 
.11.96 
1I1.96 
181.96 
>8..96 
,81.56 
.I..97 
1I..97 
181,97 
1S197 
181,97 
1S1.9I 
181,98 
181,98 
■  I1.9S 
1I1.99 

■.V.:ll 

;f;:s 

l8*.DO 

181.00 
1I1.00 

lIl.Ol 

181.01 
1 1 1.01 

.8*.o. 
l8i.in 
ilioi 
181.01 
.81.01 

ill. 03 
1I1.04 
ill.  04 
1I..04 
1I1.04 

ia».o4 

ili.os 
ili.os 

181.0s 

.8*05 

1.964391 
a.ooSol7 

tiiti 
1.051785 

1,061709 

*.a7j634 
».  084559 

1.117335 
111I161 
»j39|87 

i:l7!^6 
■*.  18*894 

i.l93«io 

1.104747 

tll&t 

1.137519 
1.1484(7 
1.159385 
1.170313 

1:303099 
1.31401S 

..,,61,6 

..3796=6 
1.390536 
1.4-11467 
1411198 
14*3  JJ9 
1434160 
1.445191 

*.4S6.*3 
1.487055 

tillp, 

1.499I51 
1.5 .0784 
1.511717 
1.531650 
i-S43!*J 
»-554i»7 

1,5673.9 

:s::2 

1I1.06 
1I1.06 
111,07 

II1.08 

ili.aS 

1I1.08 
1I1.09 
1 1 1.09 
1I1.09 
181.10 
iS*.io 
ili.io 
Ili.ii 
181,11 
i8i.it 
litis 
i8i.» 
181.  i» 
18...3 
.81.13 
ll*.ij 
i8i.t4 
.I1.14 
ila.14 
ill.  14 
ili,iS 
.gi..S 
111,. 5 
i8i.ii 
■  8a.i( 
i8i.i( 
.81.17 
181.17 
III.  17 
iti,il 
.81.1I 
tli.ll 
.ti.19 
111. 9 

;fs 

III.  10 

iliio 

■ll,ll 

iSiii 
i8i.*i 

181.11 
181.11 
i8».i] 
181.33 

•tx.x! 

TABLE  VI. 


For  Bnaing  Iha  Tno  AjKmukly  or  the  Time  from  the  FeriheUon  in 

•  Pubolio 

OAit 

V. 

40 

5° 

6° 

7"           II 

H. 

Mff.l". 

M. 

Mff.l-. 

K. 

WCl". 

H. 

Dial''. 



0' 

1 

1.631057 

\t'J, 

3.176651 
3.1S7601 

181.50 
.81.50 

J.934181 
3-94S'S' 

181.80 
181.8. 

45919.7 

:fl;;i 

2 

1.641991 

181.16 

3-198551 

181.51 

3.956119 

181.81 

igj.i8 

3 

..SjigJi 

181.16 

3.309503 

181.51 

j.9^7081 

.81.81 

461JBS9 

,8j.,, 

4 

2.6^lli64 

181.16 

3-3»°4S4 

181.51 

3.978058 

.81.83 

4636880 

183.19 

H 

1.674800 

1S1.17 

3.33140s 

181.51 

3.989018 

.81.8, 

4647871 

.8J..0 

6 

1.68S7J6 

181.17 

3.341356 

181.53 

J'9999?8 

181.8+ 

4655864 

.8,... 

T 

1.696671 

181.17 

3.353308 

181.53 

4.010968 

181.84 

4669857 

183.11 

B 

\i1& 

181.18 

3.364160 

■  81.54 

4011939 

181.8  J 

4680850 

183... 

» 

181.18 

1-37S111 

.81.54 

40319.1 

181.86 

4691843 

18J..J 

10 

1.719481 

181.19 

3.38616s 

181.55 

404388* 

181.86 

4701837 

.IJ..4 

11 
12 

1.740410 

181.19 

181.19 

3.3971.8 
3408071 

;!ili 

tupt 

181.87 
181.87 

47.3  3, 
47^816 

i8j.,s 

13 

1.761195 

181.30 

3419014 
3419978 

.81.56 

4076799 

i8i.8fi 

473581. 

■:>■■! 

14 

1.77 11J3 

181.30 

.81.57 

4087771 

,81.88 

4746BI6 

i8j.,S 

IS 

1.784171 

181.31 

\W^ 

181.57 

409874s 

181.89 

tlllVi 

i8j.., 

16 

1.795110 

181.3. 

181.58 

41097.8 

,81.90 

i8j.»7 

17 

1.806049 
1.3169^^ 

181.3. 

j.ii,84. 

4110691 

,81.90 

4779805 

i8j.,i 

18 

181.31 

3.473796 

Hill 

4.3.667 

,81.9. 

4790801 

18J..8 

19 

1. 817917 

.81. 31 

i48*7S» 

■81.59 

4141641 

,81.91 

480,800 

.8,.., 

30 

1.838867 

181.33 

3'49S707 

181.60 

4.536-6 

.81.91 

4811797 

18J.J. 

21 
22 

1.8^9806 

iBi.33 

3.S0I663 
3.517619 

181.60 
IS1.6I 

4w 

4186544 

,81.9, 
,81.93 

4813796 
483+795 

;!i:,'; 

23 

\il']l 

3Si»57S 

.81.61 

.B1.94 

48+579+ 

,83.31 

24 

i.8ii6i7 

181.34 

3S19SJ1 

181.61 

4197510 

,81.94 

4856793 

183.33 

25 

i.g93S67 

igi.J5 

3.550489 

.81.61 

4.ib8497 

181.95 

4867793 

,83.34 

2fl 

1.904508 

i8i« 

J- 5  6 1+47 

181.61 

41.947+ 

,81.9s 

4878793 

'83-34 

27 

1.915449 

181.1^ 

3.571404 

1B1.63 

4130451 

.81.9S 

488979+ 

,B3.3j 

28 

1.916391 

181.36 

3.563361 

.B1.63 

4141419 

,81.97 

490079s 

,83.3! 

29 

1.937331 

.81.36 

3.594310 

181.64 

4151408 

1B1.97 

4911797 

183.36 

ao 

1.94817+ 

181.37 

3.605179 
3.61613S 

181.64 

4163386 

.81.98 

4911799 

'l^n 

31 

1.959117 

181.37 

181.65 

4174365 

181.99 

4933801 

'83-38 

33 

1.970159 

181.37 

3.617.97 

181.65 

4.181344 

.81.99 

4944804 

,83,38 

33 

1.981 101 

181.38 

3.63S.56 

181.66 

4.196314 

.83.00 

4955807 

'8339 

34 

1.99104s 

18..  18 

1.6^9.. 6 

.81.66 

43=7304 

iBioo 

49668,, 

,83.40 

3S 

■3.001988 

181.39 

3.660076 

.81.67 

43-8*8+ 

,83.0, 

tmt 

.83,+, 

3« 

3.013931 
3.014875 

181.39 

3.671037 

181.68 

4.319165 

183.0. 

.B341 

37 

181.39 

3.68.997 

I81.6B 

4340146 

,8,-01 

4999815 

.8,,+i 

38 

3.035819 

181.40 

3.6919S8 

.B1.69 

4351118 

.83.03 

5.010830 

i8j43 

39 

3  ■04676 J 

181.4° 

3.703910 

181.65 

43eii'o 

.83.03 

j.01,836 

,8  343 

40 

Pie 

181.41 

3-71+881 

4-37J-9* 

183.04 

5.031841 

,83,44 

41 

181.41 

3.715843 

.81.70 

+-384'7S 

.83.0; 

s-043849 

■  83,45 

42 

J079S97 

181.41 

3.73680^ 

||M| 

+.395.58 

.83.05 

5.014856 

'|3-*? 

43 

3.090541 
3.101488 

l8M» 

3.747768 

440614. 

183.06 

5,065864 

,83.46 

44 

18141 

J'7S873' 

181.71 

+■+'7"! 

183.06 

5.076871 

.8347     i 

4B 

1    46 

J.  111433 

J. 113379 

1814J 
181.44 

\& 

.81.71 
181.71 

44lS'09 
4439091 

;l|3 

5.087880 

S.09»|89 

.83.48    ! 
,81.48 

;  *T 

3'1*1»! 

181.44 

3,791611 

.81.73 

4450078 

I  g  3-08 

5.109898 

.83.49    1 

48 

iSi-ii 

j,aSis86 

181.74 

+46.06+ 

il,.., 

5.,  10908 

.83.50    j 

49 

3.156119 

181.45 

3.813551 

.81.74 

4471049 

.I3..0 

S.,31918 

.83.5. 

SO 

3.167166 

181.4s 

3.814515 

.81.7; 

4483035 

.Bj.io 

5'4»9»9 

,83.51 

SI 

3.178113 

.81.46 

3.835481 

1B1.76 

4494011 

.Ij... 

5.,S394o 
5-164951 

,83,51 

S2 

3.i89o6< 

181.46 

3.8464+6 

,81.76 

4505008 

.8j.11 

.83,53  ! 

S3 

3.100009 

1 81.47 

3.8574.1 
3-8^*378 

181.77 

4S-599J 

i8j.li 

S-':5963 

.83.54  1 

ft4 

3.110957 

18147 

4516983 

.8J..J 

S.i"975 

'83.54 

BS 

J. 111005 

18148 

3'87934S 

.81.78 

+■53797" 

.;,,„ 

5.197988 

.83.S1 

S6 

3.131854 

18148 

3.890311 

.81.78 

4548959 

■'!■■» 

S.109001 

.83-5S 

S7 

3,143803 

181.49 

3.901179 

.81.79 

45599+8 

'8j.iS 

5.110015 

.83-57 

58 

J»S475* 

181.49 

3.911146 

.B1.79 

4570937 

'!j'5 

5.13,019 

'!3S7 

59 

3.165701 

.81.49 

3.913114 

.81.80 

458.917 

.8,.,« 

5.141044 

183.5* 

60 

3.1766S' 

.B1.50 

3.934181 

181.80 

45919.7 

■"J..7 

5153059 

,83.59 

U— 

■'■  ■"    ' 

SST 

L 
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TABIE  VI, 


For  flDdiiiB  the  Tme  Anomaly  or  the  Time  teu  the  FeriheUoD  In 

•  PmbolkOrtit. 

V. 

8° 

9° 

10 

ir       , 

K. 

mail". 

U. 

Diff.l-, 

M. 

M.1-. 

UM.1'. 

0' 

5.153059 

183.59 

5.91481S 

18406 

6.57839. 

.84.10 

7-»43997 

185.1J  ; 

1 

5.16*075 

.83.59 

5,915859 

\ltU 

6,5^9+67 

,846, 

limv. 

185.10  , 

z 

5  175090 

■  83.60 

5.936904 

6,600544 

.84,61 

185.1. 

3 

J.lSi.oj 

183.6. 

S-94-79+9 

184.09 

6,6.1 611 

.84.63 

7.177335 

.85-11 

* 

1.197114 

.B3.61 

S-9S"99S 

,84-10 

6,611700 

'»Ul 

7.188449 

■85-13 

s 

5,308141 

183.61 

5.970041 

;|4|j 

6.633778 

.84,61 

7.199563 

\lt:i 

« 

5319159 

183.63 

5.9*1087 

6.644}!  57 

.8466 

7.3.0S78 

7 

S3  JO' 77 

183.64 

5.991134 

Jst" 

6,655937 

,8467 

7.31,793 

11J..7 

e 

5.34119s 

'Ml 

6.0031  Si 

184.13 

6.6670.7 

.84.67 

7.331909 
7.344016 

.ij..i 

» 

S-3S"H 

183.66 

6.014130 

,84-14 

6.676096 

.84,66 

'l5,>9 

10 

S.363134 

.8366 

6.015179 

184.1J 

6,689,79 

IJ4.69 

I'Mlti 

■  15,30 

11 

S-37+1S* 

'83.67 

6.0JS31S 

.84.1^ 

6.700161 

.85.31 

13 

5-385175 

183.6(1 

6,047378 

'!*-"Z 

6.711343 

'''IT' 

7.37738, 
7-3S8500 

.15,3. 

13 

5.39619S 

.B3.69 

6.o;S4i8 

184.16 

6.711416 

.847, 

.15.33 

14 

5.407317 

183.69 

6.069479 

,84.18 

6.7335.0 

.•4.71 

7-399610 

.15.34 

15 

S-418339 

183.70 

6.0805,0 

184.. 9 

6.744594 

.84.74 

7.4' =741 
741,661 

■|!3! 

16 

5.419361 

1837. 

6,0915(1 

.84.10 

imii 

'84.75 

'ISji 

IT 

5.440384 

■  8J.71 

6.1016,4 

184.1, 

'■m' 

7431983 
7444.06 

■!S37 

18 

5.45  ■4°7 

183,73 

6.1.36^7 

.84.11 

6.777850 

'84,77 

'1S-!1 

)9 

5.461431 

i8].73 

6.114740 

,84.13 

6-788937 

.84.71 

7-455  »3° 

.85.39 

20 

S-4734SS 

.8J.74 

6.135794 

.84.14 

6.800014 

.■479 

7.466354 

.85.40 

21 

5.444480 

i8j75 

6.146849 

.84.15 

.84,4. 

.15-4. 

aa 

S-4955°S 

"a?.75 

6..  57904 

184.15 

6.811100 

.84.81 

'B54. 

23 

5.506530 

18,76 

6.168959 

.84.ii 

6.833180 

.84,8. 

7-499719 

•854! 

24 

S-S'7SS6 

i«?.77 

6,i8ooij 

184-17 

6.84+378 

.84,83 

7.5io*SS 

■"544 

SS 

SS^SjSj 

183.78 

6.191071 

184.18 

iiiifi 

.84.14 

7.511981 

185-46 

26 

5.539610 

18]. 79 

6.101.19 

184.19 

1848s 

7.53J110 

iHts 

2T 

5.550637 

183.79 

6.113,87 

.84.30 

!?«•■ 

.84.86 

7-54413? 
7.SS53fi* 

7.566497 

28 

5.561665 

•M° 

6.11414s 

,84.3, 

.84.8, 

■■519 

29 

5.571693 

i8,.Bi 

6,iJSJ04, 

,843* 

6.899634 

.84.88 

■  85.30 

30 

S-S«37»» 

,83.81 

6.146363 

,84-31 

6.910917 

.848, 

7.5,76,8 
7-588759 

■8!!. 

31 

S-!9475» 

183,8, 

6.157411 

,84.33 

6.911D11 

'84.90 

'83.51 

33 

5.605781 

183.8, 

6,168481 

,84.34 

6.9,3,15 

'849. 

7-599890 

"S-S! 

33 

5-6. 6811 

183.84 

6.179S43 

,84.35 

6.944110 

.84.91 

7.61,011 

'1S-S4 

34 

5.61784J 

183.8s 

.84.36 

6,955305 

'"4-9! 

7.611,5s 

'lS5S 

85 

r^a 

18386 

6.301667 

,84.37 

6,96640, 

'84.94 

7.633189 

'1557 

36 

183.87 

6,3.1719 

.84.36 

IS 

.84.9; 

7.644413 

■15.5' 

37 

38 

5.6^09,8 

S.67I97' 

'Mil 

6.313791 
6.334855 

184.39 
.84.40 

.84.,j 

.84,97 

limi 

iim 

39 

J.683Q04 

.83.89 

6.345919 

.84.4, 

7.010791 

'84,9! 

7.677830 

■is-i^ 

40 

5.694038 

.83.90 

6.356984 

iS+^i 

7.01.890 

1I4.99 

7.688967 

1156* 

41 

1.705071 

.83.9. 

6  3^8049 

,84.41 

7.031990 

.85.00 

7.700,04 

■IS-6! 

43 

S.716106 

183.91 

6,791,5 

184.43 

7,044090 

.85,0, 

7.71,141 
7.71138. 

llS.64 

43 

S-717'*' 

183.91 

6.39018. 

,84.44 

',Xii\i: 

'85,01 

\Pa 

44 

5.738177 

'8393 

640,148 

,84.45 

,85.03 

7.733511 

45 

S7+9>'3 
5.7601  jO 

183.94 

6.4113.5 

,84.46 

7-077394 

'83.04 

7-74466' 

■  l!,6i 

4« 

1B391 

6,415,8, 

'l*-n 

.8s,o, 

7.7780^5 

■  15,(9 

47 

5.771187 

.83.96 

6434451 

.84.46 

183.06 

■  15,70 

4S 

5.781315 

183.96 

6.445510 

.84.49 

;:Hb 

■  8j.o, 

185  ,■ 

40 

5-793)63 

>»3'97 

6.456590 

,84.50 

.83,08 

7.769118 

■  85.71 

BO 

5.804401 

183,98 

6.467660 

,84.5- 

7  n»9'3 

'Jj,o, 

7.800371 

■l!-7! 

Bl 
B3 

mix 

18'^^ 

6.4787,1 
6.4S9SQ1 

,84.51 
184.51 

7.I44QI9 

7  'SS'»S 

llrit 

&il 

■"S74    ' 
■85.75 

B3 

5.837510 

1S40' 

6.500874 

.84.53 

7.166131 

'8;. 11 

7.833807 

■157*  ; 

54 

S.84856, 

.>,.., 

6,511946 

.84.54 

7177340 

'■S'l 

7.844953 

■l!-7l    1 

55 

5.859601 

•w» 

6,513019 

.84.55 

7188448 

'85.14 

7.856,00 

■  I3..9   1 

66 

lil'tii 

18403 

6.534091 

184.56 

7  '99557 

iij.is 

7.878396 

■is.K 

57 

.34.04 

6  S45"66 

,84.57 

7,110666 

183,16 

185-81 

as 

5.891718 

.14.0J 

6.556141 

.84.56 

7  11.776 

1I3.1, 

7-M954S 
7.900694 

183.1. 

so 

5.903771 

114.0* 

6.567316 

184.59 

7.131886 

iSs.ii 

■838, 

60 

5.914S1S 

ll^oli 

6.578391 

184-60 

714J997 

113.19 

7.91.84s 

■  lS.l4 

F«  Anding  the  True  Anomaly  or  Uw  T^nw  from  the  Pwihelioo  in 

&  FanLolic  Orbit. 

V. 

12 

13 

14 

16 

u. 

DiC.l". 

If. 

WCl". 

u. 

na.  I". 

H. 

Dir.i". 

0' 

7.911845 

\int 

8.581146 

.86.56 

9.15!'" 

187.33 

9.930984 

1B8..6 

7.91199; 

8.593340 

.86.57 

9.166360 

187,34 

9.941174 

188.18 

7-934147 

,«i.l7 

8.604535 

t86,j& 

9,17760. 

187.3s 

9'lj3S6s 

'!!'9    ■ 

7.94,S3oo 

,isii 

8.6,5730 

.86,59 

9.1BA8J. 
9.3000*5 

'l^n 

9-9Ms7 
9.976149 

1B8.11 

7-9S64SJ 

,Ij.!, 

8.616916 

186.61 

,87,3* 

188.11 

7.96760* 

1*5.90 

8.638.13 

186.61 

9,3.1318 

1B7.40 

9-987+43 

.88.13 

7.978761 

<ss.)i 

l:S8i;i 

.86,63 

9,311571 

.87.;. 

9.998738 

.88,15 

7.989916 

185.9* 

.86.64 
186.6* 

9.3338.7 

1B7.+1 

10,0.0033 

.88.16 

g.001071 

1S593 

8.67.717 

9-345°63 

.87.44 

;:::;;ui 

18818 

8.011118 

'«5.9S 

8.681917 

1B6.67 

9.3563.0 

,87.4s 

.88.19 

10 

8.013385 

185.96 

8.694117 

.86,68 

imi 

.87-46 

10.043914 

'Hi' 

11 

8.03+S41 

185.97 

8.70531* 

.86.69 

.87.48 

.0,055113 

,o,oig=ij 

■!!j* 

13 

8.O4S701 

.85-91 

8.7.^5" 

.86.7. 

9.390054 

.87.49 

■*!-3* 

13 

g.o56t6l 
g.48oii 

;te 

8.717713 

.86,71 

9.401304 

.87,50 

,0.077813 

■!!■« 

n 

8.738917 

186,71 

9-4"5SS 

.87.51 

.0.089115 

,88.J7 

8.079181 

■86.01 

8,750131 

.86,74 
186.7S 

9.413806 

.87.53 

10.100417 

i8B,]8 

16 

8.090343 

.86.03 

8.7^.336 

9.435058 

,87.11 
187,58 

.0,1.1730 

11" 

iZSi 

186.04 

8,771541 

186,77 

9.44631. 

.0.11303; 

188,41 

IB 

;fls 

8,7837^8 

.86,7^ 

9-457565 

.87.57 

10.13+1+0 

■!!■■♦» 

1» 

j,,.,ij. 

8,79495s 

.86.79 

9.46  Siio 

.87.59 

,0.145646 

188.44 

20 

i:asu 

.86.»7 

8.K06.63 

186.81 

9.480076 

.87.60 

10.156951 

18B.45 

21 

186.0^ 

8.8.7J71 

186,81 

9.49. 3 11 

.87.61 

10.168160 

■!i*J 

22 

S:IIC 

8.179659 

186.10 

8.818581 

186,83 

9.501J89 

.87-63 

.0.179568 

.88,48 

23 

186.11 

8.839791 

186,84 
l86.8i 

9.5.3847 

.87.64 

:^i2;hi 

■!ls° 

24 

186.11 

8.851003 

9.515106 

.87.65 

188.5. 

25 

8.190816 

.86.13 

8,8611.5 

186.87 

9.5,6366 

,87.67 

10,13*11; 

.88,53 

2lt 

8.10199; 

I86.<, 

8,873417 

.86.88 

9  5476*6 

.87-68 

188-5* 

37 

8.i.j>gi 

186.16 

8,8^4141 

186.00 

3,558888 

187.70 

28 

g.114334 

186.17 

8.895855 

.86,5, 

9.570150 

187.71 

.0,1+7+39 

■'!■" 

2S 

B.13SS04 

186.18 

8.907070 

186,91 

9.5814.3 

187.71 

.0.158753 

.8B.59 

30 

8.146675 

186.19 

8.9.8186 

.86,93 

9S9»676 

187.74 

10,170069 

188.60 

31 

8.1,7847 

186.10 

8.919501 

.86.95 

9,603941 

187.75 

,0,18,386 

188.61 

33 

8 169010 

1 86.11 

8.9407.9 

9.6.5107 

.87,77 

10.191703 

■Bg.63 

33 

8.180193 

186.13 

*-9!"937 

.86.97 

9,616473 

187,78 

1  a  304011 

'llii 

34 

8.19.367 

186.14 

8.9^3.56 

.86.99 

9,637740 

117,79 

.0.3,534, 

1 88.66 

35 

8.30254* 

.86.15 

8.974376 

.87,00 

9,649008 

.87,81 

10,31666. 

1 88.68 

36 

8.313717 

.86.16 

8.9Ss«6 
8.9988.7 
9.008039 

187,0. 

9,660177 

187.81 

10.337981 

.88.69 

3T 
38 

8.3)6070 

.86.18 
186.19 

.87,01 

187.04 

limn 

187,84 
.87.8; 

zim 

•.iiv. 

30 

8.347148 

.86.30 

9.019161 

187.05 

9,694088 

,87,8! 

,0.37.951 

.88.74 

40 
41 

1:1*1 

.86.3. 
.86.31 

9.03048s 
9.041709 

.87.06 
,87.0a 

9.70516. 
9.716634 

.87.88 

10.383175 
10-39+60. 

42 

8.380785 

.86.34 

IXtii 

,87.09 

9.717908 

.87.9< 

,o,+059i7 

'liV 

43 

8.391966 

186.35 

.87,10 

9.739181 

.87.91 

io,+  .7iS5 

18B.80 

44 

g.403147 

m.\l 

9.075387 

.87.11 

9.750458 

.87  ?3 

10,418583 

188.81 

K 

8.414319 

.86.37 

9.086614 

I87.J 

9.761734. 

,87.95 

10.4399.1 

'HP 

te 

8.415511 

.86.38 

9,097841 

.87.14 
.87..J 

9,7730.1 

,87.96 

10.4s.141 

188.84 

1888* 

47 

8.43«9S 

186.40 

9,109071 

9,784100 

il'7,9B 

'0-46157] 

48 

8.447879 

186.41 

9,11030. 

.87.17 

187,99 

"0-473905 

■!!S' 

49 

8.459064 

.864i 

9.131531 

.S7..i 

.88,56 

ia48;i38 

188.89  ■ 

60 

8.470150 

.86.43 

9.. 41763 

18710 

9.8,8.1, 

,88.01 

10.496571 

188.90  j 

51 

8.481436 

18645 

9-'SJ995 

.87.11 

9.819410 

9,840693 

,88-03 

10507907 

■*!9» 

53 

8.49xSi3 

.864I 

jiijiii 

187,11 

,88.05 

10.519141 

■!t" 

93 

8.5038.. 

186.47 

9.176*61 

9.851977 

iBB.oS 

10.530579 

'!^'5 

S4 

8-5 15000 

1S6.4S 

9.1*7*96 

.87.15 

9.8*316. 

,88  o3 

io-S+.9'6 

188.97 

95 

8.516189 

.86.49 

9.. 98931 

.87.16 

9.874546 

1B8.09 

10.553155 

188.98 

58 

8-S37379 

186:1; 

9,Jo.«7 

187.17 

;.!§583> 

,S8,ia 

10.56459+ 

1B9.00 

97 

8.54.6569 

.86.51 

9.11.  X04 

,87.19 

9.8971.8 

.0,575934 
lo.sl7i7« 

1B9-01 

98 

8.559761 

186.53 

9-131*41 
9.143BS0 

.87.30 

9.908406 
9,9.9694 

,88:13 

189.03 

99 

8.570953 

186,5+ 

187.J1 

.88.15 

.0.598618 

,89.04 

«0 

8,581.46 

.86.56 

9»5Si»" 

i!MJ 

9-9J09>4 

188..6 

,0.60996. 

189.06 

TAILE  VI. 

ir  llndliiB  tlia  Tme  Anomklf  or  Ilia  Tine  from  the  Perihelion  ii 


16' 


17° 


18° 


0.^09961 

..6J1S49 

0-6+J99S 
"■'SSJ4* 
t>.66G6i)a 

0.67(038 
:□  689388 
o,7007}8 

0,71344* 
0-7J4795 

Si 


.S4R38Q 
■859744 
.S7II08 
0.8S14.74 
.  891840 


.961059 

1961 81 

,007558 
.016935 
010J13 
,041691 
,053071 
,064451 
Si 

,091601 
109987 


.8970! 


09+77 
80)76 


J«=.  190.05 

6485   190.07 
7889  190.08 


:U7i 

■349»9S 
.160701 
.371109 
■3«JS'7 

.394917 

■40*137 
.'7749 
.419161 


'•46340; 


.510497 
■S1"9'9 

■S4334» 


.646191 

.657614 
.669057 
.680491 


176J1 


.760565 
.TJiooi 
■7»34!i 
■794897 
.806144 
.817791 
.819139 
,840689 
.851139 
,863590 
,875041 
.886496 
.897951 
.909407 
,910863 
.931311 
.943780 
■9|S»J9 
.966700 

.978161 


190.31 

190.33 
190,3  s 
190.37 
190.39 
190.40 
19041 
190.44 
190.45 
190.47 
190.49 
190.50 
190.51 
190.S4 


.978.6, 

.94961; 


.081167 

.091840 

.104313 

_  ...578* 

II..  17164 

11.138741 

.i.i73>78 
11. 1 8+659 


165057 

[i.i7|S46 

11.188017 

.199519 

,  1516 
.334011 

,345508 

168503 

1.391504 
1.403006 
^-♦"4509 
1.416013 

.1.417517 
11.449011 
[1460531 
'■47*039 
1.481548 

1.495059 

1.506571 


.551618 

^5664 

.*7<8l 

,,59870+ 

,,6117+8 
,63317* 
■044797 
"6561*1 


191.11 

191.36 
.91.38 
i9l,+o 
1 91.41 

'9' -43 


191.60 


191.74 
191.76 

& 

.,..81 
191.81 

.,..87 
191.B9 


TABLE  VI. 

For  finding  toe  Troe  Anomalj  or  tli«  Ttme  from  the  FeriiieUan  in  m  Pusbcdic  Orbit 


V. 

20° 

21 

22 

- 

23 

0 

H. 

DUtl". 

K. 

Mil'. 

H. 

DUtl*. 

u. 

Mcr. 

13.36.579 

193.19 

I+.059591 

194-51 

14,761.33 

,95.80 

'5-4*9459 

.97.17 

13.373177 

■93-31 

.4,07  ii6» 

194.53 

(4,773881 

■95-83 

,54*1190 

197,19 

'3J84776 
13.39*376 

■93-33 

'^l 

'94-55 

14.785631 

■95-85 

.5493111 

'97.1' 

193-35 

'94-57 

■4-797384 

,95.87 

,5,504956 
15,51*79, 

.97,14 
.97,16 

1  M07977 

193.37 

1 94-59 

.4,809,37 

.95.89 

13.419580 

'93-39 

14.117060 
14-. 19637 

.94-61 

.4.810S9, 

195.91 

.5,5186,7 

.97,18  ! 

13.431183 

193.41 

nt,t 

,4.831647 

•■ll',t 

15,540465 

'973'     , 

I3-44»7»B 

■9J4J 

.4,  .4.3 16 

,4,867911 

'S-SS»304 

'97-33 

WilSSi 

1934s 

'93-47 

14.151996 

14- '64677 

.94-68 

194,70 

195,98 

■S-S64"4+ 
.5.575986 

'9735 
,97,38 

lO 

13.+776IO 

193-49 

.4.176360 

.94.71 

.4.879681 

,96.03 

,5.587830 

.97,40 

11 

13.469>«> 

■93-51 

.4.1*8044 

'9+74 
194-76 

.4.89,444 
.4,903108 

196.05 

,5.599675 

'97-43 

12 

13.500831 

■93-53 

1 4-.  997*9 

.96.07 

,5,i„5i, 

"97-45 

13 

'3Si»441 

'93-55 

14,1114.5 

.94.78 

'4  9"4973 

.4.916739 

.96,09 

15,613369 

"97-47 

>3S»4°S6 

19357 

.4.113.03 

19481 

196.,, 

.5,6351.8 

.97,50 

IS 

13.535671 

■93-59 

•,tntx 

194.83 

.4.938506 

\& 

.5.647068 

.97,51 

16 

13.547187 

193S1 

'94.85 

,4,950175 

15.658910 

'97-54 

13.558904 

193.63 

.4,158174 

■94.B7 

.4,961045 

196.18 

15.670773 

'97-S7 

13.570511 

,93.6s 

.41^986; 

.94-89 

,4.9738,7 

.,6.^ 

.5.6*1618 

'97-59 

19 

i3.S»»i4l 

■93-67 

.+.181561 

.94.91 

.4.985590 

■  9t..j 

.5.6944B4 

.97-6. 

30 

13.59J7S> 

.93,69 

.4.193156 

194-93 

.4.997365 

.,6.,s 

15,706341 

,97,6j 
.97.6i 

31 

•,ihi'd 

193,71 

\tr;m'. 

'9+95 

15.009140 

I96.>7 

.5,718101 

33 

■9373 

.94-98 

.5.031696 

■»'■!• 

.5,73006, 

197.69 

33 

.3.6^8631 

■93-75 

.4.318350 

195.00 

J96.5I 

•S-74'913 
"5-753786 

197,7. 

34 

13.640156 

■93-77 

.4-340050 

195,01 

.5.044475 

.,«.j. 

'97-73 

sa 

1J.6|.S83 

■93-79 

14.351751 

.95.04 
.95.0* 

.5.056156 

■  9«.j6 

.5,76565" 

197,76 

36 

"3-663SI1 

.93.S1 

14-363455 

.5.088039 

196.39 

"5-7775"7 

197,78 
197  ffo 

37 

1J.675140 

■93-83 

•,tllVd] 

.9508 

,5,079813 

196.41 

.5,789385 

2S 

13.68^770 

193.85 

.95.10 

,5.09,60! 

■»6.41 

,5,80.154 

,9783 

2» 

13.65840" 

193,87 

'+-39*57* 

'9S-'3 

'5-"03394 

196.4s 

.5.8.3.14 

197.85 

30 

;i:;;"jj 

.93.89 

14.410180 

195.. 5 

,5..,ji8i 

196.48 

.5.81*096 

.97,88 

31 

193,91 

14.4»'990 

.95.7 

.5, ,16971 

196.50 

15.8^870 

.97,90 

33 

'3-Tm°i 

193-93 

14,433700 

.95,. 9 

.5.138761 

196.5. 

lijte 

"97-9* 

33 

13.7*4940 
13.756577 

193-95 

14.4454" 

'95-1' 

wxiit 

196.54 

'97-95 

34 

193-97 

14.457116 

195,13 

196.57 

.5.87*498 

"97-97 

39 

13-768.16 

19399 

.4-^6884. 

i9S->6 

,5,174,41 

196.59 

\Smi 

,98.00 

36 

13.779856 

194.01 

14.480557 

.951* 

>5-"«593j 

,96.8, 

.98.01 

37 

13,791498 

194.03 

14,491174 

195-30 

.5..  977  36 

\& 

.5.908.40 

198.04 

38 

.3.603140 

194.05 

14.503991 

.95,31 

,5,109535 

.5.910013 

.98.07 

30 

13.814714 

194.07 

14-S.S7" 

■95-3+ 

,5,11,335 

.96.68 

.5.93.908 

.98.09 

40 

1 3,8164x9 

194.09 

I4.517434 
'4.539156 

.95.36 

.5.133137 

196,70 

"5-943794 
.5.955681 

.98... 

41 

13,838075 

194,11 

'95-39 

.5.144940 

15,156744 

,96,73 

.93.14 

43 

13.849713 
■  3.86.371 

^^\t 

.4.550880 

■9S-4' 

196,75 

"5-96757' 

.98..  7 

43 

.4.561605 

>95-43 

15.168550 

.96,77 

,5,979461 

.98.19 

44 

13.S73011 

.94,18 

'+S74331 

'95-45 

,5.180357 

i96,io 

■5-99' 35+ 

.98.1. 

45 

>,.88j673 
13.896311 

.94.10 

.4.586059 
,4.(97788 

'95-47 

,S-i9»'6s 

1,6,81 

,6.00314s 

;,i:-j 

46 

194.11 

.95,50 

n.in;!i 

,96,84 

,6.0.5,43 

47 

13.907079 

'int 

.4.6095.9 

195.51 

.96,87 

.6,017039 

1,8.., 

48 

13.919634 

.4-61.150 

195-54 

195-56 

15.317599 

,96,89 

.6.038937 

1,8.31 

4» 

13.93,190 

194.»8 

.4.631983 

i53394"3 

,96,9. 

,6.05oS36 

1,8.34 

SO 

m 

194,30 

14,644718 
14.656453 

"9558 

,5,35,118 

;» 

16.061737 

198.36 

ftl 

194.31 

,95,60 

,5.363045 

16.074639 
,6,o62s43 

.98.38 

52 

194.3+ 
.94,36 

.4.668.90 

"95-63 

\]mi\ 

196.98 

198.41 

ft3 

13.977917 

14,67991? 

195.65 

197.00 

,6,098449 

■98.45 

64 

13.989590 

194.38 

14,69.66! 

195,67 

,5,398504 

197.03 

16,1,0355 

198.4^ 

65 

14.001154 

■94-4' 

14.703409 

.95,69 

15.410316 

.97.05 

.6.,  11163 

198.48 

66 

14.011919 

■94-43 

14.715.5, 

.4.716895 

.95.7. 

,5.411150 

197,07 

.6.. 34,73 

19K.5I 

67 

14.014585 

'94-4S 

■95-74 
195.76 

'5-433975 

.97.10 

,6., 4X084 

1,8.5, 

68 

14.036151 

■94-47 

14.738640 
.4,750386 

'S-445»oi 

197.11 

,6.  ,57997 

198.56 

SO 

14.047911 

'94-49 

195.78 

15.457630 

■97'4 

i6.iiy,,i 

.,«.5l 

•0 

14.059591 

.94,5. 

14.761,33 

I9S-80 

15469459 

197-17 

16.18.816 

1,8.60 

TABLE  VI. 

For  flndlng  the  True  Aiuiinalir  or  Qte  lima  from  tba  Perihdiom  ii 


1  I^ralulu;  OriaL 


24" 


25* 


26- 


27- 


1.177*04 
..189133 

;.joio6j 

■3  "995 

1.348799 
[6.560737 
rS. 371676 
[6.184617 


■  6.444141 
[6.4jfii9» 
[6.4Sgi4j 
[6.480196 
[6.491151 

iSisiSoij 

■5)9983 

--SS'94S 

16. 563008 
16.575873 
16.5*7839 

'6-599807 

[6.613747 

16.647693 
[6.6(9669 

;  6.67 1646 
16.683614 
16.695604 
[6.707586 
1.719569 
'6-73'S5J 
[6.743539 
-6.755517 
16.767516 


.815488 

.817485 

16.B  39484 

16.851484 

16.863485 

-,g7S48S 

.887493 

.899499 


:6.9a35i6 

■935S»7 

■9+7SJ9 

6959553 

.6.97156S 

6.983585 

16.995604 

7.007614 

17.019646 

7.031669 

7.043694 

5710 

1774B 

7.079777 

7.091808 

17.103841 

5875 

79" 

[7.139948 

7.164018 
7.176070 
7.88114 


.  4»S4 
7.136304 
7.148356 
7.160409 
7.171464 

7.19*578 
308637 
7.310698 
7.331761 
:7-3448»S 
7.35689, 
:7-3n89S9 
7.381018 
7.393098 
7.405171 
7-4'7»45 


7.465556 
7,477638 
7-4*97" 
7.501807 
7.513894 
7-S»598» 
7.538071 
7.550163 
7.561157 
7-57«S; 
7.586448 
7.598546 


^'.it 


Zil 


7.634850 
7.646954 
7.659060 

7.671168 
17.683178 

[7.695389 
[7.707501 
7.719616 
7.731731 
7.743850 
[7.755969 

[7.768090 

7.780113 
7.791337 

7.818719 
7.840850 
7.8519*1 
7.865116 
7.877151 
7.889380 

7.901  jii 
7.913669 

7.9158.1 

7-93795! 
7.950101 

7.961148 
7-974397 
7.986548 

IttlZ 

8.013010 
8.035167 


8.059*87 

8.083813 


8.19336s 

8.105546 
8.117718 
8.119911 

8.i4>°98 
8.154166 
8.16*47; 
8.178666 
8.190859 
8.303053 
8.315149 
8.317447 
8.339646 

8-3S'«47 


TABLE  71. 

IT  finding  tl)«  Tme  Anoaialj  or  the  Tinie  fonu  the  Fcribeiion  i 


aPusbi^Otbit 


V. 

28 

29 

30 

- 

31 

H. 

Dur.  1- 

x. 

Diir.i-. 

logiL 

Mltl- 

logK. 

Dutr. 

0' 

19.08708+ 

105.11 

.9.8x87+7 

106,94 

1,313  3849 
.5.3  6493 

44-08 

1.319  0430 

41.91 

1 

19.099391 

105.14 

.9S4I164 

11% 

44.06 

-319  300+ 
,319  JS78 

tl% 

3 

19.111701 

105.17 

■9.853583 

,313  9136 

+4.0+ 

3 

19  1 14011 

19.13^315 

105.10 

.9.866004 

107:03 

,3.4  1778 

44.01 

,319  8.5. 

+1,87 

A 

«OS-»l 

19.878417 

107.06 

■J'4  44'9 

44,00 

.330  0713 

4185 

5 

.91486,0 

10516 

19890851 

107.09 

1.314  7058 

43.98 

"-33°  3»93 

4i.aj 

6 

l9.<6o95l 

105.19 

19.903179 

107..  3 

.3.4  9696 

43.96 

.330  S»6i 

+1,81 

T 

19.173174, 

105.31 

.9.915707 

107  .6 

.3.5  1313 

43  94 

-33°  8431 

41.80     1 

e 

19.185591 

19.197916 

»oS3S 

.9.918117 

107.19 

.315  4969 

43.91 

.331  0998 

41-78     j 

9 

105.38 

.9.940569 

107.13 

.3.5  7604 

43.90 

.331  3564 

41-76 

10 

19.110110 

>o5.4i 

I99ilOOJ 

107.15 

..3.6  0117 

43-88 

..331  6119 

4»'74 

11 

19  iiijie 

105.44 

.9.965439 

i9-977*77 

107.1S 

.3.6  1869 

43-86 

■33"  8693 

41.71 

13 

19.134893 

»o!-47 

107,31 

.316   5500 

43.84 

-33»  "SS 

4».7C. 

13 

■9-H7"i 

105.50 

.9.990317 

lti:\t 

.316  S130 

43.81 

-33=.  3817 

41.69 

14 

'9->S9SSl 

105.53 

10.001759 

.317  0759 

43.80 

-33»  6378 

+1.67 

1ft 

.9.171885 

105.56 

10.0.5101 

107.*. 

1.317   3386 

43-78 

1.331  8937 

41.65 

16 

19.18*110 
I9.i96;56 

105.59 

10.017647 

107.44 

.3.7  60.3 

43.76 

■333  '496 

4i,6j 

17 

10S.I1 

10.04009s 

107.47 

.3.7  863^ 

4374 

■333  +053 

41.61 

18 

19,308894 

105.65 

10.0J15+4 

107.50 

■3'8  ';6» 

43.7» 

,333  6609 

+».S9 

41,51 

19 

19.311134 

105.68 

10-064995 

107.53 

.J18  3885 

43-70 

■333  9'6+ 

ao 

'9-iHi76 

105.71 

10,077448 

107.57 

..318  6506 

43.68 

1,334  1718 

41.56 

21 

.9.345910 

105.74 

10-089903 

107.60 

.3.8  9.17 

43-67 

■334  4»7i 
-334  6813 

41.5+ 

22 

.9.358165 

105.77 

10.101,60 

107.63 

.3.9  .7*6 
.319  1364 
.3.9  S98. 

43.65 

41,51 

23 

.9.370611 

105.80 

10,. .48. 8 

107.66 

43.63 

■33+  9374 

41-SO 

24 

19.3B1961 

105.  S3 

10,.  17179 

107.69 

43-6- 

■335  "9H 

4*49 

2S 

I9.395JI1 

105.86 

10,139741 

107.71 

1.319  9597 

43-59 

1.335  4+7» 

4>-47 

2S 

19.407S6S 

105.89 

10..J1106 

107.76 

.310  1111 

43-S7 

■335  7010 

4»-4S 

27 

19.410019 

105.91 

io,.S467i 

107,79 

.310  48i( 

43-55 

,33s  9567 

41.43 

28 

'9*)»375 

105.9; 

10,177140 

107.81 

.310  7438 

43.53 

,336  11.1 

41.41 

29 

19.44473* 

105.98 

io,.S96.o 

107.85 

.311   0049 

43  5" 

,336  4656 

41.40 

30 

I9.4!7094 

106.0. 

10.101081 

107,88 

..31.   i6!» 

43-49 

..336  7199 

41.38 

31 

19.46945s 
19.48.1.9 

lilt 

10.114556 

107,91 

.,..   516S 

43.47 

,336  97+1 

41-36 

32 

10.117031 

107.9; 

.311   7875 

4345 

.337  "83 

41.34 

33 

19.491. 84 
19.50655. 

106... 

10.139510 

107,9s 

.311  0+81 

43-43 

■337  4813 

41.33 

34 

106.1+ 

10.151989 

108.01 

.311  3087 

43.41 

■337  736* 

41.31 

30 

.95-89" 

106.17 

^n]l 

»08.O4 

..,11  569. 

43.40 

1,337  9900 

41.19 

36 

106.10 

.311  ^95 

43-18 

.338  1437 

41.17 

37 

19.543664 

106.13 

101894+0 

lti°l 

43-36 

■338  4971 

41.15 

38 

19,556039 

106.16 

1030.917 

108.,+ 

'In  ^7 

43-34 

■338  7507 

41.H 

30 

19.568415 

106.19 

10.3.4416 

log.  1 7 

4J-3» 

.339  0041 

41.11 

40 

19.580794 

106.31 

10.316907 

108.10 

..313  8696 

43-3° 

'■339  »573 

41,10 

41 

•9-59J174 

19.605556 

106.3s 

10.339400 

10S.14 

.314  .19+ 

43-18 

■339  S'OS 

41.18 

43 

106.38 

10.35189s 

108.17 

MUX 

43-16 

■339  7635 

41.17 

43 

19.617939 

106.4. 

:::i;ji?; 

108.30 

43*4 

,3+0  0165 

41. 5 

44 

19-6JOJ1S 

10644 

108.33 

.314  9079 

43.11 

,3+0  1693 

41,13 

43 

19.641713 

.06.47 

10.389391 

108.36 

1.315  1671 

43.11 

..3+0  5111 

41.11 

46 

(9.6jsio» 

106.50 

X0+0.89S 

108.39 

.315  4163 
.315  6854 

43-19 

,3+0  7747 

41.10 

47 

\ltm 

106.53 

108.43 

43.17 

,34.  0171 

41,08 

48 

106.57 

108,46 

■315  9443 

43.15 

.34.  1796 

41.06 

49 

■9^9118. 

106.60 

«''+394iS 

io8,+9 

.316  1031 

43- "3 

■34"   S3"9 

41.04 

SO 

19.704678 

106.63 

io,+si9»S 

108.51 

..316  4«»9 

+3.11 

.-34"  78*1 
-341  0361 

41.03 

91 

19.717076 

106.66 

io,+7295i 

108.56 

.316  7105 

43.09 

41.01 

52 

19.719+77 

106.6, 

108.59 

.316  9790 

43.07 

,341  isai 

41.99 

53 

1 9.74' 879 

106.7* 

108,61 

■3»7  »17+ 

43.05 

.341  5401 

41.97 

54 

1 9754"! 

»6.7S 

10:50.986 

108.65 

•J»7  49i7 

♦3-04 

,341  7919 

4.-96 

as 

.9.766689 

106.78 

10,514506 

108.69 

1,317  7538 

+3,01 

..3+3  0+3  s 

4»94      i 

56 

19.779097 

106,8. 

10.517019 

108,71 

.31S  0110 

+3,00 

■3+3  »9S» 

4".9i      1 

S7 

19.79.507 

106.84 
io6,gg 

10539553 

108,75 

-318  169S 

41,98 

-343   5467 

+.,90 

58 

19.803919 

10.551079 

108,78 

,318  5176 

41.96 

■3+3   7980 

+..89 

!  59 

19.8.6331 

106,9. 

10,564607 

108,81 

.318  7853 

41.94 

■31+  0493 

4'. 87 

\. 

19.8117+7 

106.94 

10.577137 

108.85 

1.319  0430 

41.91 

1.344  joos 

4.-8S 

TABLE  VI. 

It  SnduiK  the  Tnie  A11011UU7  or  tbe  Time  Irom  the  PerihelioD  ii 


t  Pinbolic  OitiiL 


V. 

32 

33 

34 

" 

35"         1 

lc«lL 

«*!-. 

ixx. 

WCl-. 

»o«". 

WM.V. 

>c«M- 

■00.1'. 

ff 

.Jt+   3005 

41.8s 

1.359  i!s9 

40.86 

'■371  7»5' 

39-91 

1.387  9418 

39.06 

■J44  SS'S 

41.84 

359  +3IO 

.359  6760 

40.84 

■173  96+6 

39.91 

.384   .761 

39.05 

■144  SolS 

41.81 

40,81 

■17+  lo+i 

39.00 

m 

39-<H 

■34S  OSJ4 

+l.go 

■359  9»09 

40.81 

■374  J414 
.374  68.7 

39.SS 

39.01 

■J+S  ItH' 

41.78 

.360  1657 

40.79 

39.87 

39^1 

■3+5  S!4* 

4i^77 

1.360  4104 

.360  6550 

40.78 

1.374  9118 

39-85 

■.389 1.17 

n 

■3+5  8=S3 

41-75 

40.76 

■375  "609 

1984 

■389  3+66 

■3+6  0558 

4"  7  J 

.,60  899s 

%\  m 

39.81 

.389  5*0+ 

lS^97 

.346  JoSi 

41.71 

.361   14,9 
.,61   1SS3 

40.7J 

39.81 

.389  S141 

589s 

.346  SS64 

41.70 

40.71 

■175  877' 

3979 

.390  0479 

3*94 

.346  go6s 

41.es 

1.361  6315 

40.70 

1.376  1164 

39-78 

t.390  1815 

3<93 

■347  0565 

41.66 

.361  8766 

40.68 

.376  3550 

39-77 

.390  sijo 

3!-9" 

■347  3065 

41.6  s 

.361  1107 

40.66 

-17°  5935 

39-75 

■19°  7+84 
■39°  9817 

5l:S 

■3+7  is* 3 

41.63 

■'^tt 

+0.65 

.376  8310 

39^74 

.,+7  8060 

41.6. 

40.6  J 

■377  0703 

3971 

.39.   xiso 

3"? 

.34B  0557 

41.60 

,.361  8511 

40.61 

1.377  3086 

397' 

'■39'  +48> 
.391   «gi3 

,1.16     I 

.34B  3051 

4i.;8 

.363  09S9 

40.60 

■377  5+68 
■377  78+9 

39.69 

38.84 

■3+«  5S+6 

41.56 

■361  139+ 

4059 

39.6S 

■39'  9>43 

38.8, 

■1+8   8=+o 

41.55 

.363  (819 

+OS7 

378  0130 

39.66 

.391  1471 
.391  3801 

38.8. 

■1+9  =531 

4"^S3 

.363  ii6] 

4=-S6 

.378  1609 

3965 

3'8.8o 

■349  3"3 

41.51 

..364  °69fi 

+0-54 

1.378  4987 

19-6+ 

..391  6118 

38.71 

■3+9  5!"  3 

41.50 

.364  3118 

40.51 

■178  7365 

39.61 

.391  8455 

J8.77 

22 

■3+9  8003 

4.-48 

■3*+  5SS9 

4051 

.378  9741 

39.6, 

■393  0781 

3!-7* 

23 

.3  so  049 J 

41.46 

.364  79S0 

40.49 

■179  »"7 

3959 

■391  3'07 

387s 

24 

•3io  »978 

+'■45 

■36s  o4"8 

40.4S 

•379  MS* 

39-58 

■391  543' 

3873 

3S 

■35°  5+6+ 

+■■41 

1.365  1846 

40.46 

1-179  6866 

39.56 

'■191  7755 

58.71 

36 

.350  7950 

41.41 

.365   5173 

4045 

-379  9"4° 

39'5S 

■19+  °078 

3871 

27 

.351  04J4 

41. 40 

.365  7699 

40.4J 

.380  .6.1 

39-53 

■194  »400 

38.69 

28 

■IS"   »9'7 

41.38 

.366  0,1s 

40.41 

■380  3983 

39^  SI 

■39+  473' 

,8.(i 

29 

■15'  5199 

41.36 

.366  XS49 

4a4o 

.380  «3S4 

39.50 

■39+  7'a4l 

38.67     1 

30 

.351  7880 

4'15 

1.366  4973 

40.3I 

..,80  8714 

39^49 

1.394  93*' 

,1.6i 

31 

■3S»  0361 

4'-31 

.366  739s 

4'''37 

.381  1003 

39+7 

.395   1680 

31.6, 

'     32 

■3!»  »84o 

413' 

.366  9S.7 

40.35 

■3*'   33*; 

39.46 

■395   3998 

.395  6315 

31.6, 

1     33 

■is»  5318 

4..30 

.367  1138 

40-3+ 

.381   581B 

39'45 

38.61 

34 

■3S»  7795 

4.^»8 

.367  4657 

40.3* 

.38.   S.94 

19+3 

■395  863- 

,1.60 

35 

•353  o»7* 

4>.»6 

1.367  7076 

40.31 

1.381  0559 

39.41 

1.396  0917 
.396  3161 

3l.!( 

30 

■153  »747 

+'■»! 

.367  9494 

40.19 

:'Jn;ss 

39.40 

3857 

37 

■153  S"' 

4'.»3 

.36S   .9.< 

40  il 

1939 

.396  5576 

3836 

38 

■353  769+ 

41.11 

■?^xr^ 

40.16 

.3S1  765. 

39-17 

.396  7889 

38.33 

30 

■15+  "'S; 

4I.10 

40.1s 

.3B3  00,3 

39.36 

.397  0101 

38.33 

40 

■35*  «6ig 

41.18 

1.368  9IJ7 

40.13 

1.383  »374 

39-35 

1.397  1513 

38.S'     ! 

41 

■35+  S'08 

4i^i6 

.369  1570 

40.11 

•3  83  4714 

39^  31 

-397  4811 

38.51 

42 
43 

■35+  7578 
■3SS  "+6 

41.15 
41.13 

■369  39*1 

.369  8,94 

t'^xt 

.383  7093 

J93» 

39.30 

.397  7133 
■197  94+1 

n     \ 

44 

■355  »5>1 

41.11 

.369  8805 

40.17 

39.19 

■198  '75' 

38^7     1 

4S 

-355  +980 

41.10 

1.370  1114 

40,15 

,.384  J166 

.384  6(1. 

39-»7 

%f£ 

^l^! 

46 

■355  74+5 

-370  3613 

40- "4 

39^i6 

=!■" 

*7 

■355  9909 

41.07 

.370  6031 

40.11 

.3  84  8878 

39^»i 

.398  887. 

38^3 

48 

■3  5^  »373 

41.05 

,370  8438 

.38s  1131 

39-*3 

.399  °976 

,84. 

49 

■356  +836 

4..03 

.37 ■  08+4 

40:09 

■385  3585 

39'" 

■399  1"! 

3".«    , 

SO 

.356  7197 

4..01 

"■37<  3»49 

4008 

>.l8s  491» 
.38;  B190 

J9.10 

'-399  SS*4 

3839 

fil 

.,;6  9758 

41.00 

.371   5654 

40.06 

39.19 

■399  7887 

3*3? 

53 

.357  »»I7 

40.98 

■37'  8057 

40.05 

.386  064. 

39.18 

400  0,89 

3S.36 

S3 

■357  4676 

40.97 

%\'.m 

A°°i 

.386  1991 

39.16 

-400  1491 

'!» 

54 

■157   7'1+ 

40.9s 

40.01 

.386  S340 

39-' 5 

.400  479' 

38.13 

55 

■157  9590 

+0.9+ 

1.371  s»*' 

40.00 

1.386  7689 

39-'3 

1.400  7°9' 

38.3. 

56 

■liS  1046 

40.91 

.371  766' 

3999 

.387  OOjS 

39,11 

ti  \m 

38.3" 

57 

-3SJ  45=1 
.358  *9i4 

40.90 

.373  0060 

39-97 

.387  »iEi 

39-" 

38.30 

68 

40.  Kj 

■371  »4S8 

39,6 

.387  4719 

IP 

r.  V&i 

'!■"' 

59 

■358  9407 

4<xa7 

■173  +855 

3994 

.387  7074 

,t..7 

«0 

-359  «8S9 

♦O.Sfi 

1.373  7»5« 

3993 

1-387  9+»8 

J9.o« 

1.401  8578 

,8..6 

en 

Lii.iil,.,.^ 
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TABLE  VI. 

For  finding  the  Trne  AnomaJj  at  the  Time  from  the  Perihelion  in  4  Parabolic  Oildt. 


V. 

36 

- 

37 

° 

38 

° 

39"         1 

loiK. 

Wttl-. 

logM. 

Dur.1-. 

loglL 

Wtl". 

logM. 

DW.1-. 

v 

1.401  857* 

38.J6 

I.4IS  4930 

37.50 

1.418  8661 

36.80 

1.441   9943 

l6.,4 

.401  0873 

38.14 

.+IS  7180 

37-49 

.419  0869 

,6.70 

.441  1.11 

36.13 

3 

.403  3167 

38.13 

.41 j  9419 

37.47 

■419   3070 

36.78 

■Bti 

16.,. 

3 

.40a  5460 

38.U 

.4.1 .278 

37-46 

.419  S183 

36.77 

36.1 

* 

■40»  77S3 

38.10 

.416  3915 

37-45 

.419  7488 

16.75 

36.10 

» 

1^3  0045 

]8.i<i 

..416  6.7. 

37-44 

1.419  9693 

36.74 

..443  0778 

1609 

1    5 

.40]    Zljfi 

38.1I 

.4.6  8jj9 

.4.7  0*64 

37-43 

430   .897 

,6.73 

-443  »943 

li.oi 

.       7 

-^03  jg»6 

.40J  6916 

38.17 

37-4" 

410  4.01 

36.71 

-443  5'°7 

^t-°z  , 

8 

38. -S 

.4.7  .909 

37-40 

36.71 

■443  717" 

36.06 

1       • 

.40J  9*05 

38-14 

-4«7  S>SJ 

37-39 

36.70 

441  9+3+ 

36.0s 

1    10 

1.404  "493 

3813 

■-4"7  7396 
.417  9639 

37.3* 

1431  0708 

^lit 

'■44+  'S97 

36.04 

1     » 

3I-" 

37.37 

431   1909 

36.68 

■444  3758 

36.03 

1» 

38.10 

.4i|   188. 

37.36 

-43'   5"^ 
-43'   71'>8 

16.66 

.444  S91D 

36.01 

13 

.404  gi;i 

38.03 

.418  4111 

37.3s 

16.65 

■444  8080 

36.00 

14 

.40J  0637 

38.oi 

37-33 

41.   9507 

36.64 

445  0140 

3S-99 

5 

1.405  1911 

]8.o6 

1.418  8601 

37-3» 

1431  1705 

16-61 

1.44S  1400 

35-98 

a 

•405  s»°s 

38.05 

419  0841 

37-3' 

411  3903 

36.61 

.44s  4SS8 
.445  6716 

35-97 

7 

.405  7+S8 

18.03 

.419  3079 

37.30 

43»  Sioo 

36.61 

35-96 

8 

■4°S  9769 
.406    lOJl 

38.01 

419  5317 

37-19 

-43*  8196 

16.60 

.445  8874 
446   '03' 

35-95 

1» 

■4'9  7554 

37.»7 

-433  049' 

16.59 

35-94 

30 

":*^  m\ 

38.00 

14.9  9790 

J7..6 

1.433  1686 

3657 

1.446  3187 

35  93 

31 

37-99 

.+10  ioi6 

37-»S 

-433  488. 

36.56 

.446  53+3 

3591 

33 

-to*  SSSa 

3797 

.410  ^494 
.4*0  873 

37-14 

.433  7074 

36.55 

.446  7498 
-446  96S» 

35-9' 

33 

.+07   "68 

J7.96 

37->3 

-431  9»67 

36-54 

3S90 

34 

■+07  344S 

J7-9S 

37." 

-434  '459 

36.53 

.447   1806 

35.89 

2S 

M07  J71I 

37-94 

1411   0960 

37." 

'■434  365' 

36.51 

1-447  3959 

35.88 

26 

^o?  7997 

37-9» 

.411   J191 

37.19 

■434  S84» 

36.5. 

-4+7  6'" 

"■!? 

27 

-408  0171 

379' 

■*»■  54»3 
-4"   7054 

37..S 

■434  8011 

36-50 

-447   8163 

35.86 

28 

.408  IC47 

37.90 

17-»7 

43S  o"' 

36.40 

.448  04  J  5 

35-85 

39 

.408  4Sio 

37.89 

.411  98^4 

37.16 

435  H'o 

16.48 

■448  1565 

35-*4 

30 

I.+08  7093 
.408  936; 

37-87 

l.4»i  »ii3 

J7-"5 

'-43  5  4598 

36-47 

■'Siffil 

35|1 

31 

37-86 

.411  4311 

37."3 

435  6786 

36.46 

J5^8i 

32 

.+09  163S 

37.8s 

.;„  Js?9 

,7.11 

.435  8973 

3644 

-4+8  9o;4 

IS.*' 

33 

-407  39°7 

37.84 

.411 8796 

17..  I 

438  ..S9 

16.+1 

.449  1 161 

35.80 

34 

■409  S177 

37.81 

.413     lOM 

37.10 

.436  3345 

364' 

■449  31'>9 

35-79 

3i 

M09  8446 

37.8> 

i.4»3   3*48 

37.00 

37-08 

1.436  5530 

36.41 

.-449  54!  6 
.+49  7603 

IS.78 

M 

^10  0714 

37.80 

■4»3   5473 
-4»3  7697 

.436  7714 
4j6  M 

36.40 

^■77 

'     »T 

.410  1981 

3778 

37-06 

36.39 

-4+9  9749 

15^76 

38 

.410  5148 

37-77 

.4*3   99»° 

37.05 

437  loSi 

36.38 

.450  1894 
.450  4038 

15^75 

I    30 

.410  7SI4 

37.76 

■4*4  >"43 

37-04 

-437  4»6l 

36.37 

15^74 

40 
i    41 

1.410  9780 
.411  1044 
■4"   4308 
■4"   6571 

37-75 

37-74 

■-414  436s 
4»4  6s85 

37.03 
37.01 

.437  6j4S 
.417  Xizi 

36.36 
16-35 

1450  6181 
■450  831s 

15.73 
1S.7» 

43 

37-7* 

.414  8807 

37.01 

.418  0806 

36.34 

4S.  046S 

45.  iS.o 

35-7' 

43 

37-71 

.415  io»7 

36.90 

438  ,986 

36.31 

3!^7= 

44 

^11  tin 

37-7° 

-41s  3H6 

3698 

■43 8  5.65 

36.J. 

-451  475* 

35.69 

49 

37.69 

..415  546s 
■4»S  7683 

16-97 

'.438  7344 

36.30 

'.451  6893 

35.68 

.     46 

.411  3356 

37.6S 

36.96 

-438  9S" 

36.x- 

-45'  9033 

35.67 

1     " 

^.»  s6i6 

37.66 

415  9900 

36.95 

.439  '699 

36.18 

■4S"  "73 

3S-66 

4S 

■4'»  787s 

37-6S 

4,1.1.7 

36.94 

-439  3875 

36.17 

451  3311 

35.65 

4« 

.413  <"J4 

37-64 

.416  4333 

36.9. 

-439  605. 

36.16 

-45*  S+S" 

35-64 

90 

1.413  «J9» 

J7-6j 

1.416  65*8 
.416  8761 

36.91 

,439  8"6 

36.15 

1451  7588 

35-63 

51 

■413  4049 
-413  *9°5 

37-61 

36.00 

.440  0401 

16.14 

45,  97»5 

3S.61 

&2 

37.60 

.417  0976 

je.i. 

.440  1575 

36,13 

.45  3   «86i 

356. 

S3 

^13  9161 

37.59 

417  3189 

36.8S 

.440  4748 
440  V" 

36.X1 

-451  3998 

35.60 

.     S4 

.414  14J6 

37.5S 

.417  S4o» 

36.87 

16.10 

■453  6114 

lS-59 

ss 

1414  3«7° 

37-56 

i.4»7  7613 

J6.86 

1440  9003 
.441   1164 
.441  3436 
■441  S60S 

^Vt 

■453  «»69 

3S58 

se 

S» 

37.55 

.417  9814 

36.85 

36.1S 

.454  0401 

35-57 

57 

37.54 

.418  i=3S 

J6.83 

^i'l 

.+5+  »S37 

35.56 

M 

i\i  X 

37.53 

.418  6453 

36-Bi 

36.16 

454  467° 
.454  680. 

35-55 

5S 

37-5' 

36.81 

-44"  7774 

36.15 

355+ 

60 

M'S  4930 

37-50 

1.418  866i 

36.86 

1.44"  9941 

36.14 

'-454  »934 

15.53 

' 

^^■^^ 

»TS 

L 

jii,.,.,  ,,V.i 

)OyK- 

TABLE  VI, 

For  finding  the  Trne  Anomaly  oi  tl>e  Time  from  the  PerihelloD  in  ■  Parabolic  OilnL 


40° 


41° 


42° 


locK. 


43° 


■45S  3'96 
■t5S  S3»6 

■4S5  7*S6 

■455  95*5 
.+56  1713 
+56  38+" 
+56  5968 
.4,j6  S094 
457  oaio 
45 7  »I4' 
457  4470 
457  659? 
■457  87 '8 
.458  oB+i 
.4.58  19^1 
.4J8  3086 
.4Sa  7»o7 
.458  93»K 


i44« 


■459  31  . 
■459  5686 
■459  7805 
459  99i» 

.460  6171 
.460  838! 
.461  05  oj 

'     473' 
S844 

.46.   J180 


1463  37»9 
.463  5837 
■463  7944 
464  0051 
.464  iisS 

:-464  4»63 
.464  6369 
.464  8473 


.466  109° 
.466  3190 
.466  5190 
.+66  7390 
.466  9489 
.467  1 5*7 
467  3685 
,467   S7«» 


,467  997I 

.468  107; 

.468  41 61 

.468  616. 

.468  gjs- 

.469  044I 

■469  1541 

.469  463, 

,469  671 

.469  88: 


'9  443' 
'9  H9< 

.480  ofii7 


[.4I0  0617 
.480  2691 
.480  4755 
^Eo  6819 
^Eo  8i8i 

0944 
JO06 
?o6g 
.    -    7'>9 
.481   9.89 

"4? 
.48*  33°8 
-  S367 
74*5 
.481  948J 

.483  IS40 
■4»3  IS 97 
.48J  s6S3 
•483   7709 

483  9764 

484  18.9 

484  3873 
■484  59^7 
^84  7980 
-4>5  003I 

[,485  108; 

485  4'37 
^85  £188 


8464 
-487  053* 
.487  1579 
.487  46»6 
.487  6671 
.487  8718 
488  0763 
.488  1807 
488  4851 
.488  689; 


.489   3013 

489  506; 
.489  7106 
■489  9 '47 
4,90  1187 

.490  3117 

,490  7305 

490  934J 


TABIE  71. 


F 

»  flnding  the  True  Aoomaly  or  tli 

flllmefi 

rom  the  Perihelion  in 

•  PenboUc  OiUL 

«. 

44 

" 

45 

46 

47 

I 

logs. 

Dur.i'. 

logiL 

ix<r.i". 

lofK- 

mr-x". 

locH. 

DW.1". 

V 

1.504.  4813 

.504  6ii9 

3}'44 

I.516  4390 
.516  6370 

3,.oo 

1.518  1435 

3159 
31.58 

1.539  904» 
.540  0980 

Jl.lO 

31-« 

int 

.518  J390 
.518  ^344 

31.10 

.504  !8*s 

]U> 

■SI'  »349 

1»-S7 

.540   Mil 
.540  4*41 
.540  6774 

'"I 

-SOS  oiio 

33-4» 

.517  0318 

3198 

.518  8199 

11-S7 

■S°S  i»lS 

3141 

-517  1306 

3»-97 

.519  0151 

11.56 

31.18 

1.505  igj9 
.505  2841 

33,40 

f  S'7  4184 

1:1  fcl 

31.96 

1.519  1106 

i»-is 

1.540  8705 

9.-17 

13- 19 

JI.96 

■519  4'S9 
■519  *"! 

3»5S 

■541  o«|S 

31.17 

.50s  S846 

3339 

3'-9S 

11-54 

■S+i  1564 

,..16 

-506  0849 

33-38 

1*94 

.519  «o6j 
510  «.i 

31-51 

-541  4494 
-541  6411 

11.15 

.506  1851 

3137 

Jig  z.gx 

l»-93 

li-S) 

JI.15 

10 

'■.l^tlll 

33.36 

I.Jlg    Al6g 

-Sig  A14J 

l»-93 

1,530  1967 

31-51 

I  541  8351 

l»->4 

11 

Jl-3< 

3x91 

.530  J918 

31.51 

.541  oiSo 

J1.14 

1» 

.506  885^ 

11-35 

.518  81T8 

31.91 

.530  5869 

31-Si 

.541  1108 

11- 'J 

13 
■4 

-SOT  0857 
■S07  1857 

13-34 
1111 

.519  0003 
.519  io«7 

31.91 
31.90 

.530  78J9 
.530  9769 

31.50 
3M9 

-541  4>1S 
.541  6063 

3*» 
3.11 

16 

■:SS?H 

33-31 
JJ-3» 

1.519  X041 
.519  6014 

31.89 

31.89 

i.SJi   1719 
■51"   366* 

r4s 

1-541  7989 
.541  99'6 
-543   'Hi 
-543  3768 

j1.11 

31.10 

17 

.507  8855 

lJ-31 

.519  7987 

3i.8i 

■SI"  S6"6 

3.48 

31.10 

.50a  08s 1 

33.30 

.519  9960 

31.87 

■SI'  75»S 

3M7 

31-09 

1» 

.U  »sst 

33.19 

.S»o  I93> 

31.86 

■SI"  9S"1 

J..46 

-543  5693 

31-09 

SO 

'iltUltl 

^3-*9 

1.510  3904 

3186 

i.Sii  1460 

31.46 

1-543  7618 

J1.08 

31 

33iS 

-Jio  5875 

3185 

■S31  1407 

31-4S 

■543  9541 
.544  14*7 

31.08 

23 

.5=8  88+j 

31  »7 

-Sxo  7J46 

3.-84 

-Sli  S3S4 

3i'44 

11-07 

33 

.509  0839 

33*7 

-Sio  9gi6 

IJ-S4 

.531  7300 

31-44 

-S44  3391 

3.-06 

31 

■S09  »835 

33.1* 

.5..  .7I6 

J.83 

.531  9146 

11-43 

-544  5315 

3..06 

3S 

1.509  J830 
.509  iiis 

13-15 

1,521   3756 

31.81 

1,533   >'9i 

3141 

1-544  75^8 
■54+  9"6i 

31.05 

36 

33H 

S"   57»5 

31.81 

-511  1'17 

31-41 

31.04 

37 

,509  8819 

31*4 

.511   769+ 

31.81 

■531  SO"! 

31.41 

■S4S   1081 

1.04 

38 

.510  0813 

31-»3 

.5x1  9661 

11.80 

-S3)  7''i7 

31.41 

-54!  3005 

31.03 

2» 

.510  igq.7 

33.11 

.511  .fijo 

31.80 

-S13  197" 

31.40 

-s+s  4917 

ll-OJ 

30 

.Jio  6791 

31-»' 

»-S"  3598 

11-79 

1.534  09"4 
.534  iis» 

31.39 

1-545  6*49 

ji.oa 

31 

31-" 

■5"  5S*S 

31  7f 

li^39 

:1JIS 

J1.01 

32 

.510  Ms 

33.10 

-S"  7S1' 

31-78 

-534  4*=' 

3*1" 

31.01 

33 

511   077S 

3119 

■5»*  9498 

11.78 

■53+  ikii 

31-37 

-546  1611 

31.00 

31 

.51.   1768 

j>.i 

-5»3   '464 

3>-77 

1»-17 

-546  4531 

31.00 

3S 

i.jii  47S9 

33,18 

'■S»3  3419 

31.76 

1-515  0617 

31.16 

..546  6450 

H.99 
11-98 

36 

.511   6749 

31  '7 

-5^3  5394 

31-75 

-SIS  156* 

313s 

.546  8370 

37 

,511    8739 

31'6 

-S»3  71S9 

31-74 

-SSS  4S<^ 

313  s 

•547  0189 

11.98 

38 

33-' 5 

-513  9313 

3»-71 

.515  6450 

313+ 

-547  "07 

l>-97 

3» 

-Sii  ijil 

3I-'S 

.514  11I7 

Jl-Tl 

.535  8390 

31- 13 

■547  4"»5 

J '.97 

40 

'iit  teas 

11>'4 

1.514  J»S" 

31.71 

1.536  0330 

31-31 

I  S47  6041 

li.,6 

41 

ll-'l 

■S»4  Si'4 
.514  7176 

31.71 

-SI6  1170 

31.31 

.547  7961 

11.96 

43 

.;i>  86^3 

31'3 

31.71 

.536  J10| 
'.l\b  i'M 

31.31 

■547  9878 

l'-9S 

43 

.513  0670 

33.11 

.51*  9138 

3170 

31.31 

.54B   (795 

1"94 

44 

.513  1657 

IJ.11 

-515   1100 

11-70 

31.30 

-54*  37" 

l"-94 

45 

46 

i.jij  4644 
.513  66,a 

33.11 
33.10 

■  S»S  Jo«> 
.515  5013 

0i 

1-517  0014 
■537   1961 
■537  3899 
■537  5816 

31.30 

1.54*  5*17 
-54*  7543 

31.93 
31,93 

47 

.5.3  861; 

irs 

.515  6983 

11-67 

■5+8  945* 

31.91 

4a 

,514  0601 

.515  8944 

3i-*7 

31.18 

-549  "371 

3"-9" 

4B 

.5.4  as*6 

33.07 

.S»6  0903 

31  6£ 

-537  7771 

31.17 

■549  3188 

31.91 

50 

1.514  4S7Q 
■5'4  "554 

3J07 

1.516 1S63 

31.6s 

1.S37  gjoS 

J1.16 

1-549  5101 

11-90 

01 

33.06 

.516  4S11 

.16  Uo 

31.64 

.538  164+ 

31.16 

.549  7116 

iii 

S3 

•5»4  8537 

13-oS 

3164 

■538  3579 

3115 

.549  9030 

1    W 

.515  0510 

13-05 

.516  8719 

31.63 

S3«  SS"4 

J1.15 

:ij:ss 

M 

■J'S  *S03 

3J.04 

.517  0696 

31.6. 

■S38  74+9 

31-14 

,,.I! 

SB 

S6 

■i;ir.is 

1J-04 
11°1 

1.517  »»S4 

.J17  6567 

3.61 
3..61 

■■S3«  91«3 
■539  '1"7 

31-13 
31.13 

■:|[n?s; 

ji.ir 

B7 

.jit  8449 

13  ■" 

,1.61 

■539  3150 

31.11 

.550  8593 

'■!! 

H 

.jifi  0430 

3301 

-5*7  8514 

11.60 

■519  5'"| 
-539  7""6 

31.11 

■55"  oS^j 
■55'  i4'6 

ji.M 

:  M 

.516 1410 

33.01 

.51!  0479 

11.60 

31.11 

j..»S 

1" 

i-SiS  4390 

33.00 

1.5*8  1415 

J»-S9 

1.539  904* 

31.10 

1,551  4316 

!■•■! 

TABIE  71. 

For  indln;  the  Trne  Anomaly  or  llw  Tima  titm  the  Perihelion  in  a  Parabolic  OiUt 


V. 

48 

49= 

50 

° 

51 

loclL 

Dur.!". 

logBL 

pur.i-. 

1»,M. 

w<r.i-. 

lo«lt 

MKl'. 

2 
3 

4 

i-Sji  *j»6 

j,.l4 

■ill 

1.56.  8360 
.563  rajo 
.56]  1140 
.563  4030 
■503  S9»o 

31.51 

31.51 
3. -so 
31.50 
3M9 

'■574  "34 
■574  3'0* 

■574  8710 

31.10 
31.10 
31.19 

;;;;i 

.585  4886 
.585  6740 

30.91 
30.91 
30.90 

itr,  1 

5 

1    a 

7 
1      S 

» 

■■ss»  3876 

■SS»  S7»4 
■SSI  769J 
■SSI  9601 
■SS3   'So« 

J«79 

1.563  78°! 
.563  9698 
.564  i,£6 
■564  3475 
.564  5363 

3 '■47 

1.575  0590 
■575  «46' 
■57S  433' 
.575  6"l 
.575  8070 

J1.17 

B 

■.\lt  0 

■!"i  7"!9 
■  186  971J 

,o.J,     1 

&  1 

lO 

13 
13 
14 

1.553  3+'6 
■SS3  53*3 
■SS3  7»5^ 
•SS3  9'3* 
.JJ4  104» 

ji.7f 
31.78 
3'77 
J..76 

1.564  7150 
.564  9138 
.565  lois 
.565   «9ii 
.565  4798 

3 1 .46 
3 '-45 
J' -45 
31.+4 
3>H 

•■Si  '.III 
■St  I'Zl 

.576  7414 

ji.iS 

31.IS 
31.14 
31.14 
31.13 

16 
16 
17 
IS 
1» 

I.SS4  »«* 
.554  86^3 

■sss  0567 

31.76 
3'-7S 
3'-7S 
31-74 
3'74 

1.565  6684 
.565  '•569 
.566  0+55 
.566  .340 
.566  4115 

3'+l 

3'-43 
31.41 
31.41 
3141 

..576  9iai 

577  "49 

.577  30'6 
■577  4883 
■S77  *749 

3>^"3 
3. .11 
31.11 
31.11 
31.11 

1.588  0811 
.588 1671 
.588 «" 
.588  4371 
.588  8111 

50.84 

90 
21 
32 
23 

24 

■■SiS  H71 
■SSS  437i 
■SSS  6»79 

.556  0084 

3t.73 
3 '.71 
31.71 

31.71 
31.71 

1.566  6109 
.566  7093 
.566  9S77 
.567   1761 
.567   ,644 

3  "40 
3" -4° 
3'-39 
3'-39 
3>3* 

■■577  86.5 
.578  0481 
.578  1347 

31.10 

31.10 
31.09 

1.589  0071 
.589 1910 
.589  J765. 

.5B9  s6ii 
■589  7+66 

Jill 
,0.8, 
J0.80 

25 
3« 

37 
28 
39 

■SS*  9S9» 

31.70 
3i^70 
31.60 
31.68 
^.68 

1.567  55.7 
.567  7+09 
■567  9*9' 

3  ..38 

31-37 

31.36 

.579  ,67. 

■579  3S35 
■579  5399 

31.08 

31.07 
31.07 

..589  93  "4 
.590  1161 
■59°  3^-9 
■59°  4857 
■59°  67°4 

JO.I. 

30-79 
,«7l 

30 
31 
33 
33 
34 

I-5S7  "493 
■SS7  3393 
■557  5»93 
■S57  7"93 
■557  9091 

31.67 

Wii 
31.66 
31.65 

.56!  8698 
.569  0579 

.569  >459 

3'3S 
31-35 
3'-3+ 
3'-34 
3'33 

1.579  7161 

.1.0  Hi, 

.580  4713 

3t.o6 

31.05 

31.04 
31.04 
3I.0J 

1.590  8550 
.591  OJ97 
■59'  1143 
.591  4089 
■S9'  S935 

!»7» 
J0.77 

nil 

30.7S 

35 
36 

37 
38 
3» 

1.558  0091 
.558  iSja 
.558  4788 
.558  ^6 
.558  8584 

31.65 

J..6+ 
31.64 

31.63 
3«.6a 

\lti  nil 
.569  8097 
.569  9976 

■57°  ■»S4 

3 '-33 
31.31 
31.3. 
31-31 
3. .30 

,.510  is,, 

■.f.''4 
is;  nil 

31.03 
31.0J 
31.02 
J  1.01 
31.01 

1.591  7780 
.591  9615 
.591  1470 
.59»  33'5 
■59*  5  "59 

J0.7S 
30.7s 
3''^7S 
3°^74 
30-74 

40 
41 
43 
43 
44 

"■SS9  04*a 
■559  1379 
■559  *»7S 

31.62 

lit: 

1.570  3733 
.570  5611 
.570  7488 
.570  9366 
.571    1143 

31.30 

31.29 

='■! 

1I.2« 

1.581  5S80 

.581  u6o 
.581  3319 

JI.Ol 

31.00 
31.00 
30.99 
30.99 

i.59»  7°o3 
■59*  8847 
■593  °«90 
■593  »S34 
■593  4J77 

30.73     1 

30-73 

J0.7. 

30-71 

J0.71 

4Jl 

46 

vr 

48 
49 

.560  5754 
.560  56*3 
.560  7S43 

3 '.59 
3'-S9 

3'-S7 
3"-S7 

1. 571   3119 
.571  A996 
.571   6671 
.571   8748 
.571  0613 

3..18 

31.17 

31.16 

..5B1  5179 

.583  0754 
.583  li.i 

J0.98 
3098 

30.97 

1»S? 

1.593  6119 
.593  8061 
■593  9904 
■594  '746 
■594  3588 

JO-7I 
30.71 

30.70     1 

30-69      1 

60 
51 

as 

53 
04 

1.560  94J7 
.561   13JI 
.5S1  2"4 
.5S1  5.(7 
.561  7010 

3"56 

31.56 
3'^SS 
3'-SS 

3''54 

1. 571  1499 
■571  4373 
.57Z  J148 
.571  8113 
.572  9997 

31.15 

31.15 
31.34 
31.14 
31.13 

1.583  4470 

.583  63J7 
.5B3  K'84 
.5B4  0041 

30.96 
30.95 
30.9s 
30.94 

30.94 

1.594  5419 
■594  717° 
■594  9"! 
■59!  "^5* 
■595  *79* 

59 

56 
»T 

»8 
S» 

..561  S90> 

3«-S4 
3'S3 
3'S3 
31.51 
3'-5» 

1.573  •87= 

■573  7489 
■573  9l'» 

31.13 
31.12 
31.11 
31.11 
J  1.11 

.584  7466 
■S8+  93" 
.585   "'76 

J<'94 

30.93 
3M3 
30.91 
30.91 

"■S9S  4633 
■S9S  6473 
■S9S  83'i 
.59S  0151 
.596  1990 

•0 

..s«.  1,(0 

31.51 

1.S74  "34 

31.1a 

..5B5  3031 

30.91 

1.596  3819 

,»6s 

TABLE  VI. 

For  findiiv  tha  Tme  AboomIj  or  the  lime  from  tha  PerilieliaD  In  a  Ptwix^  OrbiL 


52° 


53° 


54° 


55° 


.j)6  j66i 
.596  7se>6 
■596  9144 
•597  iil> 

1.597  JOIO 
■597  4?S7 
■597  6o9* 

■Si 'All 

i.S9g  iat>4 
-598  4040 
.598  5876 
■S9>  77" 
■59*  9547 
1.599  ijSi 
■SW  3»'7 
■599  S°5" 
■S99  S«*5 
■599  8719 


'.60a  jili 
.601   isji 

.601  JjSj 
.601  JIIJ 
.601    7046 

[.fioi  S877 
.tioi  0708 
^03,  »539 
.fioj  «70 
■Doa  6100 

,Goa  9860 
.60]  1690 
.60J  ];i9 
.60J  si+S 

r.6oj  7177 
.60]  9005 

.604  1661 

.604  4490 

1.604  ^3*7 

.604  <I4S 

.604  997» 

.605  1790 

.60;  3616 

r.605  S4S» 

.60s  7»7» 

.605  9104 

.606  1755 
r,Gofi  AjSi 
.606  6406 
.606  8130 
.S07  OOJi 

.S07  1879 
1.607  3703 


1.607  J70J 

.6«7  55»7 

.607  7350 

9'74 

0997 

1.608  iSio 

..„  tX 

.608  S187 
.609  0109 
(.609  I93I 

.609  J7S» 
.609  SS7J 
.609  7J94 
.609  9»is 

.36 


.610  J. 

.610   6: 


a68, 
6499 
8316 

13   OI]l 

I]  1949 
IJ  37S5 

13  5J8» 

'1  7398 
13  9«'3 
■4  io»9 

.844 
+059 

;;  liii 


IJ  373. 

15  554S 
■S  73S» 

.,:i  mi 

.616  »797 
.616  4610 
.616  «4» 
.616  8134 

'.ill  a\i 

.G17  3G69 

-Si  7  148. 

.617  7191 

J  0913 
18  »7i4 


30.40 
30-39 
30.39 


.618  6u 


-19  177> 
.619  35K" 
.619  5390 
.619  7199 
.619  9007 
:.6aa  o«i6 

+43" 
„._  6«39 
.610  S046 

fdl 

J467 

61!  ^llt 

I  8886 

.61a  1497 

:6«  t]ll 
.61a  7913 

.613  is*3 
.613  33x7 
.613  5131 
.613  693s 
.613  8739 
.6x4  054J 
■0*4  »14'' 
.614  4149 

.614  S95» 
■6*4  77  SS 
.614  95  j7 

:.6aj  ^964 

.61J  *76s 

.615  8567 

.6ii   0368 

'  16  1169 

i6   3970 

l6  S77I 

'6  7S7> 

.o»6  937* 

.617  ii7» 

.617  *97» 


.618  1968 
.618  3766 
.618  5565 
.618  7363 
.618  9161 
.619  0959 


19.91 

1998 
S9.97 
19.97 
19.97 
19.96 


.619  S351 
.619  8148 
.619  9945 

.630  1741 
.630  3SJ« 
.630  5335 
.630  7131 
.630  8917 

■•';  V", 


.633  0461 

.633  iis| 

.633  4048 

1.6,3  5841 

.633  7634 
.633  9417 
■63+  <»I9 
.634  3011 

1,634  4803 

„„  83S7 
.635  0178 
.635  1969 
.635  3760 

■63s  55S' 
.63s  734» 

Pi  ^'11 

.63G  1713 

1^6  ti°l 
^636  8081 
.636  9871 

.637  r66o 

■S37  3449 
.637  S.38 
.637    7"7 

.637  18 1 5 
.638  0603 
.638  1391 
.638  4179 
.638  5967 
■6j8  7754 
.638  9541 
.639  1319 
.639  1116 
.639  4901 
.039  6689 
.639  8475 


TABLE  Yl. 

for  fiDding  the  Trm  Anouulj  or  the  lime  from  the  Perihelion  ii 


56' 


■6J9  >«S 
.6^  104.8 
.640  joig 
1.(40  7405 
.040  9190 
.641  0975 
,641  1760 
■64'  «4S 
.641  6319 
.64.   Bti4 

-nil 
J466 

,641  siso 

.641  416; 
.643  5948 

.643  77JO 
.64 J  9SIJ 
.644  119s 

.644  J077 

.644  jsji 
,644  6640 

.644  84x1 
,645  0103 
.64s  19S4 

■64S  S!4J 
.645  7316 
.645  9106 
.646  0E86 
.646  1666 

3  IS' 

.646  8005 
.646  978s 
.647  1564 
.647  3141 
.647  SI" 
.647  6900 


-.-  04S7 
.64g  xiis 
.M  4°n 
.648  S79t 
.64S  7569 
.648  93+6 
,649  III) 
.649  1901 
.649  4677 

5*9  *4S4 
,649  8131 

*-  ^l* 
.650  3560 

S336 


57" 

Sjo  53)6 
,650  7111 
.6)0  8887 

'--  "43^ 
651  4"! 

,fiS.  S9" 

eji  7763 

Sit  9S1* 
631  ij.i 

.6s»  p6i 
.6S»  6615 

.65=  840! 

.653  o>a» 

,653  i9;6 

653  J719 
,653  5501 
■653  7»7| 
,6s  3  9048 

654  »S?} 
,654  4366 
.654  ii38 
,654  7910 

654  9681 
.655  1454 
,655  3115 

m  tm 

655  8539 
.656  0),0 
.6s6  io8i 
6;6  3S5* 
.65^  s6i> 

.65*  739» 
.65G  91D3 
,657  0933 
,657  1703 
,657  4471 
.657  6x41 

'fiST  9781 
6;!  1530 
,658  3318 


,6s  9  ii6i 
659  3019 

^59  5*97 


1767 

4534 

6301 

.fi6o  S068 

"  9835 


58° 


59" 


,661 3361 

.661  |1J4 
.661  6900 
.661  8666 

.66t  3963 
.66,  S7,S 
.66»  7493 
.661  9a;  S 
,663  loij 
,663  *789 
■663  *SS3 
.663  6317 

.66 J  Soil 
.663  9846 

.664  3374 
.664  SI 37 

!6«4  8664 
.66  s  °4" 
.665  I.9I 
.66s  39S4 
.665  S7.7 
.665  7480 
.66;  9H» 
.666  loss 
.666  1767 

.666  4S19 
■666  0x91 
.666  8053 
.666  981  { 
.667  1577 
.667  33  jg 

.667  6861 
.667  86ax 
.668  0383 
.668  ai44 
.668  3904 
.668  5665 
.668  7415 
.668  9185 
.669  0945 
.669  1705 
.669  4463 

.669  79S4 
.669  9744 
.670  IS03 
.670  3161 

.670  jMl 
.670    £780 


»9-4+ 
»9-44 
»9-4J 
,9.43 


19.40 
19.40 
»9-40 
19.40 
09.39 
19.39 
19.39 
19.39 
.9.30 
19.3S 
19.38 
19.38 
19.38 


.672  0S46 
.67a   436a 


.673   3J47 

.673  S417 


■674  7 , 
.674  8954 
,675  0709 1 
.67s  1465 

.67s  4»io 
"75  S97S 
.675  7730 
.675  94JS 
.67  6  1140 
■676  »99S 
.676  4749 
.676  6504 
.676  8158 


.677  7018 

1.677  8781 

.678  40+1 
.678  S794 

1.678  7S47 
.678  9300 
.679  lojj 
.679  »8o6 
.679  4S5B 

1.679  *3'o 
.679  8063 


0  8s74 

I  I'i 

1  3«.7 
'  iS7* 
'  71»9 
I  9080 
»o83i 

lis*' 


19.19 
19.19 
a,..  8 
19.1J 
19..8 
a9.,8 
^.i 
19.17    I 


Rw  aadiBg  Uw  TniB  Anonudy  or  the  lime  ftom  the  Poribeliwi  in 

V. 

60 

° 

61 

62 

6! 

li«M. 

Duri". 

logU 

Mff.1-. 

1<«H. 

Mltl-. 

locM. 

.6gi  »s8l 
.6gi  43)1 
.St.  S. 
.681  7811 
.481  isii 

19..  7 
19.17 
19.17 
19.17 
19.17 

.691 7408 

■1 

19.06 
19.06 

..703  1866 
.703  3604 
.703  5341 
.703  7080 
.703  Ml 8 

18.97 
18.97 
18.97 

1. 713  6006 
■7 '3  77J9 
■7>3  947} 
.714  1106 
.714  1939 

:tis  ;m: 
11,' tU? 

.58,  8„l 

19..  6 
19.16 
19.16 
19.16 
19.16 

.69,  6.17 

.693  7|7-> 

.6,4  135* 
.694  3099 

19.06 
19.05 
19.05 
19.05 
19.05 

1.704  0556 
.704  1193 
.704  4031 
.704  57^8 
.704  7506 

18.96 
18.96 
18.96 
18.96 
.8.;6 

1.714  4671 
.714  6+05 
.714.  8136 
.714  9870 
.715   1603 

.684  oogo 
.684  .8,= 

M,  ,077 

i9.,6 
09.11 

19..  s 
19,15 
19.15 

.6,4  Sj.i 
.69s  0070 
.6,5   ,8,3 

19-05 

19.04 
19.04 
19.04 
19.04 

1.704  9143 
.70J  09ti 
.705  1718 
■70s  4455 
.705  6191 

18.96 
18,9s 
18.95 
18.95 
18.9s 

1.715  3336 

■',\ilUi 

.684  8816 
.68!  os,4 

Mi  slio 

19.14 
19.14 
19,14 
19.14 
19.14 

.6^6  0514 

19.04 
19.04 
19.04 
19.03 
19.03 

.70*  1401 
.706  3139 

.706  4875 

18.95 
18.95 
18.9s 

1.716  1998 

V.l  111° 

23 
23 
34 

.(Is  ,sM 

.686  iSii 
.686  4s6o 

19.14 
19.1  J 
19.13 
19.13 
19.13 

.696  ti6fi 
.696  4008 
,696  S7S° 
.696  7+91 
.696  9133 

19.03 
19.03 
19.03 
19.03 
19.01 

1.706  6611 
.706  8348 
.707  0085 
.707 1811 

■7=7  3557 

.8.94 

I.7I7  0658 
.717  1390 

,717  4J" 
.7"7   5853 
.717  7585 

3S 
36 

27 
38 
3» 

.686  6308 
.686  8055 
.686  ,16, 
.687  1550 
.687  ,i„ 

19.13 
19.13 
19.11 
19.11 
19.11 

.697  0974 
.697  1716 
■697  4+S7 
.697  SisS 
.697  7919 

19.01 
19.01 
19.01 

i9'.o» 

1.707  5193 
.707  7019 
.707  8765 
.708  0501 
.708  1137 

.8.9, 

1.717  9317 

30 
31 
32 
33 
34 

.SI;  ^ 

.688  »oji 

19.11 
19-" 
19.11 
19.11 
19.11 

Hi  e 

.6,8  ,.61 

19.01 
19.01 
19.01 
19.01 

i9.o« 

1.708  3971 
.708  5708 
.70B  7444 
.708  9179 
.709  0914 

18.,, 

189, 

.B.,1 

18.91 
18.91 

1.7(8  7974 
.7.8  970 j 
.719  ujfi 
.719  3167 

.7,9  489* 

3S 
36 

37 
38 
3S 

Mi  3778 
■M|  S5»S 

.68*  7»7i 
,68*  9017 

19.11 
19.11 
19.10 
19.10 
19.10 

.6,1  8,8, 

STi6-: 

.699  3604 

■^99  S34S 

19.01 

19^00 
19.00 

1.709  1650 
.709  4385 
.709  J,  10 
■709  7«S5 
.709  9S90 

18.91 

1.7. 9  6*19 
.719  8360 

:j:::ri? 

.710  3SS> 

40 
41 
42 
43 
44 

-689  1510 

.689  7747 

.689  9493 

19.10 
19..0 
ig.09 
19.09 
19.09 

until 
.700  0564 
.700  1304 
.700  4044 

19.00 
19.00 
.9™ 

as 

1.710  1315 
.710  J060 
.710  j794 
.710  6519 
.710  8163 

.8.,. 

18.91 

ig.9« 

1.710  5181 
.710  70-3 
.710  6743 
.711  0474 
.711  1104 

4S 
46 

47 
48 
48 

.690  .>ji 
.690  «9«4 
.690  4719 
.690  3474 
.690  S»I9 

19.09 
19.09 
19.09 

.700  S783 

.700  7s;i 
.700  9161 

.701  1741 

■■■■'? 

iS.„ 

^41 

1.710  9998 

.711  14S7 
.711   jioi 
7"  6935 

18.91 
18.91 
18.90 
18.90 
18.90 

.71.  739S 
,711  9115 
.711  0855 

50 
SI 
03 
ft3 
B4 

.690  9964 
.691  1709 
■691  34S4 
.691  J199 
.69.  ^94  J 

19.08 

i9.c« 
19.08 
19.0S 

.70.  J4»o 
.701  6119 
.701  7958 
.701  9697 
.701  143J 

18  jg 
18.98 

i8.;g 

i,7t.   8669 
.711  0403 
,711  1137 
,711  3871 
,711  5605 

18.90 

18.90 
18.90 

(.711  1585 
.711  43  >  5 
■7"  6044 
.711  7774 
.711  9504 

U 

56 

87 
58 
58 

.69.  S68g 
.691  0431 
.691  1176 
.691  3910 
.691  5664 

19,07 
19.07 
19.07 
19.07 
19.07 

.701  3174 
.701  ioi3 

.701  £t|i 
.701  838, 
.703  0118 

18.98 

18.97 
18.97 
18.97 

1.711  7J39 
.711  9071 
.713  0I06 
.713  1539 
■7 '3  4*73 

lit 

mi 

i8.g? 

1.713  .133 
.713  1963 
«i]  j«93 
.713  6411 
.713  8151 

60 

.69*  7408 

19.07 

.703  1S66 

i!-97 

1.71J  6006 

.8.89 

1.713  9S81 

TABLE  71. 

For  flnding  tb«  True  Anonuly  or  the  Time  from  tb«  Peritidkn  i 


a  PknboUc  OtUL 


V. 

64- 

65" 

66° 

67'        1 

i^H. 

1W.1-. 

lofM. 

IW.I-. 

UmU. 

DW-l". 

1««1L 

«.>..! 

10 

11 

13 

i.7»3  gtti 
.7.4  1610 
•7*4  3339 
.7«4  JoSS 
.714  £798 

i-7»4  <S»7 
.7.S  «J^ 
-7»S  1984 
■7»S  17>3 
■715  S+4» 

1.71S  7171 

ig.Sa 

iS.Si 
ig.Si 

ig.gl 
lg.g> 

iS.gi 

ll.gl 

>S.gi 
ig.8, 
aS.Si 
iS.Si 

li-Si 

'■734  3i39 
-734  S"S 
.734  |99" 
-734  8718 
.7JS  0444 

'■735  a'69 
■735  389s 
-735  5*1' 
.735  7347 
-735  9*73 

1.7  J6  ■'79* 
.736  1514 
.716  4»S-> 

11.77 
1I.77 
.(.77 
.g.77 
.8.77 
ig.76 
.8.76 
si.76 
18.76 

18.76 

18.76 

1.744  703' 

■744  *7SS 
■745  0479 
.745  110; 
■745  3916 
'■745  5650 
■745  7373 

.746  .S44 

1.745  4»67 
.746  5991 
.746  77 '4 

18 
18 

18 
18 
18 
18 
18 
18 
18 
18 
li 
ai 

73 
73 
73 
73 
73 
73 
73 
73 
7» 

7» 
7» 
7" 

'■755  o+os 
755  »"7 
■755  3»49 
■755  557" 
■75S  7*91 

'755  90'S 
■756  »737 
.756  i*i9 
.7S6  4i»' 
■756  5903 

1.7J6  7615 
■756  9M7 
■7S7  "069 

ig.70 

a8.,o 
18.70 
28.70 
28.70 
18.70 
t8.7o 
18.70 
18.70 
ig.70 

^.70 

,1,1.0,  Google 


TASL£  VI. 

For  finding  tha  True  Anomaljr  or  llw  Time  from  the  PerihelioD  in  ft  Panbolic  OtUt. 


68° 


70" 


71* 


lofK. 


logH. 


■7'S  S4»« 
■7*5  7"S0 

.766  0591 

.766  »314 
766  401 j 
,766   S75i 
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■97"    115+ 
■97"   SOio 

.971  £S66 
1 .97 1  8711 
.971  0578 
■97>  »+3S 
—  419. 
6 '49 


1  7»97 
1  9'5* 
■97+  "o"S 
■97+  »874 
■97+  4734 
[.974  6593 
■97+  84i4 


■9-'5  +035 
-975  589* 

■975  7757 


[.976  5105 

■97*  70*7 

.976  8930 

■'-'-'-  °m 

■977  45" 


TABLE  71 

For  findiuf;  tlie  Trna  AnonudT-  or  th«  1im»  from  the  PeriliGlioD  in  k  Panbolic  OibiL 


V, 

88 

» 

89 

90 

= 

9r 

kiM. 

Wttl- 

loglL 

mv. 

ytL 

Mir,i". 

totM. 

Wttl'. 

0 

■977  4S" 
■977   "3*3 

3t.o6 

1.988   6789 

31.31 

1.000  0000 

J1.58 

v.;  t"i 

31.87 

1 

31.06 

.9S8   8668 

3<3» 

.000   1895 

31-59 

31.87 

» 

■977  8147 

31.07 

.989  0548 

31.3. 

.000   3790 

]IU 

.011  8017 

3.-88 

3 

.97»  =■>» 

u 

.989   1417 

3'-33 

.000  5666 

•oil   9040 
.01.   iSs3 

31.88 

4 

■97 »  1976 

.989  4307 

3«-3J 

.000  7581 

31.60 

31.89 

5 

■97*   3841 

3. .08 

(.989  6187 

3«-34 

..000  9478 

31.60 

.0,,   3766 

31.89 

• 

.97J   570« 

31.0! 

.989   8067 

3«-34 

.001    1375 

31.61 

.011   5680 

31.89 

7 

.97K   7S7" 

31.09 

.989  994* 

3134 

.001   3171 

31,6. 

■oil  7594 
.0.,  9so3 

31.90 

8 

.978  9+56 

31.09 

.990   1819 

31-35 

.001   5160 

31.6. 

31.90 

V 

■979   'i°i 

31.10 

.990   3710 

3'-3S 

.001   706S 

31.61 

.013   1411 

3'-9« 

10 

-979  J16I 

31.10 

1.990  5591 

,i.j6 

X.001   S963 

3..S3 

.013  3337 

11.91 

11 

■979  i°i* 

31. It 

■990  7473 

31,36 

.00a  0861 

31.63 

,013  5151 

31.91 

13 

■979  «90" 

3I.II 

■990  935S 

3'17 

.001   1750 

3164 

,013  7167 

31.91 

13 

■979  8?" 
■9«o  <*3S 

31.11 

■99'   "37 

3'37 

.001  j6si 

.001  6557 

3' 64 

,013  90B3 

3"93 

14 

31.1. 

.991   3119 

3".3* 

31.6s 

.014  0999 

3193 

IS 

.9!..  .so. 

31.11 

1.991  5001 

3'3| 

..001 8456 

3'-!i 

U.0I4  1915 

3 '94 

1» 
17 

.980  4369 

■980  M37 

31.13 

3''3 

.99.   S88j 
.991   876* 

3'3» 
3'39 

.003  03SS 

.003  »S4 

31.66 

I..66 

.014  4631 
.014  6748 

.oij  dh 

3 '■94 
31 -95 

18 

.980  Sios 

31.13 

,991  0651 

3' '39 

.003  4154 
.003  ^54 

31-67 

3195 

!• 

.980  9973 

31.14 

■99»  «53S 

31,40 

31-67 

.015  058. 

3196 

30 

.981   184. 

31.14 

1.99.  4419 

31.40 

1.003  795  S 
•003  9855 

,1,68 

"S  .500 

31.96 

31 

.981  37' 0 

ji.ij 

.991  £30+ 
.99.  8188 

31.41 

JI.68 

:V.\e,\l 

3'-97 

33 

■981   SS79 

3'-'S 

31.41 

.004   1756 

31.68 

3'97 

33 

-981  7449 

3i.ll 

■993  0073 

3141 

.004  3658 

31.69 

,oi(   8155 

31.98 

34 

.98)  93>i 

J1.16 

993  "9SS 

3141 

•004  SSS9 

31.69 

.o.i   0,74 

31.98 

35 

.981   1(88 

3 '..6 

1.993   3»43 

31.41 

1.004  7+61 

31.70 

uo,6  1093 

1'99 

36 

.98x   30s  8 

31.17 

•993  S7»9 

3'-43 

.004  93*3 

31.70 

,o,fi  40.1 

31.99 

37 

.98.  4918 

31.17 

•993  7*'S 

3' -43 

.005  1165 

31,71 

.016  5931 

31-W 

38 

3i..i 

.993  9S°' 

3'-44 

,005  jM 

31.71 

,oifi  7*5* 

31.00 

29 

31.18 

,994  '387 

3»+4 

.005  5071 

31.71 

,016  9771 

31.01 

90 

■98}  0540 

J1..8 

1.994  3»74 

3'4i 

■:~|  tili 

3.-71 

.017  1693 

31.01 

31 

.983 1411 

J. .19 

,994  S'6i 

3 '■45 

3'.73 

.017   3S^4 

Jl-Ol 

33 

.981  "8  J 
.98J   liss 

31.19 

,994  7048 

31.46 

.006  07S1 

3'-71 

■0'7   5535 

31.01 

33 

31.10 

.994  8036 

,1,46 

.006  1685 

3'^7+ 

.017   7456 

31.03 

34 

.983   8(07 

31.10 

■99  S  0813 

3>^46 

.006  4590 

3  ■■74 

.017   9378 

31.03 

35 

■983  9899 

31.11 

1.99s  17" 

3' -47 

1.006  6494 

3175 

.018   ,300 

31.04 

36 

■98+  "771 

31,11 

■99S  4600 
.995  6488 

3'^47 

,006  8399 

3''7S 

,o>8   3113 

31,04 

37 

.984  36+4 

31. « 

3i^4l 

.007  0304 

3. .76 

.018  s.js 

31.05 

38 

.984   5517 

31." 

■99!  •377 

31.48 

JI.76 

.0.8  ,o6S 

irj 

3fl 

■98+  739' 

31.M 

.99S  0166 

3149 

:oo7  4.16 

l'-77 

.0.8  £991 

40 
41 

:?f;!;l} 

31..3 
3'-»3 

1.996  iiss 

.996  4045 

31-49 
31,50 

.007  7918 

3i^77 
3  ■■77 

.019   oois 
.019  igj9 

31,06 

31.07 

43 
43 

.985  i?*" 

31.14 
31. .4 

Smi 

31.50 
31.51 

.007  983s 
.008  1741 

31.74 
31.78 

zidi 

It^ 

44 

31.14 

.996  9716 

31.51 

.008  3649 

1^79 

.019  8613 

31.08 

49 

.98;  8636 

31.1; 

1,997  1606 

31.51 

W>o8   5556 

3 '■79 

.010  0538 

3109 

46 

.988  05.1 

31..J 

■997  3497 

31,51 

.008   7464 

3. .So 

.010  .463 

31.09 

47 

.986  1386 

31.1S 

■997  S389 

31.51 

.008   9371 

31.80 

.010  4389 

.010  i3'S 

3110 

1    48 

.986  .z6. 

3i.x« 

.997  7180 

3'-53 

.009   ..60 

ji.Bi 

J1.10 

1    <» 

.986  i.js 

J''i7 

■997  9'7» 

3'S3 

,009  3189 

31.81 

.010  8141 

31.11    1 

no 

.9S6  80.4 

31.17 

,.998   ,06. 
■99*   >9S* 

J'S4 

1.009   S098 

31.81 

.011   0168 

31.11 

61 

.986  98JO 
■987 1767 

31.1S 

3 '-54 

.009   7007 

31.81 

.011   109s 

31.11 

S3 

3|.i* 

1?lfc 

3«-5S 

.009  I917 

31.83 

.011  4011 

31.11 

53 

.987  1644 

3'-SS 

.010  08 »6 

3'<3 

.011   5949 

31.1J 

54 

■987  SS" 

3'"»9 

.9,8   863s 

31,56 

.010  .736 

3 1.84 

.01,   7877 

3»-'J 

IS 

■9I7  7398 

31.19 

1,999  °S»9 

31.56 

1,010  j647 

31.84 

.0,1   9805 

31.14 

S6 

.987  9176 

31.30 

•999  H»» 

31.56 

3>-85 

■zi  \m 

31.14 

ST 

.986  <1S4 

3>^3= 

■999   43 '6 
.999  6111 

3'-37 

31.85 
3..8§ 

jtis 

ss 

.9II8  30J, 

31.31 

3'-S7 

.011  oj8o 

.0.1  559' 

31,1  < 
ji.i« 

S9 

.988  49,, 

31.31 

■999  8>oS 

31.58 

.011  1191 

,1.86 

.0*1  7 ill 

60 

.988  6789 

31,31 

».ooo  woo 

3..5II 

1.011  4103 

31.87 

1.011  9450 

3..I* 

i 

TABLE  VI. 

For  finding  the  Trot  Anomsly  or  the  lima  from  the  Periheliofl  in  •  Puabolic  OrbiL 


V. 

92 

03 

04 

95 

~ 

!.««. 

uir.  1'. 

10,11. 

Dur.i«. 

logH. 

DMT.  1". 

JtX. 

Mttl". 

V 

s 

3 

4 

.0.3   ijSo 
.o»3  3J11 
.M3  514" 

.MJ    7171 

I«.i6 
J..IS 

»-oj4  5797 
■034  774S 
.OJ4  9694 
.035  1644 
■•nS  3593 

,M8 
JM8 
31.49 
3>-49 
ji-So 

.046  5164 
.04*  7133 
.046  9MJI 
.047  II7» 

lit; 

11: 
,..1, 

1.058    lOOJ 

33-'5     1 

33->f 
3316 

33^I7 

{       ft 
• 
7 
8 
» 

».o»j  9103 
.ta4  103  S 
.o»4  «o67 
.014  4i99 
.o»4  6!j' 

j».19 
j».19 

ji.»o 

3H0 
jm 

»-oi5  SS43 
■03s  7494 
.035  9444 
■036  '395 
■036  3347 

3».So 
ji-Si 
ji-Si 

31.51 
31.31 

.047  3 141 
.047  Jill 
.047  7081 
.047  90s  J 
.04S  1014 

1.059  >9S3 
■OS9  394+ 
■OS9  S9JS 
.059  79x7 
.059  9919 

3318 
33-" 
33  "9 
31->9 
J  3.10 

10 

13 
13 
14 

1.014  87*4 
.015  0697 
•MS  »630 

31.11 
31.11 
31.11 

31.13 

1.036  519! 
.036  7150 
.oj6  9101 

;?,;  Illi 

3>-SS 
3*53 
3»!4 
3»-S4 

3»-S5 

31  :?M 
SI  ip; 

.049  0884 

|x.gS 

jj.ii 

33.11 
j3.11 
JJ.11 
33'»3 

IS 
16 
IT 
18 
1» 

.0*6  1301 
.o«6  ^136 

J1.14 
31.14 

Mil 

,...6 

1.037  sofit 

.038  0913 

.038  »fi77 

3»S6 

3»-S7 

■049  »8S7 
.049  4831 
.049  6805 
.049  8879 
.050  07s  3 

3»«9 
3'-89 
31.90 
31.90 
3»-9> 

1.061  1878 
.061  3871 
.061  58*7 
.061  7861 
.061  9857 

13-H 
31-H 
13»S 

3j.i« 

20 
31 

22 
23 

24 

"7  19 '7 
■o»7  5854 

liXi 
3.18 

3».i9 

.038  8743 
.039  0699 
.039  »6ss 

J..51 

31.61 

.OJO  J7xg 
.050  4703 
.050  J679 
.050  gfiss 
OJ.   0G3. 

31.91 
3»-9» 
3»-93 

3X.93 
3»-94 

'■^   "8S3 

:o6i  s8jl 
.061  784X 
.061  9840 

33»7 

lis 

33.18 
3J.19 

2A 
36 

27 
28 
2S 

»-°»7  7791 

.«8  3605 
■""  5S44 

3"9 

31.30 
31.31 
31.JI 

1.0  9  461 1 
.0  9  is6» 
.0  9  S51; 
.040  0481 
.040  1440 

,,.6i 
,..6. 
3..6. 
3».6j 
J..SJ 

.OJI    xSog 

.051  4585 
.051  6561 

•OJI  8539 
.051  OS  1 7 

3»-95 

3»-9i 
3>-96 
31.96 
3»97 

X.063  i8j7 
.06,  3835 
.063  58J3 
.06 J  7831 
.063  9gj, 

3330 
33-3° 
33-3' 
33-3' 
333» 

30 
31 
32 
33 
34 

1.018  748  J 
.0x8  94" 
.019   1361 
.019  3301 
.019  5141 

J1.J1 
JI.31 

J1.J3 
3»-J4 

1.040  4399 
.040  6js7 
.040  8 J 16 
.041  0175 
.041  1134 

3..14 

SSI 

.051  1496 
.osi  X474 
.oS»  64SI 
.051  8431 
.053  0411 

]'4l 

31.98 
31.99 

33.00 

1.064  183 1 
-oJ  3B30 

.064  5830 
.064  7S3I 
.064  98 Jl 

33^3J 
33-33 
3  3^34 
33-34 
33-35 

36 
3< 

37 
3S 
3» 

..0.9  7i8» 
.019  911 3 
.ojo  1064 
.030  joos 
.OJO  4947 

J»'34 
3»3S 
IMS 

J1.36 

i.041  4194 
.041  6154 
.041  8114 
.041  007J 
.041  io3£ 

31.67 

1.68 
JI.69 

053  X39> 
.053  437X 
■osj  fi3S3 
■OS 3  8334 
.054  °3'S 

3  3-00 
33.01 
33.0. 
33-0* 
33°1 

..06 J  .gj3 

3J.36 

33.36 
33-37 

Mil 

40 
41 
43 
43 
44 

t.030  6889 
.OJO  8831 
.oji  0774 

.031  1717 
.031  4660 

J»-J7 

31-37 
11.38 
3»19 
3»-39 

..04J  3998 

.041  S960 
■°+»  79*» 
.o4»  9SJ4 

.043   1847 

JI.69 

JI.70 
31.70 
JI.71 
JI.71 

.054  1x97 

■'4tui 

.054  gx+4 
.055  0x17 

33^03 
1104 
1304 
3305 
3305 

t.066  1844 

.066  5851 
.066  7855 

.066  idi 

33-39 
33-39 
3340 
31-40 

33-4" 

46 

47 
48 
40 

..OJI    6604 
.oj.   gs48 
.oji  0491 
.03.  »4J7 
.03.  4j8i 

3M0 

3»-4° 
3M1 
3141 
J1.4* 

t.Q43  3810 
■043  577  3 
■°43  77 37 
.043  9701 
.044  ,665 

3«-7» 

3*-7J 
3»-73 
J»-74 
ji.74 

1.05  s  "" 
.055  4195 
■OSS  6179 
.05s   8163 
.05^  0.48 

33.06 

33^07 
33-07 
J3.0& 
33.08 

L.067  ,86s 
.067  3870 
.067  5875 
.067  7881 
.067  9887 

33-+» 
3J-*a 
3  3-41 
33-41 
3344 

50 
SI 
D2 
D3 
94 

1.0J1  6317 
.oji  *17J 
.035  0x18 
.033  1164 
.033  41 IX 

31.41 
3»-4J 
J»-43 

31.44 
3»-+4 

1.044  3630 
■044  5595 
.044  7561 
.044  9Si6 
.045  1491 

3»-75 

31.76 
31.77 

.056  11 3J 
.056  41 19 

.056  2.05 
.056  809, 
.057  oo7g 

3309 
33.10 

3J.IO 
33.11 

33." 

1.068  1894 
.068  3901 
.06S  S9og 
.068  |?.6 
.068  99x4 

33-45      i 

llii 

33-47 
31-47 

B9 
B6 
37 
68 
SO 

1.0J3  eojg 

.OJ,  goos 
.033  9951 

:.1J  SIS 

3»^S 
3»^J 
31.46 

3»-47 
3»^7 

1-04S  34S9 
.04S  54»S 
■04i  7393 
.04!  9360 
.046  il»8 

31.78 
31.78 
31.79 
31.79 
J1.60 

.057  »o65 
■057  405* 
.057  6040 
.057  goxg 
.ojS  oo,6 

33.11 
33i» 
33-iJ 
33-14 
33>4 

i.o«9  1933 

.069  394X 
.069  59SI 
.069  79^0 
.069  9970 

33-48 
33-48 
33-49 
33^50 
3350 

60 

..0J4  S797 

32.48 

1.046  3196 

J..80 

.058  1005 

33-"S 

1.070  1980 

33-5' 

TABIE  yi. 

For  finding  the  Tni«  Aaonuly  or  the  Time  from  the  Perihelion  in  a  Puabolic  Oridt. 


96° 


97° 


98° 


99° 


.071  »037 

.071  0090 
1.07a  ai04 

.071  Si  a! 

Oli} 

1179 

.07 J   ilia 

.074   0146 

1.074    1*64 

74  4»Sl 

74  610 1 
.074  8310 
.07s  01 J9 

75  >3S» 
.075  4178 
.075  6j99 
■07S  »4i9 

76  0440 

76  1461 
.076  4484 
.076  *so7 
.076  8519 
.077  0551 
.077  1S7S 

„  till 

.077  8647 
-178  0671 
.07!  1697 
,078  *7iJ 
.078  6749 
.078  877; 
,079  080. 
.079  1819 
.079  4857 
.079  6SSj 
.079  8913 

.080  1971 
")  Sooo 


,088  ^449 
.088  6494 
.088  8(40 
.089  0586 

.089  h^s 
.089  8771 
.090  0810 
.090  186S 

.090  J9>7 
,090  69Q0 
.090  9015 

.091  311S 
.091   516 j 


.095  »I43 

.095  4101 
09;  G160 
,09s  8]i| 
.096  0378 
.096  1438 
.096  4498 
D96  6c;8 
,□96  8619 
.097  06  Bi 
.097  1741 
'97  4804 
.097  68S7 
'97  *91o 
.9!  0993 
.98  3057 
.098   jtXl 


'3  89)S 
>4  loio 
ro4  3086 
[04  5161 
t04  7139 

04  9316 

05  1393 
"■S  347' 

I OS  SS49 
[OS  7618 


107  i»7» 
:o7  *1SS 
"7  8437 


08  A&89 
;o«  6773 
:oi  8858 


liSI: 


^ 


4   3«1 

4  SI' 

4  741. 

4  9So8 

5  iSf 

S  37=' 
S  S* 
;  79<» 


oy  Google 


TABLE  VI, 


Ftar  flndiuK  th. 

TraeA 

iMHoaly  or  the  TioM  fi 

tHK  Om  PeribeUoD  in 

■  Fanbotie 

M)iL 

V. 

100° 

101° 

102' 

103'        1 

IBCH. 

Bur-i- 

logM. 

DHf.l-. 

logM. 

DMr.i". 

lo«lL 

D«r,.. 

0- 

■::;i;ji? 

3S.11 

1.131  1989 

35-57 

^T4S  .866 

36.03 

1.158  1^60 

"36.51 

1 

3S-'3 

.131  5113 

3557 

.145  +o»8 
.145  «i9i 

360+ 

3*53 

2 

"9  «?♦ 

IS' 3 

.I]i  7158 

35-sS 

36,05 

36-S+ 

3 

.lao  »*J 

3S-'4 

.131  9393 

3i-S9 

;::i^in 

36.0S 

36.55 

4 

.i«>  4i9« 

1S."S 

■'33  '5*9 

jj.60 

36-07 

.159 1119 

36.5s 

5 

.,l.o  «3<» 

IS.16 

.,133  3**5 

35-6" 

1.14S  1681 

11.3 

1.159  34»3 
.159  S6'7 

3S-56 

• 

.l«  Itio 

JS-iS 

.133  S*"* 

35-6' 

.146  4847 

P 

7 

.1.1  ^3" 

lS->7 

■«33  7939 

35.61 

.14S  7011 

36.09 

.159  781; 

8 

is-i 

.134  007S 

3563 

.146  9178 

36.10 

.160  0006 

3659 

S 

■•»'  47+' 

JS'9 

■'34  "'4 

35-64 

•'47  '34+ 

j6.11 

j6.io 

10 

11 

nil  6»n 

J5-'9 

35.10 

1.134  43S» 
■'34  6+9 ■ 
.134  *«3' 

35-64 
35.65 

1.147  3S'o 
■'47  5677 

i|;: 

n.160  43,8 
.160  Js94 

36.60 
6.6, 

13 

.in  107J 

35.11 

35.66 

-'47  7845 

!<■! 

..60  872. 

36,61 

13 

.111  J190 

j5.11 

•"3S  0770 

35-67 

.148  oo<3 

3«.i4 

.«6i  09S9 

36.63 

14 

.111  SI"! 

35.11 

.iJS  1910 

35-67 

.148    ..«! 

1I.S 

.16.  3'37 

36.64 

IB 

rii.  7416 

H-»J 

..ijS  JOS' 

35-S8 

1.148  435' 
.14a  ijio 

,i.,j 

».i6i  S3«5 

^ti^ 

1« 

.111  9530 

35*4 

.IJS  7191 

35.69 

)6.ii 

.161  758+ 

'SSJ 

IT 

.iij   ii44 

1SH 

■ninn 

35-70 

..4!  !6oo 

56.17 

..61  9784 

36,6s 

18 

.111  17S9 
•"J  S*7S 

3S-»S 

35-7' 

.149  o8l. 

,t.ii 

.161  .984 

36,67 

1» 

IS-iS 

.136  jji. 

3i-7i 

.'49  303* 

!'■■» 

.16,  4185 

36,6* 

W 

..l»j  7990 

JS»7 

..136  5761 

3S-7» 

1.149  S"3 

!'■■» 

1.161  6186 

36.69 

21 

.114,  0107 

3iV 

-'J*  79=5 

35-73 

■'49  737S 

I«..o 

.161  S5B7 

36.70 

xx 

.114  i«3 

3S1* 

.137  0049 

35-7+ 

■'49  9547 

16.11 

.163  0789 

36.70 

23 

"H  4J42 

3i>9 

-'37  "93 

35.7+ 

.150  1710 

,6... 

•'63  »99» 

36.71 

34 

Ji.30 

-'37  4338 

3S7S 

.150  3893 

36.IJ 

■'63  S'9S 

36.71 

35 

1.114  *p6 

JJ-30 

..137  6jg4 

35-76 

1.150  6o«7 

36.'! 

1..6J  TJ9« 

36-73 

xe 

.115  °h* 

353> 

.137  iijo 

35-77 

.150  814a 

36.1+ 

.i6j  9ioi 

3S-74 

37 

.115  j«i3 

JS3» 

.13S  0776 

35-77 

36... 

.164  1807 

36.74 

28 

■"S  49J3 

3S33 

.ijg  191. 

35-78 

:ii;  :i 

I'-' 

.164  4011 

36-75 

3» 

.lis  70S1 

lS-33 

.1)8   S070 

3579 

16.17 

36-78 

30 

i.iij  9173 

3S.34 

1.IJ8  7117 

3(.8o 

1.1 5 1  S944 

,6..J 

X.164  8x14 
.165  0*30 

36.77 

31 

.»!  ii^s 

3S-3S 

-■J8  936s 

35.81 

.151  9111 

36..I 

36-7S 

33 

.H6  3414 
..z6  sjjg 

35.35 

•'39   '5"4 

3(.8l 

.151 1198 

16.19 

.165  1837 

36-79 

33 

35.36 

-'39  3"3 

35.81 

.151  3476 

-'5»  5*54 

16.30 

.165  5045 

16.S0 

34 

..16  7S58 

3S37 

■'39  58>1 

3583 

l6.li 

■'65  7»53 

36.8. 

39 

HI*  9780 

35-38 

1.139  7963 

358+ 

1.151  7S33 

36.31 

"T'fv 

36.81 

30 

.117  1903 

35-39 

.140  0113 

35-8+ 

■'53  «='» 

36.3. 

36.81 

3T 

.117  JO17 
,137  6151 

35-39 

.1+0  1164 

35-»S 

.153  1191 

3613 

.166  3881 

36.83 

38 

35-4° 

.140  441s 
.140  M7 

35-36 

■53  4371 
■'S3  655* 

36.3+ 

.166  6091 

36-84 

30 

.117  8»7S 

35-4' 

35-87 

36.3! 

.166  8joi 

36.85 

40 

111!  0400 

35  4» 

1.40  87" 

35-88 

'-'53  8734 

16.I! 

1.167  05 '3 

36.86 

41 

.lis  ijis 

35-4> 

.41   0S73 

3588 

-'54  °9'S 

16.16 

■^.ll\t 

36-87 

43 

.118  4650 

.118  3776 

35-43 

.141   3016 

35-89 

■•54  3<»97 

'fi! 

^Hl 

43 

35-44 

.141   5180 

35-90 

■54  S^Ko 

36.1ft 

Mllltl 

36.8i 

44 

.118  B903 

35-45 

-'4'  7334 

35.9' 

-'54  7463 

I'M 

36.S9 

4S 

1. 119    10  JO 

3S-4J 

1.14'  9489 
.141  1644 

35-9» 

I.. 54  96+7 

,6.,o 

1.168  .576 

36.90 

4« 

.119  ji(7 

3i-45 

35.9» 

.155  '83' 

16.41 

..68  3790 

36.9, 

47 

.119  5185 

3S47 

.141  3799 

35-93 

.155  40'5 
■'55  6100 

36.,, 

.168  foo5 

36.9. 

48 

.119  7414 

35-48 

■141  5955 

35-9+ 

36.41 

.168  8110 

36-93 

49 

.119  9S4» 

35-48 

.14a  81,1 

3595 

..J5  8jg6 

16-43 

..69  0436 

36-93 

M 

njo  1671 

3S-49 

1.143  "69 

35.96 

1.T56  0571 

36.44 

1..69  16;. 

3S-94 

111 

,130  jBoi 

3SS'* 

.143  1417 

35-96 

.156  1759 

36.4J 

..69  +8i9 

36.95 

ft3 
S3 

■\\:  mi 

35.5' 
35-5' 

■'43  4585 
.143  *743 

13 

.156  4946 
.'56  7'33 

36J 
36.46 

.169  7087 
.169  9304 

36-96 
36.,j 

M 

.131 0193 

35-S» 

.143  89°. 

JS-99 

..56  931' 

1647 

.170  1513 

36-98 

OS 

1.131 1315 

35-53 

1.144  1061 

36.00 

..157  'S'o 

J6.4I 

1170  37+» 
..70  5961 

36,99 

56 

iji  4457 

35-54 

■'44  3"» 

j6.oo 

-'57  3699 

36.49 

36-99 

57 

.1,1  iji. 

35-54 

-'44  S3i!» 

j6.o. 

-'57  58S9 

36.50 

.170  !i8i 

37,00 

58 

-IJ.    1711 

3S-SS 

■'44  75+3 

J6.01 

■157  8079 

36.50 

:;;;  xi 

37-01 

59 

.iji  085s 

35.56 

.14+  970+ 

36-03 

-'S8  0169 

16.51 

37.01 

«0 

1.131  «9!9 

35-57 

1.I4S  iSSti 

36.OJ 

...58  u6o 

ji.51 

1.171  4844 
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TABLE  VI. 

For  finding  the  I^ve  Aaoaalj  or  llw  Tim«  fhrni  the  Perihelioo  in  a  Panbolic  OibU. 


r. 
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105° 

106" 

107° 

logM. 

Dllf.l". 

logM. 

DUr.!-. 

10,  M. 

Dur-i". 

l.«M. 

DUtl- 

O' 

.171   7066 

37-03 

1.184  909s 

37-56 

1.198  5181 

38.1. 

1.111   3493 

3S.6g 

1 

37-04 

..Bs  .346 

37-57 

..98  7jfig 

jS.ix 

38.69 

s 

.171  918! 

37-os 

..8s  3600 

37-57 

.198  9856 

38.13 

38-70 

3 

.171  >5ii 

i;a 

.,85  j8ss 

37-58 

.199  »'44 

38.14 

.11}  04J8 

8.7. 

1 

t 

■I7»  373S 

.185    S.IO 

3759 

.199  4431 

38.14 

.,1}  x7ii 

38.71 

I 

e 

'Ml  m 

i;a 

1. 1 86  0166 
..86  i8ii 

3760 
37-61 

1.199  6711 
.199  9010 

jl:;i 

1.x.}    S>04 

.113  74ii 

ll^l 

7 

.173  0409 
■"7J  »S3^ 

37-09 

-.86  4879 

37.61 

.100  1300 

,1.,, 

.1.3  9753 

38-75 

8 

37.10 

-186  7137 

37.6J 

.aoo  3591 

,8..i 

.1.4  107I 

3876 

9 

.173  4860 

37.1. 

..86  9395 

37.64 

.100  sill 

!■■■> 

.i>4  4404 

38-77 

10 

1.173  70»7 

J7.I1 

1.187   'S53 

37.65 

I.IOO  8174 

jS-jo 

J.114  6730 

38-78 

11 

■"7J  91'+ 

37^1 1 

.187  J9'i 

37.66 

-aol  0467 

ll... 

.114  9057 

38-79 

12 

.174  is*« 

37.'J 

.187  6171 

37.67 

.10,  1760 
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■115  '18S 

^8.So 

18 

.174  3770 

3M4 

■Mix 

"■'Z 

.10.  5053 

38.13 

■I'S   37'3 

}!.gi 

14 

■'74  5999 

37^'5 

37-68 

-101   7347 

ll-M 

.lis  6<Hi 

^g-gi 

IS 

1.174  t"l 

37-ifi 

'Ml  ]l\t 

37.69 

i-ioi  964X 

».IJ 

1.11J  837. 

38.83 

IS 
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37-I7 

37-70 

.101  1937 

8.ii 

38-84 

IT 

37..  i 

.lit  7478 

37.71 

-io»  4133 

^■n 

.1.6  303» 

38-8S 

18 

-'75  49"9 

37- '8 

.188  974' 

37-71 

.xo»  6519 

8.ii 

.1.6  S363 

38.ji 

19 

■175  7'So 

37- '9 

.189  100s 

37-73 

I.., 

.1.6  7^94 

}8.87 

30 

21 

i.i7(  5381 

37.10 
37.11 

1.189  4169 
.189  6531 

37-74 

37-75 

1.103   I' 13 

-103   34»i 

38.30 
38.31 

.1.7  1360 

18.88 
3889 

XI 

..76  3848 
.176  u. 

37." 

.189  8798 

37-76 

.103    5710 

J8.3. 

..,7  4693 

3890 

33 

37-13 

.190  1064 

37-77 

.W)3   8019 

38.3J 

.117  7017 

l8-9> 

34 

.176  83'5 

37-14 

.190  3330 

37.77 

.104  0319 

38.33 

.1'7  9361 

3891 

2ft 

'■'77  "Sjo 

37-15 

^T  lUl 

37.78 

1.104  16  >  9 

38.34 

i.iig  .697 

1*.91 

2a 

-'77  1785 

37-15 

37-79 

.104  4910 

J8.35 

■x\l  pi 

18-94 

2T 

■'77  S°»o 

37-16 

.191  0131 

37-80 

.104  7111 

38.3S 

18.9; 

28 

■'77  7»s6 

37-17 

.191  1401 
.191  467Q 

37-81 

:'io°l  'rllt 

38.37 

3».96 

29 

■'77  9493 

37.18 

17.81 

38.3* 

.XI9  1044 

3I.97 

30 

1.1 7|  '73= 

37,19 

t.191  6939 

37.83 

..MS  4>»9 
.105  6433 

!«.J9 

1.119  3381 

38.98 

31 

.i7f  3968 

3730 

.191  9109 

37-84 

3S.40 

.X19  5711 

38.99 

33 

.■7|  1^6 

37-31 

.191  I4B0 

37-85 

-105   8737 

lU- 

-1^  8061 

39.00 

33 

■'7«  B445 

37.31 

■'91  37S' 

37-86 

.106  1041 

lS-4» 

39.01 

34 

■"79  06*4 

37-33 

-.91  Ui 

37-87 

..06  3348 

!>-4! 

.xio  X741 
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3S 

1  179  19.4 

17-33 

'-|9»  8igJ 

37-88 

..106  5654 

!'-44 

X.X.O   SoSx 
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36 

■'79  S'64 

37^34 

37-88 

.106  79ei 

38.45 

.xio  7414 

39-04 

37 
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17-3i 

■93  1841 

37.89 

.X07  0x68 

,8.4! 

IT,  iVil 

IP 

38 

37^36 

■93  S''5 

37.90 

:io?  lUl 

38.47 

30 

37-37 

■'93  7389 

37.91 

,8.41 

■11'  4453 

39.07 

40 

1.18041,1 
.180  |j74 

37.38 

...93  9664 

17.91 

1.107  7 '93 

38-4) 

X.1X.  6797 

39-oi 

41 

37-39 

■194  '940 

37.93 

■^7  9|0i 

38.50 

Zl  VAl 

39.09 

43 

.180  8617 

37-40 

■'94  4n6 
■'94  6493 
-'94  8770 

37-94 

3I.51 

39. 10 

43 
44 

.181   0861 
.181  3106 

37.41 

37-4' 

ll',i 

!log  4.13 

.log  ?434 

,8.5. 
38-53 

391' 
39.11 

48 

1.18,  S3S' 

37-41 

1.19s   '04S 

17-97 

..log  8746 

18.54 

1.111  8518 

19- >3 

46 

.,8,   7<,7 

37-43 

-'95  1116 

37-98 

.X09   I  OS  8 

18.54 

.113  0876 

39^«4 

47 

■'!'  "^h^ 

37-44 

■'95  5605 

37.99 

.109   3J71 
.109  jSJs 

38.55 

.XJ3  J114 

J9^"i 

48 

-iSi  1089 

37-45 

■'95  788s 

36.00 

38.56 

■»3  5571 

39..  i 

49 

■'8»  4337 

37-46 

■■96  oi6s 

38.00 

.X09  7999 

38.57 

.1x3  791} 

39 '7 

50 

i.:S.  6jg4 

37-47 

1.196  144s 

38.0, 

uiio  0314 

38.58 

1.114  0173 

3918 

SI 

.iSi  8833 

37-4* 

.■96  47i5 

38.o» 

.xio  i£x9 

38.59 

.114  1614 

3919 

.1B3  loSi 

37-49 

.196  7008 

38.03 

■llltlt^. 

38.60 

.114  4975 

39.10 

S3 

.'83  333' 

37-49 

.196  9190 

J8.04 

38.6. 

.1*4  7J17 
.114  9680 

39.11 

S4 

..83  ssSi 

37-5° 

■'97  '573 

38.05 

-x.o  9578 

,8.1. 

39-11 

6S 

...8j  783. 

37-51 

1.197  J8s6 
.197  £140 

3g.o« 

1.1.1 1896 

38.63 

LiiS  K.33 

39.11- 

66 

.184  oofli 

37-51 

38.07 

-III    4114 
.1.1    i!j3 

38.64 

.xis  43S7 
.lis  6741 

9.14 

S7 

.184  131* 

.184  iSi9 

37-S3 

.197  8415 

38.08 

=!■!! 

Vd 

D8 

37-54 

.I9«  0710 

38.09 

.11.  gSsi 

38.66 

.lis  9096 

S9 

37-S5 

.198  199s 

38.10 

38.67 

.116  14S> 

9.47 

60 

1.184  909* 

37.56 

1.198  ji8» 

jg.i 

1.111  349} 

31.68 

L.116  j8og 
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tn 
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XAilliC    Vi. 

For  Ssdiiig  the  True  Anonulj  or  the  Time  from  th«  PerihelioD  b  &  Vat^boOa  OtUt 


V. 
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100° 

110° 

111°       J 

locH. 

w<r.i". 

l^U. 

nir.  1". 

lo«BI. 

W.I-. 

togM. 

Wttl- 

1.116  tSoS 
.116  gi6s 

39.18 

^::to^nJ 

39.90 

1.255   "099 

40.54 

1.169  *»5i 

41.11 

39.19 

39.91 

■»55  J53» 

40.55 

.170  071S 

41.23 

■^t'J'^l 

39.30 

.141  1103 

39.91 

■»55  5965 

+0.5* 

.270  3102 

41.24 

39.  ji 

.14.  3498 

.14.  5*94 

39-93 

.255  8199 

40.58 

.170  S67« 

41-15 

MJ    3140 

39-3» 

39-94 

.25?  oSj4 

40.59 

.270  8152 

4i.ii 

1..17  S599 

39-33 

1.141  8191 

39-95 

1.156  3170 

..271  0618 

41.17 

.117  7959 

J9.34 

.14.  o6i8 

39.96 

.156  ,706 

40-6. 

.171    3104 

41.18 

■"s  "j;" 

39-3J 

.141  3086 

39-97 

.156  s.« 

.157  0580 

.17.   558* 

41.19 

.118  2681 

39.36 

.141  5485 

39-98 

4a63 

.17.   S060 

41. JO 

.118  5043 

39-37 

.141  7884 

39-99 

.157  3°'9 

40.64 

.171  05 j8 

41.31 

».»ig  7405 
.118  9768 

J9.3» 
39-39 

H43  0184 
.143  168! 

40.00 
40.DI 

"57  S4S» 
■»57  7897 
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1.X7*  3018 
.172  5498 
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41-34 

.119  1131 

39.40 

.243  so;S 

40.01 

.258  0337 

40.68 

.171  7979 

j::H 
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39-4" 

.243  7488 
.243  9I90 

40.03 

.258  277* 

40.69 

..73  0460 
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40.05 

.158  5110 

40.70 

.273  S942 

4.38 

1.119  9*>fi 

39-43 

1.144  "93 

40.06 

:.2s8  7661 

40.71 

I.17J  54*5 

41-39 

.ijo  IS9« 

39-44 

.244  4697 

40.07 

.159  "'OS 

40.72 

.273  7909 

41.40 

.ijo  39  S9 

39-45 

.144  7101 

40.0S 

.159  254B 

40-73 

.174  0393 

41.41 

.IJO    illg 

39.48 

.244  9jo6 

40.09 

.159  4992 

.174  1878 

41.41 

.»jo  8694 

39-47 

.14s  19.1 

40.10 

.259  7437 

40-75 

■'74  5364 

41.43 

30 

1.131  106  J 

39-48 

.145  Ijzi 

40.11 

1.159  9*83 

40.76 

1.274  7850 
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31 

■»3'  341» 

39-49 

40.12 

.160  1310 
.160  4776 

40,78 

->7S  0137 

33 
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.145  9131 

40.13 

40.79 

.175  1815 

4M7 

33 

.131  8171 

39-S' 

.146  154' 

40.14 

.160  7113 

40.80 

-»7S  SJ'i 

41.48 

34 

.131  054J 

39- S» 

.146  3949 

40.15 

.160  9671 

40.81 

.275  7801 

4' -49 

3S 

1.131 1915 

39-53 

1.246  6359 

+0..6 

1.161  i.» 

40.81 

1.176  0191 

41.50 

2« 

.131  S1S7 

39  54 

.246  8769 

40.. 7 

.161  4570 

40.83 

.276  1783 

41.51 

27 

.131  7660 

39-55 

.247  1 180 

40.16 

.161  7010 

40-84 

:;;^5S8 

4' -S3 

28 

.IJJ  0033 

39.56 

•H7  359" 

40.19 

.161  9471 

ttu 

41.54 

29 

.133  1407 

39-57 

.247  6003 

40.11 

.161  1921 

.177  o»i8 

4' -5  5 

30 

1.133  4781 

39-5* 

-iix 

40.11 

'■^l  jn? 

40.38 

1.177  »7S» 

41.56 

31 

■»JJ  7'S7 

39-S9 

40.23 

40.89 

.177  5»46 
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.667  989* 

p 

'4-74 

stu 

i.6go  0171 

66l, 

1.714  1456 

.71+  6j47 
.715  0640 
■7'S  4735 
.715  88  31 

'AS 

ihi 

68.«, 

••739  "103 
•739  5406 
■739  9611 
.740  3819 
.740  8017 

70.04 
70.07 
70.10 

l"l 

as 

as 

ar 
as 

89 

11: 

.669  S4S7 
.669  93  s  J 

«t.. 

64-91 
64-94 

..59. 0.,. 

.693 1194 
.693  6193 

ttit 

liil 
66.S5 

t7l6  1930 
.716  7031 
.717  "33 
■7«7  5»37 
.717  9J4» 

SI:! 

68^4 

1.741  1138 

.741  4**1 
.741  9101 

70.10 

70.19 
70.31 

40 
41 

44 

1.670  31S0 
.670  71+9 
.67.    ,050 

1;;  111. 

64.97 

f5.=o 
6s.o» 

.,6,4  =,93 

Z  i'.°i 

66.6i 
66.71 

1.718  3450 
.718  7|6o 

.719  57*4 
.719  9899 

6848 
68', 
68.4 

1.743  33" 

■743  7543 
■744  "768 
■744  5994 
■745  o»" 

70.36 
70,39 

70.41 

4B 

4« 

47 
48 
49 

.673  5*«> 

P 
'& 

.696  iu; 
.697  «i6 
,697  6171 

66.83 

66.8£ 
66.89 

ii:i; 

1.710  J016 
.710  8i3i 
.711  iiss 
.711  6377 
.711  osoi 

nil 
68.69 

61.;, 

.746  7  "54 
■747  '19' 

7*5a 
70-55 

70.65  . 

SO 

SI 

1    83 

1    S8 

S4 

1.674  «J"4 
.674  6130 
.675   01J7 
.67  s  40?6 
.675  7987 

P 

65.3S 

1.698  0189 
.698  43oi 
.6,8  J330 
.699  1353 
.699  6j77 

67.0, 

■713  7017 
.714  "SO 

0:!; 

ais 

61.9. 

1.747  5631 
■747  9873 
.74S  jni 
.748  3i6i 
■749  "609 

70.61 

7«-7"      . 
70-74 

fiS 
S« 

S7 

se 

S9 

..676  .909 
676  s8jj 
,676  9759 

•<:7  36*7 
.677  7616 

65.39 

1.700  0404 

.701  1494 
.701  6s»7 

67.11 

1.714  5»'6 
■714  94J3 
-715  3S6» 

69.00 

1.749  6859 
■750  "'o 
■75°  5164 

■7S1   1*76 

70.84 

70.87 
70.90 

70-94 
JO.97 

to 

1.678  1547 

6!.iJ 

1.701  0561 

67.17 

f»-7»8  5990 

69.09 

».75>  »«JS 

7%Mt 

TABU  TL 

Ftor  BndiDg  th«  True  AqohmIj  or  fbt  Timo  from  tbe  Perihelion  in  a  Parabolic  Otbit' 


136° 


137° 


138" 


139° 


/Sa  1196 
JS%  6659 
'SJ  091s 
'S3  5'9» 
'S3  9461 
S*   373» 

rS4    800+ 

'SS  "79 
'SS  *SS6 

!!'  fM 

fs6  9399 
'57  3685 
'S7  7970 
„„  MS9 
?5*  6549 

m  084* 

759  S'37 
759  9433 
r6o  3711 
r6o  8031 
f6>   i13S 

f6»  S»SS 
r6i  9S6| 
163  1878 
(63  8191 
^64  1509 

764  6817 

765  1148 
165  S470 

'  979S 
4111 

8450 
I7l!i 

r67  7111 

'70  3"5> 
'70  7498 


'73  7981 
774  »344 
774  0709 
'75  "°77 


.778  fiog7 

—  047. 

4859 

.780  1641 
.780  8034 
.781 1430 
.78 1 6818 

.78a  5630 
■783  0034 

784  3158 
.784  7671 
.78s  .08s 

•78|   6so» 

.786  S341 
.786  97^4 
.787  4189 
.787  26,5 
.788  S-H* 
■788  7476 
.789  J909 
■7*9  034+ 
.790  07*1 
.790  sill 
.790  9661 
.791  4'0* 
.791  8551 
.791  3000 
■79*  745° 

■793  ;90J 
■793  6jj6 


■795  "659 
■796  3116 
.796   750; 


.798  5491 
.798  997* 
■799  4454 
.799  8938 


.801  6895 

,So3  ojgj 
.go]  4886 
,803  9390 
.804  389s 


73-35 
73-3* 


74- '5 
74- .8 


7S-o3 


,804  8403 
,|os  191 » 

lot  1938 
.S06  6454 
.807  0973 
.807  5493 
.808  0016 
,808  4S4I 
1.S08  9o«g 

-°;  mi 

0  7197 


.31 J  4457 

.813  9008 

,814  3561 

■■14  8117 

15  1674 

16  1796 

16  6360 

17  0917 
,817  S49S 
818  0066 
Big  4639 
.8ii  9114 
.819  1791 

>9  8371 


gii  6711 
8.1  1301 

5895 
.813  0491 
.813  5088 
,813  9688 
.814  41^9 
.814  8894 
,815  3500 
■■--  8iog 
1719 
,3i6  7331 
1.817  <947 
,817  6565 


1.819  joeS 
.819  96S6 
.830  4317 

iS" 
8«4 


7S-"4 
7S.i4 


7S-»9 
7S-3J 

7S-40 
7S-43 


75-58 
75.61 


76.0. 

76,=.s 
76.09 
76.11 
76.16 


76-34 
76.38 

76  4* 
76.49 
76.SJ 

76-57 


77.13 
77.16 
77,10 
77-»4 
77.18 


8114 
7io6 
679« 

'^l 

0751 
5408 

I  4717 
J  J  9390 
V  4°SS 
17  8711 
;8  3391 

8o«4 
39  >738 
i9  7414 
-  J093 

6774 


.844  4306 
.8+4  9008 

°}s  371* 

t?  in! 

J6  7839 


ill  liU 


.857  1077 

.8j7   6841 


,859   5916 
.860  0703 


TASLE  TI. 

tor  finding  Uie  Tnie  Aoonud;  or  th*  Time  from  tbe  Perihelion  in  n  Pusbolic  Ortrit 


140° 


O'  1.860  0703 
'     .860  5481 

.861  5048 
"'"  9«35 

B  1.8  ei  4614 

-      .861  941S 


10    1.864  K604 
■-      .16s   3408 
.86c  itii 


1.86  7  164  J 

.867  74S0 
..  .868  M78 
18 
IS 

30    1.869  6746 
~-      .870  IS73 

.870  640J 

.871 

.871 

1.S71  0907 
•87a  5747 
.|73  0589 
■873  5433 
.874  mSo 

1.874  S'»9 
.874  9981 
.87s   461; 


■In  ''43 

.878  4011 

.878  B883 

.879  S63J 

.8feo  js.. 

.880  S393 

.881  3177 

1.881  8163 

.881  30s. 

.881  794J 

.88  3  1837 

.883  7733 

1.834  >^3< 

.884  7S3> 

.885  3436 

■88s  734* 

.386  iis> 

1.886  7161 

.887  .075 

.887  6991 

„      .88^  IgiQ 

69      Mi  6831 

O    1-889  17  J4 


79.64 

79.6* 


141- 


.889  I7J4 
.889  66I0 
.890  1609 
.890  6s40 


.891  134I 
.891  6189 
.893  1133 
.B93  6179 
.894  »« 
.894  6078 
.89s  '031 
.895  5989 
.896  0948 


ill  till 
.898  S780 

1,899  07S4 
■"99  5730 
.900  0709 
.900  5691 
.901   0675 

1.901  j66i 
.901  0651 
.901  5641 
.903  0638 
.903  5635 

1.904  0635 
.904  5637 
.90s  0641 
.90J  5649 
.906  o6s9 
L.906  5671 
.907  0687 
.907  5704 
.908  071s 
,908  5748 


■9'S  *54" 
.916  1403 

1.9 1 6  6468 
■917  i!3S 
,917  660s 
.918  1678 
,918  6753 

1.919  1831 


142° 


.169 
1.911 7060 
,911 1353 

.911 7450 

,913  .J49 
9*3  7650 

..914  »7iS 
,914  7881 
,915  1971 
.91J  8064 
916   3199 

1.916  8317 
•9»7  3437 
.917  8;6o 
.918  3686 
.918   8814 

'■9»9  394! 
.919  9079 
.930  411S 
■9  JO  93SS 
■9J>  4497 

1.931  9641 
■91»  4788 
■93»  9938 
■93  3  S°3' 
•9 14  "47 

'■934  5405 
■93i  0565 


.936 


.936  6064 
1.937  1136 
■937  0410 
■938  1587 
■938  6767 
■939  '95° 

-939  7"3S 
.940  1313 
-94°  7S'4 
■94'  »7°8 
.941   7904 

-94*  3"=3 
.941  S30S 
■943   JS'O 

■943  87 '7 
■944  39»7 
1.944  9140 
■94i  4JSS 
■94S  9S74 
■946  4795 
■947  oo"9 
-947  5*45 
■948  0475 
■94S  5707 
.949  094* 
.949  61  do 

1.950  1410 


143" 


^  3446 

i  8711 

1.955  398= 

■95!  9»i' 

.956  4ps 

■956  9*" 

■957  S081 

1.958  0565 

.958  stji 

.959  0939 

■959  *»3o 

.960  1514 


.,61  1,10 
.961  7413 
.961  a7ig 
-'1  7036 

4 ' . 

.964  3978 
.964  9197 
.96s  461a 

!  9945 
,  S  S»73 
.967  0604 
■9*7  5938 
.968  1Z75 

t.968  6615 
.969  1957 
■969  7303 
.970  165. 
.970  Sooi 

1.971  3356 
■97'  S7>3 
■97*  4073 
.971  9436 
■973  4*0' 


.673 
1.976  7056 
■977  H4* 
I     »' 

1.979  4015 

:?{|  JSl! 

.981  1116 
.981  6636 


TABLE  VI. 

F  w  Sndiiif  die  Ttue  Anomalj  or  the  11m«  frcn  the  PnilidiM  in  a  FanboUe  OiUL 


1440 


146° 


146° 


147° 


IDCH. 


.981  i3g» 

-9h  7303 

■9*+  »7»7 
,984  8154, 
.985  35S+ 
.985  9017 

■'!?  *$53 
.986  9891 

-987  S3  3+ 
.988  0779 

.989  1678 
■989  7'1» 

,.  '589 
.990  8049 

■99*  444* 

9918 

■993  S393 

0S71 
635- 
iSjS 

■995  7J»» 
.996  i8ia 
.996  810; 
■997  3»°> 
■997  9100 
.99S  4801 
■999  0307 
■999  J8'S 

»6i4a 

"  7S77 

'°°*  l*°6 
,003  4456 


iits:s 


'8  41S7 
.008  9917 

.009  5480 


II  3341 
l^  8911 
■J  4508 


J.01S  1181 

e  1478 

.6  8081 
,017  ,688 

IT    9*98 

,i  49" 
19  0516 

■lli 

»»  99i« 

3-o»3  55*7 
.o»4  i»ii 
.014  68s9 
.0*5  i;q9 

-  ^163 
i.o>6  jljo 
.016  9480 

—  S143 

MiS  6479 

1.0*9  1151 

.019  7818 

"    "  3507 

.  9'9o 

,03.  4873 

d,»  QS64 


37  76*9 
■°3!  3353 
.038  90S0 
.039  4811 
.040  0545 
,.040  6181 

7767 

.041  3514 

■-  9164 

■043  50' 7 
■0+4  0774 
.0+4  e;]4 


,046  3834 
.046  9007 
-  -  538J 


9347 
93-5" 
93-57 

9,.ij 
93*8 
93-73 

93-78 
93,83 
93.89 
93-94 
93-99 
94.04 
94.10 
9+-'5 


94-57 
94-63 

94-6! 
94-73 
94-79 
94.84 
94.89 
94'94 


95-3* 

95-43 
95.4S 
95-54 
Sj.Bo 

95-65 

9S-70 

95-76 
95-^5 


98.47 


1-049  »733 
.049  85»» 
■050  43'5 

.Oil     OII» 

.Oil  591 1 
3.051  1714 
.051  75»o 
-"53  33»9 
.OJ3  914a 
■054  4559 
3.055  0778 

iji  »4»7 
)S*  8a<6 
'57  40*9 
3-057  99»S 
■058  S7«5 
.OS9  ,6oS 
■059  7454 
Mia  3304 

3.060  9157 
.061  SOI  3 
.o6»  0873 


3.066  7871 
.067  376* 
.067  965s 
.068  55ji 
.069  145  J 


.070  9174 
.071  5088 


,073  8779 
.074  4710 
.075  0645 

1-075  65*  J 
.076  1514 
.076  8469 
.077  4418 
.□78  037a 
1.078  6315 

n,9  «gj 


3.084  6070 
.0S5  1064 

.oSi  4061 
.0)7  0066 

.088  xoSc 


-o»3  o3<» 
3.093  6341 
.094  »39» 
.09+  8441 
-095  4490 
.096  OS  S3 
.096  6614 
.097  1678 
.097  8746 
.098  4818 
.099  0893 
3.099  697. 
--  JOS4 

—  5»3= 
ijij 

74ao 
[03  3520 
[03  9614 

104  5731 
-1  1843 

i  79Sf 
'  407* 
>oi9i 
'  6j»4 
'  »4S+ 


'   3<5S 
1  9306 

*  JKo 
3  778; 

«4  3948 


TABLE  VI. 

For  finding  the  TVae  Aaomal7  or  the  Tim*  ftom  tlw  PwlMloo  In  s  PsnUMlio  OrUL 


^ 

148" 

149" 

150* 

15] 

1 — 

loclf. 

Dlt.l- 

»»«M. 

Wtl-. 

l<*K. 

Mtl-. 

kcH. 

mi.,: 

'■;::  ku 

'°3S4 

■::p;!S 

\ti:\l 

3..9S  49»4 
-199  .671 

\WM 

'■'^.'ir, 

"f:!? 

:;;,-ss 

joj.So 

'Is?  **li 

107 .4J 
107.51 

-.99  »36' 

-MO    5056 

WUi 

r.'X 

WIS. 

.11]  tilS» 

103.7a 

.161  7154 

107.58 

.101  17SS 

....69 

.H»  »«4" 

116.08 

J.11+  J 107 

103.79 

,.i6>  3611 

107 .65 

'!«  'ut 

....76 

1.141  MoB 

1.6.15 

■"4  9336 

103.45 

.163  0071 

I077' 

M..§3 

.X43  5580 

116.13 

.lis  5569 

103.91 

.i6j  6536 

.07.78 

:l^  J878 

1 1. .90 

.144  1556 

1.6.3S 

..li  lios 

103.97 

.164  300s 

107.85 

.103  8s94 

1.1.97 

■M4  9536 
.a45  6511 

116.38 

.1.6  I045 

■04^ 

.164  947* 

107.9. 

-.04  5  J' 5 

Ila.04 

.16-^5 

10 

11 

J.  1.7  4»>9 
.i>E  0537 

104.10 
104.16 

!^'6S  5955 
..6S  14  js 

108.04 

.10*  5501 

■  ii!i8 

3.146  35.1 
.147  0505 

"hi 

13 

.1*8  6719 

104.11 

.166  8910 

108.11 

111.16 

.147  7503 

■(6.6S 

13 

.119  3044 

104.19 

.167  5409 

108.1J 

.107  1139 

111.33 

.148  4507 

116.76 

14 

.119  910J 

104.3s 

.168  1901 

108..5 

.107  89 j. 

111-40 

.149  iS«S 

..6.64 

15 

j-ijo  5566 

104^1 

'XX 

108.31 

3.108  5717 

111-47 

1.149  8517 

116.91 

10 

•iji  1S3J 

104^ 

.08.38 

.109  1478 

111-54 

f -I 

■  16.99 

IT 

.131  I103 

•04-14 

.170  1404 

.08.45 

.109  913  a 

ila-ii 

..7.2? 

18 
19 

•>31  <*iS 

■Q4-«o 

104.67 

.170  7917 
.171  4416 

.08.51 
.08,58 

.no  5991 
.»<"  »7SS 

Win 

.151  (613 

1.7-14 
1.7.11 

90 

}"13  6937 

104.73 

5.171  09^1 

.171  74*1 

.08.6s 

).ai.  95" 

.all  ia94 

iia.83 

1-153   3658 

..7.30 

31 

.134  3"3 

IZil 

108.7, 

iia.90 

.154  0698 

"737 

Xt 

"34  91" 

.173  398! 

.08.78 

.113  3070 

1.1.97 

■»S4  7741 

"7-4S 

33 

.tjj  5I05 

104.91 

■"74  0517 

108.85 

:l\inil 

' "  3^05 

■»5S  479» 

Win 

34 

.t3i  *■« 

.04.98 

.174  7051 

108.91 

"i3.» 

.^si  tii6 

33 

3« 

.1J7  47oi 

"OS-OS 
105.11 

1-'7J  35" 
.17S  0119 

108^ 

3^»'i  34»5 
.iiG  0119 

Wilt 

3-»S6  8905 
.157  59'* 

!;;:'! 

37 

.tjS  1016 

105.17 

.■76  6674 

.09.1. 

...6  7J.7 

'"3-34 

.15*  3036 

iij.i. 

38 

.Ijg  7319 

105.14 

.177  3114 

109.15 
I09.ii 

::;?ilii 

"M| 

-159  0109 

117.91 

3t 

■"39  3*45 

105.30 

■"77  9777 

.13.48 

.159  7'86 

117.99 

30 

J.139  99«S 
.140  Utg 

■■+'  »*»! 

105.36 

J.178  6,35 

109.33 

j.i.B  7437 

"J-SS 

3.160  4161 

tig.07 

is 

105.43 

■"79  »Sj7 

109^0 

.119  4151 

..3.B3 

:|  Hit 

■rt.,; 

83 

105.49 

.181  «6^ 

.09^6 

.aao  .07a 

..3.70 

.n... 

33 
34 

.141  8948 
.141  5183 

•.tUi 

\^U 

.lao  7^9^ 
■"'  47H 

wni 

■\^,Uil 

::S:|s 

SB 

1-143  >6m 

toj.«S 

■:;!;i;S8 

109.67 

3.111  I5S7 

113.91 

'■•AlK 

■.8.46 

as 

■'43  796s 

"oS^S 

.09.74 

I"  Vl 

WIS 

114.14 

..8.J4 

ar 

ae 

ills  ^63 

10S.81 

105.87 

•iuui 

.o,.S. 
109.87 

.114  loJa 

»6S  397» 
.166  1091 

.18-61 
..8.70 

av 

.14s  7018 

105.94 

.,!♦  Jiji 

109.94 

■*H  *931 

114.11 

.166  Saifi 

..8.77 

40 

3.146  337S 

106.00 

l.l!  .1J6 

1 10.01 

j-iat  5788 

114.18 

1.167  5  34  J 

.i8.ts 

41 

..+6  J735 
.147  iios 

106.14 

::Si!5S 

110.08 
110.15 

-«l  1647 
.ia6  9SII 

1,4.36 

""4-43 

.168  147$ 

..68  Xa 

"8.93 
..9.0. 

43 

:.tl  nil 

loi.io 

■'•7  "957 

.117  6379 

1 14.51 

.169  6759 

.19.09 

44 

106,17 

.187  8571 

1.0.19 

.118  3151 

114-s! 

■»7o  5907 

"9"7 

40 

J.  149  J"7 

.06.33 

3.188  5191 

..0.36 

l..a9  0.19 

.14.65 

1.171  .060 

..9.15 

46 

.150  1609 

106.40 

.189  1815 

1.0.43 

.aa9  70.0 

"'4-73 

.171  8117 

..9.33 

47 

••SO  7995 
-iji  43*5 

106.46 

.189  8441 

.10.50 

.aj.  7M" 

.14.80 

.171  S37J 

1.9.41 

40 

I06.5J 

..90  5075 

1.0.57 

1.4.IW 

.173  1546 

119.49 

40 

.i5»  0778 

106.59 

.191  1711 

■  .o.i4 

"4-9S 

.173  97,7 

119.57 

80 

j.i5»  7176 

■06.66 

1.191  83J" 

110.71 

1.131  45S1 

.15.03 

1.174  6894 

119.65 

31 

■■53  3577 

io6.7> 

..91  4096 
..93  .644 

.10.77 

-»3J  '4»4 

115.10 

■»7S  4075 

1.9.73 

n 

■"S3  99*3 
."54  6391 

106.79 

l.o.i4 

■»33  «39> 

115.17 

.178  .a6; 

1.9-ii 

33 

■'93  <»97 

.10.91 

.134  5305 

115.15 

.176  gjsa 
■»77  3*47 

1.9.89 

M 

"SS  »<05 

106.91 

■'94  4954 

..0.98 

.ajS  aiaa 

115.3a 

1.9.97 

ftS 

3.1s;  9111 

106.99 

1-195  161s 

WiU 

'::|l  llti 

1.5.40 

J.178  1848 

110-05 

5« 

■.i&tl 

107.05 

.i9j  8181 

1.547 

.179  O0J3 

110..  J 

B7 

107.11 

.196  4050 
.197  l*»4 
.197  8301 

1...I9 

.a37  3001 

"S'SS 

.179  7»63 

M 
69 

-"57  «497 
.158  49JO 

107.18 
107.1S 

I.. .16 

""■34 

:;!i  njl 

1.S.61 
1.5.70 

:±»;; 

.io.*9 
.ao.37 

00 

3."«Q  .367 

107.31 

J.  198  49S4 

.11.41 

1.139  Jtio 

'^■77 

1.^1  ipi 

iio^S 

TABLE  Tt. 

For  finding  ifae  True  Anonulj  cr  tbe  Time  bom  tbe  PeriJieliaii  ii 


iFmbolic  OrbiL 


152° 


153° 


154° 


155° 


logH. 


.g]   Soil 
g.  6iji 

84  7S6I 


.89  87, 

9°  S99 

.91     llg! 


.6  7468 

7  4«6S 
iS  1167 
lo»  9671 

0  4504 

1  .9'6 
I  67i! 
J  4114 
4  1667 

4  QMS 

5  6567 

7  1489 

7  89S7 

B  64JO 

19  2909 

::  Jis; 

3*74 

4  6405 

J  19»J 

J16  1448 


H0.4S 

J-J 

tM.77 

■3 
■3 
■3 

1x0.85 
110.93 

3-3 
■3 

■3 
■3 

laiiti 

■3 

11..34 

iii.4» 

■3 
■3 

11I.S9 

■3 

..,.67 

3-3 
■3 
■3 

lai.t> 

■14 

111.0S 
111.16 

3-34 

111.33 
111.41 

■3 
■3 

■3 

;"1! 

3-3 

■3 

"::i; 

■3 

111.91 

3-3 
•3 

iij.H 

■3 

"3H 
113.41 

1x3.50 

3.3 
-3 

■3 
■3 
■3 

.13,91 
114,09 

33 
■3 

■3 

-3 

■3 

1x4.16 
114.34 

'»4-43 
114.51 

1 

,14.60 
114.94 

1 

'»S-°1 

'1 

115.10 
115.19 

I1S.J7 
115.46 

■i 

-3 
•37 
V37 

316  8978 
17  6SI3 
'1  tfiiJ 
319  9I5I 

330  '707 

331  416X 

i8j5 

9407 

333  *9!4 

334  4567 

335  »'S4 

335  9747 

336  7346 


1*1  lltl 
341  8J13 
343  5969 


347  +179 
,34s  i9Si 


350  50x4 

351  1714 
35*  04»9 

8 140 

353  i»56 

354  3577 

355  '304 

355  9037 

356  6774 

357  45"7 

358  1166 

359  0010 

359  7780 

360  5545 
'  31" 

1091 
.   8873 

361  6660 

1*4  4453 
j6j  1151 
!66  oofs 
7804 
167  5679 

{68  3499 

■*  -]i 

u 

-37>  1684 


.373  0538 
.373  »1?7 
.J74  6j6i 


37*  567' 
■379  357° 
J.  380  1474 
■3«o  93*4 
.381  7300 
.381  Jill 
.383  3148 


.38;  6963 
■386  4913 
.387  aE69 

J.J88  0830 
,388  8797 
.389  6770 
.390  4749 
■19"  *713 

3.391  0713 
■19»  8719 
■393  67" 
■394  47  »8 
.395   1741 

(.396  0760 
-396  8785 
■397  6""S 
■19»  4|5» 
■399  »*94 

3.400  0941 
.400  8996 
.401  7056 

+03  3193 
3.404  1170 
■404  9354 
40s  7443 
.406  5538 
■407  3639 
3,408  1746 
.408  9859 
■4*9  7977 
.410  6101 
■4"  4»31 
;.4I1  1369 
.41 J  0511 
413  8S60 
.414  6815 
■415  +975 
3416  3141 
■417  "3H 
.417  9491 
■418  7677 
.419  5867 


1410  4064 
41.   »6(S 


1-4*4  5"37 

416  9854 
.4.7    BIOS 


^43»  7740 

.433  6034 
■414  +134 
■415  1*41 
■410  09SJ 
3436  9171 
■417  7597 
.438  59>8 
■439  +»»o 

440  0609 

3++'  =959 
44'  93'S 

441  7677 
+41  oo+o 


,446  9583 
+47  79*3 
44S  63S9 

1449  48'^ 


■454  5+'o 

455  3867 

456  1330 

457  0800 
3.457  9176 


For  Anding  Um  Tnw  Anomaly 


TABLE  VI, 

r  Um  Tim*  frun  the  PerilwluHi  in  a  Paiabi^D  Oriuk 


■47"  S77» 
■47*  4JS8 
-473  »9Sl 
.474  'SS" 

J-47S  ""i6 
^7*  7J<8 
■47*  46+0 

1-479  J»*S 

.481  ojij 
.481  9H* 
.48"  7907 
I-48J  6s75 
■4»4  SM* 

■4»7  IJ3S 
1.4  88  0040 
.418  875. 
.489  747* 
4^  619s 
■49«  4930 
j.49»  J670 
-493  Hl° 


156° 


8  90J7 

9  7990 
.0  6951 

"  4891 


143.94. 

I4J.OJ 
143-" 

141.17 

141-38 

'43-49 
i43.io 
I43-7« 
"43-8" 
'43^93 
144.04 
«44-"i 
144.26 
"44-37 
«44-t» 
•44-S9 

144-81 
'44-93 
'4S-'H 
"+S-'S 

145.18 

'45-37 
■45-49 
145.60 

'4S-71 
'4S-I> 
"4M4 
146.05 
146.16 


i46.ei 
146.7  J 

',& 

147.08 
147- "9 
'47.1I 
'47-4" 
"47-S4 
147.85 

■48.(>o 
14!... 
14S.13 
148.4* 
148.(8 


157' 


J-S»3  J|7S 
,514  1864 
.jas  1868 
.516  0863 
,516  987J 
,517  8890 
5*8  79 'S 
,519  6947 
53°  59*5 
S3'  S°1' 

I.SJ1  408s 
■S31  3«4S 

534  "'I 

535  "»8S 
S3*  0370 

3-536  94S9 

11!  a! 

•539  677' 
540  5*90 

J- 54'  So'S 
S4*  4'1* 

543  J"? 

544  »43* 

545  "59< 
J-S46  0754 

-546  99H 
.S47  9101 
.348  8185 
-S49  7477 

1.550  6677 
-55'  5883 
-5S»  5097 
■553  4319 
-554  J54S 

J-55S  »78S 
-55*  «»9 
■557  '»8o 
■558  0319 
.558  9go£ 

1-559  90*0 
,560  E161 
S*'  7*5° 
,561  6947 
.563  6151 

3.564  5561 
.565  4lgi 
.566  4109 

•js  im 

5.569 1.3s 


1^573  9098 
.574  »49* 
•575  7897 
-57*  73" 
■577  h^7 

J.J78  6154 


"49-75 
149.S7 
"4999 


••mi 

153.01 
'53-'4 
153-16 

153-38 
'S3-J' 
153.63 


'55S> 
'  55-64 

155,76 

»iS»9 

isi,o. 
156.15 
156.17 
156.40 

ilhi 

156.79 
156.91 
157.04 

>S7-"7 


158° 


•579  SS88 

.S|o  SOjD 
•581  44(0 
-58*  3937 
1.583  3403 
.5  84  liji 

.587  IJ4> 
3.588  0847 

589  9SS0 

590  0408 
59'  S944 

3.591  8488 

593  8040 

594  76«> 

595  7"67 

596  6743 

3-S97  63*7 
•S98  S9'9 
•599  SS'8 
.600  511G 
•601  474* 

3,601  43*5 
.603  3097 
.604  3617 
.60!  3185 


.611  1341 
3-«J»  »oj7 

^614  0481 
.615  0110 
.615  9948 
J.616  9693 
.617  9447 

!6!9  1^ 
.610  8758 
J.611  8545 
.611  8340 


}.6i6  7604 

.619  7140 
.630  7001 
3.631  6873 

.6ji  6751 
.633  6638 

J.636  6351 


159° 


.640  6087 
3,641 6041 
,641 6006 
.643  5978 

■644  5959 
,645  5948 

3.646  5946 

iti  nil 

.649  5991 

3.651  6066 
,651  6116 
.653  617s 
■*54  614% 
.65s  6ji8 

1.656  6403 
.657  6497 
.658  6599 
.6j9  6710 
.660  6830 

3.661  695} 
.661  7096 
.663  7143 
.664  7398 
.665  7561 

3,666  7735 

mI  lUl 

.669  8308 
.670  8516 

l-*7'  j7^4 

.673  9196 
.674-  - 
.675 

3.676  9957 
.678  om8 
.679  0509 
.680  0799 
.681  1098 

3,681  1406 
,683  1713 
.684  S049 
,68s  »384 
,68!  171! 

3.657  3081 
.688  3445 
.6I9  sSi? 
.690  4198 
.691  4588 

1.691  4988 
.693  5397 
■694  5815 
1?i  !iii 


9694 


TABLE  VL 

Vot  flndiiig  the  Tnw  AB011MI7  or  (h«  Tim*  from  Ac  Parihelion  i 


ft  Pumbolic  OiiHk 


160" 


161" 


162" 


163" 


I'l  ''Si 
.699  8046 
-       8510 

9003 

9+96 
oj  9999 


■I  3780 

■1  +35* 

13  4946 

14  5543 
It  6i;o 

16  6766 

17  739» 

1 8  goig 
'»9  867J 

-M  9318 

::;  mi 

'IS  104s 

-.6  4.85 


64.1 
,  7' 78 
'13  7948 
'34  «7J0 
'35  95" 

37  03*4 

38  113S 

39  '9S7 
•^a  1789 

;« jjtJ 

'45  7097 
'4*  79*9 
'*Z  «f9> 
'4»  9803 

50  0715 

51  1657 
SI  1S99 
SI  3S5> 
54  4S'4 

ss  5487 

-56  6470 
'57  7464 
'S^  8467 
■^  9+8' 

DSOS 


,76.  1519 
,763  .(84 
■7*4  1*39 
.76J  4704 
-li  5780 
i;  6867 
, i!  796J 
.769  9070 
.771  0187 
■77»  >I'S 

...  3603 
■77S  47*» 
■77*  S93» 
■777  7"» 
■77*  «303 
■779  9SOS 
.7S1  0717 
.7S1  1940 
■7*3  3'74 
.784  4j)g 

,787  8«4 
,78*  9;oi 
.790  0790 
79"  »iofi 

"""  J+>7 

6098 


S79° 
.803  7118 
"-  *6S7 


8ii  75«S 

ill  '57= 
.315  >liq 
.81 6  3660 

.817  S»M 

.8,1  «7,s 
.819  8379 
.Sio  9974 
,811  ijh 
.!ij  5199 

»M  *S»9 

.8ij  <470 
,8ai  Jiii 
,8»7  978  ( 
,819  1460 

830  J147 


186^3 
i8t.6o 
186.78 
186.96 
1|7-14 
.87.31 

.87.J9 
'J7$7 
188.01 
■88.11 
■  88-19 

!!■" 


!'iJo 
■91.79 
191.9B 
,93.16 

191-35 
'93S4 
•93-73 
193.91 
194.H 
194.30 
'94-49 
'94" 
194.87 


1.830  1147 
.83.  4845 
.8,1  i5S4 

.811  817s 
.81s  oooS 
].!l6  t7s. 
,8j7  ,!o! 

.8)8  i>75 

■?"  Z2S* 
,840  6844 

1.S41  0646 

■843  »+'o 

.844  J186 

.846  79j« 

1-847  9>J1 
-849  <7os 

-Ss"  3589 
.gs>  5486 

.851  7194 
3.853  9114 
'85*  3!g9 
,858  7'"» 
3-|S9  9<»9» 

.S61  3087 
,863  5103 

.864  7,31 
3.86s  9171 
,867  1111 
.868  1187 
869  S36) 
,870  74S1 

1.87,  95S» 
.873  tUs 
.874  1791 

m  is,i 

3-878  i»40 

■?Z9  *i'* 
S80  4601 


1-884  113* 

!!i  "'J 

.886  S7" 
■S87  7983 
.889  01S7 
3.890  1J44 
,391  4*43 
,391  71  is 


?J!? 


194.87 
195.06 

'9S-»5 
'95-44 
■95.64 

.95-83 
>9*.oi 
■96^»i 


■  97-58 
197.78 
'97-97 
■98"7 

■  98.37 
198.57 
198.76 
■98.96 
■99.16 
■99.36 
199.56 
199.76 
199.96 

»«.s6 


3*94 
3.90*  6107 


105.94 


.903  8514 
.905  0973 
--*  1415 

5*9" 


■a 

,915  095J 

.916  IJOO 

.917  6078 

.918  8661 

.91,  3B6S 
.911  ^487 
.911  9111 


.931 794a 

-934  oMi 
■935  1438 
.916  6107 
,937  8989 
■939  '7'5 
■940  4595 
■94"  74' 8 
■943  o»S4 
-944  3'05 
■945  59*9 
J.946  8847 
■94*  '71* 
-949  4*44 
■95=  75*1 
■95>  049* 
-951  1441 
■954  *403 
■955  937* 
■957  »3** 
■95*  53*9 

X  'I'i 

.961  4460 
•9*1  75 '9 
-9*5  059» 

■9*7  *779 
.9fi8  989s 

■97*  9I»6 
■974  MS* 

■'^5  ill* 

-6  8885 


«>7-43 
107.64 


109.JS 
109.81    I 


114-19 


"11? 

116.36 

»'7-»9 
"7-53 
1.7.JS 
11S.00 
118.1] 
"8-47 
118.70 
1.8.94 

ii9.ii 


For  findliuc  the  Tnw  AnoDuljr . 


TASIi  yi. 

r  the  Time  from  the  Perihelion  b  »  Farabolii;  OtUl 


164' 


J979  5330 
.980  Ss74 

-  i  S'"* 

■S«4  8394 
I  J.986  1696 
■  -987  SO' 3 

.9K8  8i4S 

S051 

>  }.99>  *1»7 
■994  "'7 
.99;  <«» 

.99  D  BO4I 


.003  S965 

4  9474 
(  I4.00S  1999 


1  ^01  ]  0J48 

■   ='4  4463 

SIS  809] 


.019  9077 
.on  6476 


.030  904s 

.□]!  sS6i 

>  U-oai  6693 
.035  0540 

,oj6  4404 
.037  Si83 
.039  1177 

1  14.040  toKi 


.04»  o 


4.047  5SB0 
.048  9S»7 
.050  J9O0 
-     794S 


113.05 
113.19 

113.S4 
1IJ.79 
.14.03 
S14.18 

"♦■S3 
M47S 

115 


»3  3S7 
»33-8* 


13+.JS 
134.65    4. 


165° 


livM. 

4.061  6673 
.063  0841 
,064  5017 
.065  9119 
.067  3447 

4.068  7681 
.070  I93J 

.073  0486 
.074  4787 
4.07s  9>o6 
.077  344' 

■X  111- 

.081  6546 
4.0*3  0948 
'^.0*4  „i» 
.085  9S04 
.087  4x57 
.0S8  J718 
4.090  3115 
.091  7710 
.093  1141 
.094  bjai 
.096  IJJ7 


104  9040 

lo?  37.8 

=7  84'4 

39  3117 

7S58 

13  7374 

-  iicS 

6960 

.780 

19  6«ig 
1474 
5348 

_,  1119 

15  0149 
1077 
6o»i 
0988 

,  5970 

13  0971 

14  S99° 

16  1018 
,7  6084 


615, 


1)6.18 

136.J6 
1J6.S3 
137.11 

i\m 

lint 
138,50 
138.7S 
139.06 

»39}4 
139.61 


141.80 

141.0S 
141.56 
141.75 
143.04 
»43  33 
143.61 
143.91 
144.10 


lee*" 


lui:} 


5699 

168  nil 

169  6585 
71  1056 

7»  7547 
75  8588 
'77  4>38 
178  9707 

81  090s 
83  6514 

85  1181 

86  7SS0 

88  35j8 

89  9146 
91  4974 
193  0711 
[94  6490 

96  1178 

97  S086 
99  39'S 

-  9764 
soil 


37  33*3 
oi  93'4. 
10  s>8* 


13  7191 
'j  33»5 
16  9179 
.18  54SS 

.13  3806 

:ii  nu 

,18  1J47 
.119  !J70 
13.  4814 
13  J  ,079 
1J4  7166 

3«  3674 

39  6354 
41  1717 
,141  91 II 

*-»44  SS37 


SMS 


161.63 

161.96 
161.10 
161.63 
161.97 
163.10 
163.64 
163.98 

iltu 
itm 

166.01 


170.55 
170.91 
171.17 
171,61 
171.98 
171.14 
171.70 
171.06 

I73-4* 

173-78 


167'^ 


.144  s 

.146  . 


lei  ^60 
.164  4140 
.1G6  0943 
.167  7669 
(.169  4417 

■^-7.  ..87 
71  798, 
74  4797 
70  161S 

4-177  8497 
.179  S381 
.181  1189 
.181  9119 
.184  1,71 

4.186  3149 
TiSS  0,49 
.189  7171 
.191  4.18 
.193  1188 

l-»94  8)81 
.196  5498 
.198  1638 
.199  9801 
.]oi  6990 

4.303  4101 

.305      I A 36 

.loS  8*95 
.30B  5978 
.310  3185 
.311  0616 
■3'3  7971 
■3'S  SSS" 
■V.l  *7S3 


.319 


310  7611 
111  5110 

.31*  i6.i 
.316  0117 
■317  7*88 
-319  5163 
,331  »863 
■331  0487 
•334  8117 
■3J6  58  n 

-338  3S" 
.340  ijj6 
.141  89(6 
■343  "701 
■34i  4S'» 


m  Puibolic  OAiL 

168° 

169° 

170" 

VJV       \ 

logic 

DW.1-. 

locU. 

Ml'. 

lofM. 

we.  i». 

loilf. 

«...! 

4.J47  «3S* 
-349  0140 
■ISO  gi>7 
.351  6o>o 
■354  3948 

.97.3' 
»97.74 
.98..* 
198.59 
»99.oi 

.M  9501 

115.07 

Ills 

J16.59 
317^  10 

-590  5714 

358-3" 
358.91 

360,7^ 

t-7'7  9835 
.7.0  1790 
,711  7790 
,715   1835 
.717  5916 

398-«7    1 
399-61 
400.38 
401.14 
401.90   , 

4.356  .901 
■JS7  98|; 
■3S9  7»** 
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*3-4J 

:1; 

164     0 

t 

°:::!; 

173     0 

10 

0    0.35 
0.31 

0.0 

10 

»:.7a 

III 

10 

10.76 

o-SS 

SO 

1* 

10.16 

IS 

O.S4 

30 

SO 

■»-S7 

'-S9 

SO 

19169 

°-S3 

40 

0.0 

36 

17.00 

'57 

36 

,1x1 

0.51 

BO 

0.19 

00 

1S9  SO 

■   '5-45 

184  SO 

0  |8.«-' 

17*     0 

a    0.16 

»t 

■3-94 

l.jl 

3S 

18.17 

0.46 

175     0 

0.07 

»-44 

1.50 

10 

17-69 

178     0 

4i 

10.97 

>-47 

4S 

177     « 

S5 

tn 

'■44 
'■43 

SO 
SS 

16.19 

ITS     0 
179     0 

»■" 

140 

0.44 

i,  Google 


TABLE  Tm, 

For  finding  the  'nnw  from  the  Perihelion  in  %  I^nbollo  Oilnt. 


I         lotif        \    DUL    I 


.o  6t6S 
lo  4801 


019  J167 

eta  15+0 
01  i  979S 

01  g  8050 
«iS  6148 
^Ig44i« 
^18  »*»9 

o,8  07,2 
017  8941 

:;;  ;;iJ 

016  94,. 
016  T+ij 

0.6  ss« 
016  3S41 
0.6  1550 
"'5  9S4S 

0.,  7(i« 
01;  5495 

01 S  3450 
01 s  1194 
014  9316 

014  S157 
014  3057 

014  0947 
013  8ii7 
O.J  66»8 

O.J  456; 
013  14'6 
01 J  0163 

■=.»  S936 
oil  3764. 
oi,  ts8s 
oil  9401 

on  71JS 

on  SM4 

01.  x8a9 
on  063  a 

olo  ItK 

010  40x9 

010  1817 
009  961; 
009  7414 
009  5115 
009  3018 
0090834 

1649 


1 38s* 
lo3^ 


«  6S35 
I  J196 


0990 
o6|9 

oi6j 


TABLE  ym. 

For  finding  the  Time  from  the  Ferihelicai  in  a  Fuslx^  Orint 


9.999  9(76 

.999  QS07 

■999  »»93 

■999  0OJ9 

■999  69*4 

9.999  5611 

■999  4=40 

.999  1146 

■999  °"5 

■99*  79SS 

.998  S4S8 

9.995  1757 
■997  9|J4 
.997  6669 
■997  3»97 
.996  9708 
.996  J906 

9.996  iSqi 
■99S  7066 
■995  |»J4 
■994  659" 
■994  375  s 
■99J  <7'» 

9-991  J470 
.991  loji 
.991  1J97 
■99'  6570 
■99 «  0553 
■990  4347 

9.989  7956 

■9*7  768s 
.987  0571 
.986  jifti 
9.985  5819 
.984  8186 
■984  =3*5 
.983  M'S 
.981  4188 
.981  S996 

■979  *93» 
■979  ='77 
.978  1164 
■977  »»o» 
.976  1993 

997S  3640 
■974  4"4S 
•973  45"° 
■97»  4739 
•97"  4833 
.970  4796 

9.969  4619 
■96*  4337 
.967  3910 
.966  3381 
-96;  1716 
■9*4  «9S4 

9.963  1069 


t,l 


lt\l 


9.963  (069 
.961  0074 
.960  8971 
•9S9  77^4 
.958  6454 
■95'  5=40 

9.956  3541 
■9S5  1945 
.954  oiS* 
.95*  8483 
.951  6624 
.950  46S4 

9.949  1666 
.948  0573 
.946  8408 
■945  6174 
■944  3*75 
■943  'S'J 

9.941  9091 
.940  6615 
■939  4°*S 
.938  isoi 
.936  8SS1 
■93S  6»>3 

9.934  3506 
■933  0763 
■93'  7987 
■93°  S'83 
.919  »1S3 
.917  950, 

9.916  6630 

■9*5  3745 

.914  0K48 

.911  7943 

.911  5035 

.910  .iii 

9.918  9x10 

.917  63J1 

■9"6  343  3 

.915  0559 

.913  7703 

.911  4870 

9.911  1061 

.909  oiSj 

.90S  6538 

'^11  III' 

.904  8541 

9.90J  5969 

■9°*  3449 

.901  0985 

.899  85a» 
.898  6143 
■897  J97» 

9.896  1774 
.894  9651 
.893  7610 
.891  56JI 
.891  37^1 
.890  1004 

9.889  0311 


9.SB9  0311 

.887  8738 
1886  7»S9 
.88;  5887 
.8*4  4617 
.883  3481 
9.881  1455 
.881   1551 


.S8c 


077S 


.877  9616 
.8  76  9141 
9.87s  901Q 

•!?♦ !'" 
.873  8984 

.871 9198 
.871 9569 
.871  0099 
9.870  0791 
.869  1651 

.868  16S3 
.867  ]8S£ 
.866  5166 

.865  6817 


.863  1610 
.861  4931 
.861  7439 
.861  -  - 
9.860 


ir. 


IS 

.857  8750 
.857  0704 

9.856  4g7j 
.855  9166 
.855  J87* 
.854  8714 
■854  3775 
.85  3  9065 

9-*  53  45** 
■853  °31S 
.851  63.0  , 
.gji  153S 
-85  >  899* 
.85.   5687 

9-S51  1610 
■850  9794 
.850  7100 
.850  4*68 
.850  1770 
.850  0917 

9.849  9300 
.849  7948 
.849  6833 
.849  59*6 
.849  S346 
.849  4974 


TABLE  a., 

F  a  finding  the  True  Anonulj  or  the  Time  from  the  Perihelion  in  Oitttta  of  great  eocentaJcity- 
s       \   dul\ 


lU 


Digitizecy  Google 


TAIIE  K. 

\)r  flndiiig  the  Traa  Asonulr  or  the  Tune  6am  Uie  PerilwlJea  in  Oibite  of  greet  ecoentridt] 


,1,1.0,  Google 


TABLE  IX. 

b  the  ^ho«  Axtoaulj  or  the  Time  from  the  ParUieliMi  in  Ottnli  ol  great  ec 


1953.64 
1979.+4 
1005.54 


!l;!i 


1 1. go! 


Vj.lt 

li.OO 


11(4- 13 


1574.60 

»iS 

14SS.64 
1500.83 
•S3J-4S 

»6j+.oi 
i6eS.49 

X70J.46 
1738.93 

'  »774-9' 
18M43 
184S.SO 
18^6.13 


3166.59 
3109.31 

3»5».76 
3iS..i3 
3311.85 
3341.90 


I    3465.7.. 

'    3497-03 

I    3519.0. 

I    3561.60 

3595.69 

3619.10 

3663.13 

3697.50 

I    37J1.3I 

I    3767.58 

I    38o3.1< 


J6.SI 

37=7 
37-63 

3*79 
39-4' 

40.03 
40.67 
41.34 


33-93 

34-J7 
34.81 
35-17 
35-73 


15.097 
"S-439 


1M96 

ig.gi4 
"9-3*3 


11.789 

If 

si; 

17.646 
18.34. 
19.057 

»9-797 
30.561 
3i-3St 

31.167 
330"  I 


.S>4 
.633 


39.097 
3981. 


tr,ti 
49-147 


.889 


13.363 

13.714 

ii-701 
.6.115 
16.583 
17.04s 

IK" 

ig.514 

19.050 
'9-594 
10.156 

.0.738 
11.339 
11,061 

»i.6o6 


t.:i] 


oir 


;;?;* 


17.SIS 
1U7S 

»9-S*4 
304S9 
31.450 
31448 
33-485 
34563 
35.68  5 
3§.8<i 


434S» 

44-439 


ip7 
.691 
.716 

.741 
.769 
-797 
.817 

.85i 
.891 


i:;;i 


TABU  n, 

«  Sadiag  the  True  Anommlj  or  the  Hme  front  Um  Peiilielioii  io  Orbita  of  gnat  sJcentrid^ 


lUts 

J9'J-4' 
j9Sl.il 
39»9-lS 
401II.11 


4I8S-7S 
4130.  jS 
4171.6] 


»; 


t6]4.ia 
-'J9.07 

t73»-84 

tS,4.io 
^59'9S 


4965.58 


S047-n 
,5,.=t 

5146.45 

Si7S-9! 
S30S-71 


5396.76 
!49°-19 


Sli 


S1.10J 
S3,iio 

54-388 


S9'S4 

60.43^ 
61.757 
63.119 
64.513 
6S-97" 
67.465 

70-599 
7»-H) 

73-9+' 
74.fi,. 

75-695 
70-595 
77-509 
7*439 
79-3»S 
*o-3+7 
J..315 
8.31. 
»3-313 
84-36J 


91.10J 
93.190 

94-498 
9S7»9 
96.981 
98.159 

"11' 
101.134 


"07.897 
109.381 
110.896 
111.439 
1.4.013 
115.619 


7.1 


>.788 
).SiS 


1.549 

i.sSo 


71.718 

73-575 
7S493 


nlit 


14.049 

15.899 

17.78s 
19.707 
31.666 
31.66, 
35.69! 
37-77+ 
39.890 
1.048 


53-503 
S  5-9  34 
si-4.5 


177.180 
180.106 
iSj.194 
1S6.U6 
i«9-?4 
i9i.j49 
195-804 


TABLE  X. 

For  finding  the  Trm  Aomnalj  or  the  Ilin«  from  the  PariheluHi  in  Elliptic  and  HTperbolie  Orfallk 


A 

■UlpH. 

BTporbc^                                       ll 

toeB 

m. 

locO 

locLDtC 

h.uS'DUt 

10,  a 

ax. 

10,  c 

locLDUL 

iauSua. 

0.000 

S.OOO 

cot 

D.OOO  0000 

0000 

0.000  0000 

•% 

:;il 

0007 

,^98 1688 

.ijlie 

si; 

37 

■'^W 

sj; 

37 

.996  5491 

•»3i9; 

fi 

^ 

.007  <HS7 

.»Si90 

■799 

^6 

•993  1450 

.11807 

■753 

•.o^ 

oiii 

o,ooS  SiSi 

IB 

..80J 

0184 

9.991  4599 

4.11518- 

1-748  { 

% 

o»7» 

Si 

99 

114 

.01.  4*11 
.014  J914 

.Oli    IJ67 

.816 
.811 

3 

94 
109 

Sim 

.11943 

■741 
■719 

.09 

'47 

.16741 

.817 

0591 

"17 

.11,7* 

•73° 

1°:" 

07«i 

161 

0.017  994S 

4.>70S7 

■■!« 

3i; 

•£ 

9.983  1991 

'■v.v.r 

1.71J 

t04S 

.979  9694 

■"517 

IS 

•H 

1507 

•■MS  5*37 

■«8344 

■8S7 

.976  7805 

.19986 

;fi 

ao.7  49' 6 

4.18670 

1.863 

1611 

'"7 

.18999 

.869 

'§ 

.695 

:;5 

atiS 

177 

»94 

.033  363* 

■SM\ 

:Sii 

1075 
1311 

.971 0719 

.970  5»iB 

■MT, 

X 

■»J 

.035  jsii 

0.10 

jno 

0.037  js4» 

"^l 

1-895 

il;4 

9.967  4501 

4.18367. 

1.671 

145 

199 

.11 

,041  4077 

.908 

.178+0 

•»3 

■043  4585 

.915 

J7S' 

.961  91S4 

■'7S79 

■14 

4S37 

?«s 

■°4S   5159 

.31716 

.911 

11^ 

.17319 

°:'J 

49)5 
SJS' 

+.6 
+34 
45» 

0.047   6099 
.049  7109 

4.3.066 
.J1418 

•ts. 

44'4 
+765 

1?; 

9-959  93M 

.958  455* 

♦;jss;- 

I.64J 

.6j7 

■*z 

5785 

.051   8190 

■3»77J 

■94J 

.19 

^Sx 

.056   1179 

•3149» 

■9S4  <*77« 

..».3t 

CJO 

7,56 

0.058  »S9J 

4.33856 

_•  ■'*?_. 

_6>94 

9-9S»  <146 

4-lS7«5. 

1.613 

TABLE  X. 

Partn. 

' 

BlipH. 

HTPobol.. 

T 

Blip.. 

Hifi-rtoU. 

A 

Did 

A 

Wit 

A 

DIff. 

A 

Dur. 

.03 
.04 

■XI 

•09 

:ii 
i  w 

0.04808 

.11783 
■"599 

°B 

■"S751 

.1*515 
0.17166 

991 

?J! 

947 
93' 
918 

\\\ 
IS 

irs 
!?; 

7S' 

.01008 
.01033 
.03074 
.04131 
0.05109 
.06303 
.07417 
.0S550 
.09701 

.13185 

:;?3 

•»»454 
0.13867 

too! 
1015 

;:;; 

1077 
1094 
■  114 
1133 
1151 
1173 

\\n 

\xv. 
.185 
130a 

"314 

lis 

"4' 3 

■" 

»3 

M 

»9 
30 
3" 
31 
31 
34 

\i 

Ii 

39 
40 

.10174 
0.10878 
.11573 
.1115  8 

0.14165 
.14917 

■'& 

.16816 

.18668 
.1916S 

.^8«o 
0,30446 

74» 

711 
704 

Vi 

Mi 
6it 

O.IJ867 

.»;309 

'44> 
1470 
1501 

U? 

i 

TABLE  XL 

Foe  the  MotioD  io  *  Ftrabolio  OiUt. 


« 

""•C 

DUL 

1 

l«<^ 

wr. 

w 

UV^ 

ma.   II 

0.000 

0.000  0000 

0.060 

0.000  0651 

0.1.0 

0.000  »6i7 

.061 

.000  0674 

.000  »6fi! 

44 

.001 

.000  0001 

.06a 

.000  0697 

*i 

.000  170S 

44 

-OOJ 

.063 

.000  0719 

.113 

.000  1750 

45 

.00+ 

.0000003 

.064 

.000  0741 

*4 

.114 

.000  »79S 

u 

'^^ 

°:^^ 

o-ofic 

.066 

0.000  0766 

.000  0790 

H 

°:'a 

0.000  1841 

.000  i8i« 

.45 

^ 

j»o  0009 

.000  OOII 

.0*7 
.06k 

.000  0614 

.000  oyS 

1+ 

Ml 

.000  0933 
,000  1979 

tl 

.009 

.000  0015 

.069 

.119 

.000  3016 

tl 

O.OIO 

0.000  ooii 

0.070 

o-ooo  o83S 

0.130 

0.000  3074 

.000  OOli 

.071 

.000  0914 

s6 

«6 
17 
»7 

.131 

.000  3111 

tl 

.ODO  OOlG 

.071 

.000  0966 

.131 

.000  3165 

*' 

.013 

■000  0031 

.073 

■'13 

.000  izii 

49 

.014 

.ooooojs 

i 

.074 

.000  0993 

■'14 

.000  3.67 

49 

49 

0.01c 

0.000  0041 

0.07? 

0,13s 

0.000  33.6 

.016 

,  .0000046 

1 

.078 

.000  1047 

3 

»9 

.138 

.000  3365 

49 

.017 

.000  0051 

'VI 

.000  I07S 

•'H 

.000  3415 

n 

.01 8 

.000  OOS9 

I 

.000  1103 

.138 

.000  3468 

.019 

.000006s 

■£79 

.000  1131 

■"19 

.000  JS16 

51 

0.000  0071 

0.0S0 

0,140 

0.000  3(67 

.000  jSia 

.000  oolo 

.o8t 

.000  1 1 90 

19 

s» 

.ooo  ooSS 

.081 

19 

.141 

.000  367? 

s» 

.OIJ 

.0000096 

.083 

iooo  i»49 
.000  1*80 

30 

■'43 

.000  371J 

S" 

.014 

.000  0104 

.084 

Ji 

.144 

.000  177S 

"^ 

0.000  0113 

0.085 

0.000  1311 

0.145 

0.000  3818 

.086 

.000  1341 

.146 

.000  ]8Bi 

.OIT 

.000  0131 

■°ll 

.000  137J 

1' 

■'♦Z 

■000  393^ 

51 

.a^i 

J)00  0141 

-;? 

.088 

.000  1405 

13 

..4* 

.000  3989 

.019 

.000  01  s«. 

.089 

.000  1437 

.149 

.000  4044 

5S 

55 

0.030 

oj>oo  0163. 

0.090. 

0.000  1470 

0.150 

0.000  4099 

.031 

.000  0174 

.091 

34 
31 
14 
35 

It 

.IJI 

.000  4154 

.031 

.000  0185 

u 

.091 

:^  Wll 

■'S» 

.000  4109 

li 

.033 

xoo  0197 

.093 

.000  i5e9 

•>S1 

.000  4165 

.034 

.000  ow>9 

" 

.094 

.000  1^03 

•«S4 

.000  4311 

u 

0.035 

0.09J 

0.000  1638 

0.ISJ 

0.000  4378 

.03S 

.000  OJJS 

'1 

.098 

.000  l6jj 

.<s8 

.000  443S 

<i 

.037 

.0000148 

.000  o«6i 

14 

.097 

.000  1708 

■'51 

.000  4493 

It 

.03* 

*9« 

.000  1743 

li 

.isi 

.000  4S5I 

It 

•OJ9 

.000  017S 

15 

.099 

.000  1779 

\l 

■'59 

.000  4809 

59 

0.040 

<M)00  0190 

0.000  1815 

0.160 

0.000  46G8 

.041 

.000  OJ04 

\t 

17 

.161 

.000  4716 

ll 

.041 

.0000310 

.ooo  Iggo 
.000  1916 

37 

.161 

.000  4786 

60 
60 

Go  1 

.043 

.000  033s 

\i 

.103 

\l 

.163 

.000  4846 

■0*4 

.000  0351 

16 

.104 

.000  1964 

il 

19 
19 
40 
4° 

.164 

.0004906 

°3^ 

0.000  OJ67 

.000  oji3 

16 

"7 

°:\°J. 

0.000  1001 

.000  1040 

^.;y 

0.000  4966 
.000  S017 

61 

«47 

.000  0400 

.107 

,000  1079 

.167 

.000  so38 

61 
Gi 
«i 

*48 

.000  04«7 

\l 

.log 

.168 

.000  5150 

.049 

.0000435 

18 

.109 

.000  11 58 

.169 

.000  sii» 

<M.SO 

0.000  04SJ 

0.000  119B 

40 
4> 

4' 
4* 

0.170 

0.000  J174 

S'j 

.05 1 

.000  0471 

'9 
'9 
"9 

10 

.000  1138 

.171 

.000  5337 

.os» 

.000  0490 

.000  1179 

.17s 

.ooo  5400 

1 

•OS  3 
.654 

.000  OJOO 

.113 
.114 

'^Wi 

■171 

■'74 

.000  5464 
.000  5jig 

.057 

0.000  OJjg 
.000  os*8 
.000  0589 

n 

°:;u 

■"Z 

0.000  MOJ 

4> 
4* 

-Mi 

■'77 

0.000  5S9» 
.000  5657 

.000  5711 

ll 

.o<i 

.000  0610 

.Ili 

.000  1530 

43 

.I7S 

.000  5787 

^59 

.000  06^1 

.119 

.000  1(71 

43 

.179 

.000  rfd 

mzecDv  Google 


TABLE  XI. 

For  the  Hodoa  In  &  Fanfaolic  OtUt. 


,1,1.0,  Google 


TABLE  XI. 

Fw  the  Motion  in  •  FantMlIo  OrUt. 


I 

1<>C» 

cut. 

* 

loCft 

WB. 

n 

lo,^ 

nx 

0.J6O 

0.00a  4399 

0.4*0 

0.00J  37»o 

170 

0.480 

0.004  4<Si 
.004  so* I 
.004  516 J 

lOJ 

:ss: 

■^'X 

141 

I4» 

.4*1 
.411 

.OOJ  jgjo 
.003  4061 

.48. 

481 

.  ■!!> 

.oo»  4S14 

•4*3 

.OOJ    4IJI 

17a 

.483 

.004  54*7 
.004  S670 

.,i. 

.ooi  4967 

■4»4 

.OOJ  4404 

-484 

-ISI 

0.001  5110 
.oca  S1S4 
.001  5398 

'44 
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This  table  exhibits  the  limits  of  the  roots  of  the  equation 

Bin  (Z  —  0  =  in«  Bin'  /, 

when  there  are  foar  real  roots.  The  qnantities  %  and  mi  are  the  limitJnf 
f^laes  of  iTig,  and  the  values  of  z,',  z,',  t^',  and  z/,  corresponding  to  e»fh  t^ 
tiiese,  give  the  litnita  of  the  four  real  roots  of  the  equation. 
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This  table  exhibits  the  limits  of  the  roots  of  the  equation 

Bin  (/  —  C)  =  m,  sin'  1^, 

when  there  are  fonr  real  roots.  The  quaDtities  m,  and  m,  are  the  limiting 
valnes  of  m„  and  the  values  of  z,',  s,',  t,',  and  z^',  corresponding  to  «ach  of 
these,  give  the  limits  of  the  fonr  real  roots  of  the  equation. 
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.o>4  J371 

6»sj 

7136 

So  18 
■□14  8900 
H9^|J 

»S   "5+3 
»S  »4»3 

»S  4183 
»S  5063 


.016  »9&7 
.016  JII44 
.016  47»i 
,016  5597 
1.016  6473 
ai6  7349 
3i6  8114 


.017  1597 

'7  347'      , 
.017  434S      J 


J  hoi 

I  9580 


8  3936 

I  4806 

B  5676 

i  6546 

8  74"  S 

!  S1S4 

B  9>;] 


9  J494 
'  «*I 
9  S"» 
9  6095 

9  6061 

9  78»7 

9  859J 

9  9SS9 

D  0414 


=  3883 

=  4747 


'  7676 
I  8,36  ■ 
I  9396 


.  iBji 

1  36S, 
»  4S+7 


TABLE  TTTT. 
Fw  finding  th<  Ratio  of  the  Sector  to  th«  Triaogle. 


.033  05, 
0.0  j3  1401 


■033  7; 
.on  I: 
.OJ3  909: 


!og| 


.53  3601 

,54  9488 
■OSS  7397 


4J?8 
.061  9895 
.063  530S 
.065  0639 
.067  34«i 


S7»S 

3087 

7  0+30 


79  4348 

It  nil 


6  +J35 
.087  .3»7 
>S7  8401 
i38  S459 
,89  .SO" 
.0S9  95»3 
.090  6s 30 
-  1  3510 
I  0494 


0.096  8849 
.097  5691 
.09S  1510 


oj  6576 
04  J164 
04  0936 


o  1783 

0  9JJJ 

1  5849 
I  1360 
»  8Ss7 


+  8264 
5  47=4 
S  1131 


13  0917 

13  7191 

=4  3444 

14  9681 
35  5908 
16   II II 

16  8311 

17  4508 

18  0683 
ag  6845 

19  199+ 
19  9131 
1°  s»ss 

31  1367 

31  7466 


33  5690 
14  '74'* 
14  7778 


Digil.zecy  Google 


TABLE  Xm. 

For  finding  the  Bado  of  the  Sector  to  the  Triui^a. 


r 

iotA        1  DW. 

' 

lo»* 

IMK 

' 

w 

H 

,1,1.0,  Google 


TABLE  Xm. 

Fat  finding  the  Batio  of  the  Sector  to  the  Triuigle. 


.361 

.J65 
■lU 

■  0.361 


■in 
.398 


o.iii  1031 

■"9  0943 
.129  5190 
.M9  9831 
o.»io  41GJ 
.130  4694 
.»]!  \ui 

.131  75 1» 
.131  1941 

6146  i. 


■»33  0743 
■131  95»" 

..34  3900 

4 
4 
4 

\ 

0.134  gj74 
■»JS  a64» 
■»3j  1°°% 

.136  5709 

\ 

0.137  ooSJ 
.aj7  4391 
.»37  «7iJ 
.13S  3050 
■»1<  7370 

4 
1 
4 
4 

o.»39  1685 
.139  S993 
.140  0196 

■x%m\ 

1 
4 

0.141  3171 

■H>  74SI 
.141  1715 
.»4i  S994 
.143  OIS7 

4 
4 

4 

'■XV,V,'d 

.144  331* 
.144  7i!» 

4 
4 

":» 


0.153  9'S 

'i4  3»Si.  ,,,„ 

'S4  7379  I", 

'5S  SS«*  J095 


.56  7BS3  *°** 

|S7  J93J 

ijB  007s 

i<;8  gigi 


.59  "S> 
159  6300 

.160  0344 
.s6o  43  Si 
.160  X41; 
■»*"  *444 

0486 
.161  4499 
.i6j  (507 
.163  J5M 

163  6509 
.64  0503 
.J64  4491 

■»*4  *47S 
-»SS  J454 
iti;  641K 

<,iG6  0397 
Bill 


o-»77  T>7» 
.178  1096 
.178  4*16 
.178  S7J1 
■"79  »543 

0.179  6349 


I  9096 

»  i87« 

.  6644 

,i«3  041 1 

583  4'7J 
.183  7933 
.184  1686 
-84  54,6 
,84  9,li 


.186  784; 
.87 1565 
187  5181 
.187  1991 

,88  1700 

88  6403 

89  010. 
.89  3797 
,89  74J7 

90  1 174 
.90  4856 

.190  8535 


3810' 
38,61 
38"  I 
3806 

j8« 

3798 
3794 
378s 


1759 

3754 
175°  ■ 
3745 

374» 
1737! 
373'' 

37^9  1 
37H| 


3695 
3690 

3687 


3674 ; 
3670' 
3666 ! 
,661 


ioy  Google 


TABLE  TTTTT. 
For  finding  Hi*  Batio  of  the  Sector  to  the  Tiuiigl& 


r 

lot' 

^. 

, 

log* 

no.      1           lot*        out 

TABLE  HT. 

v  fludiiig  the  Balio  of  the  Sector  to 


UnwrlKte.        INir. 


•3 


0  0799 

"lit; 


til 


0.000  0686 

00716 

o  076^ 

0    080' 


'I 

''  i 

\l 


□  0984 


lUll 


o  0489 

0  OS13 


:iii; 


TABLE  srr. 

For  finding  the  Batio  of  the  SccUir  to 


.067 
.o6t 


.077 
.07* 


D    117! 

°  »3St 
0  1431 


3    4834 

a  1918 
0  J004 

0  J169 

0  3360 
=  J45J 

D  3841 
D    3738 

0  383  5 
0  J934 
D  4034 
0  413* 
0  4139 


0  4663 
0  4773 
348SJ 
0  4996 
0  S109 
0  s»i4 
=  S34I 
D  54S8 
0  SS77 
"  5*97 
0  5819 


3  6976 

0  7111 

0  7148 

a  73S6 

3  7S»6 

3  7667 

0  7809 

3  79S3 

3  8098 

=>  «'45 

'  !J91 

3  8541 

3  8e93 

=  884S 


0  1317 
0  139S 

0  1470 


^.•!; 

76 

TOO    1911 

000    3001 

ii 

000    3081 
000    3161 

St 

1 

000    3317 
000    3411 

r;s; 

S6 

«..  ill. 

U 

SJiJi 

»9 
90 

0  4790 

0  4890 


a  6734 
3  6851 

3  70S8 

"o  73*9 
0  74S1 
0  7S74 
o  7698 


■\ll 


0  8999 
0  9154 


:3t; 

I  0784 
1301 

"477 
i*S4 


M9J 

t  .560 
"  *74J 
I  1933 


;ss; 


I  S090 

'  S>9S 


1  6344 

1  6559 

1  677s 

I  6991 


\iin 


1 8558 

1 8788 

'  9»S3 
I  9487 
I  9714 
I  9961 

»  044s 

'  ,^8i 


TABtE  HV. 

For  Suding  the  Batio  of  the  Sector  to  the  Tiungle. 


... 

DUL 

Hi 

»»9 
119 

oti 

»3' 

3'  + 

»ji 

778 

»J3 
»34- 

716 

li 

;i; 

ij6 

:i5 

*»7 

l66 

»J9 
»39 

S 

14> 
141 

141 

171 

Ul 

','st 

*43 

»44 

a, 

»45 

MS 

I4S 

146 

PI 

:ji 

ji 

149 

»49 

087 

»SO    1 

!!? 

IJO 

il9 

151 

»S1 

•r 

»S4 
»S4 

3*5 

»S7 

»S7 

35 

158 

394 

»IS 

6s4 

160 

914 

16 1 

'7! 

»6i 

■37 

ifij 

',11 

»63 

»64 

.01 

a' 

57 

166 

013 

167  , 

.6; 

ill 

169 

16, 

HI 

.69 

17"     1 

06 

UK 

*  ♦si! 

1 4786 

t  Sos6 

»  SjaS 

»  5*77 

>  5433 

1  6713 

1  6995 

1  7178 

1  7(64 

.  8139 

i  84»9 


3  6!»4 
3  691 1 


I  6960 
I  7139 

1  7319 


t  8976 

1  9165 

»  91S4 

'  9S4+ 

'  97  3 J 

I  9918 


1  iojE 
1  6175 
1  6+93 


0.003  8189 
.003  86js 
.003  8983 
■°°i  9313 
.003  9885 

0.004  °'']9 
.004  0394 
.004  0751 
.004  itii 
.004  1471 

0.004  '«3S 
'"*  "It 
,004  1934 
.004  3305 

0,004  3*77 
.004  4051 
.004  4417 

.004  S184 
0.004  55** 
.004  S949 
.004  6334 
.004  6711 
.004  7HI 
0.004  7501 
.004  7»94 
.004  81S9 
.004  8686 
.004  9085 

o-o<H  948s 
.ooj  0699 

.OOJ  U07 

0.00s  'SI7 
.005  19 JO 
.00s  1344 

•OOJ  3178 

0.005  J598 

.005  4010 
.005  4444 
.005  4870 
.005  5198 
O'^S  ^718 

.005  6594 
.005  7030 
.OOJ  7468 

0.00s  7908 
.00;  83SO 

.00s  879s 


i»; 


374 

37* 


;.i 


43* 


TABLE  XV. 

For  Elliptic  Oriiila  of  gieal  eocentiid^. 


(CVt 

iosa,«iogaj 

IMK 

l«f  Jf 

ML 

««( 

0 

1 
2 
3 
4 
S 
• 
T 
8 
9 
10 
11 
13 
13 
14 
15 

le 

17 
18 
IB 

21 
22 
23 
24 
20 
26 
2T 
2S 
39 
30 

o.ooo  oooo 

.OOO    QOOO 

.ooo  oooo 
o.ooo  oooo 
.OOO  oooo 

.OOO    OOOJ 

.OOO  0003 
0.000  0004 
.000  0005 
.000  0007 
.000  0009 

.000  00.9 
.0000013 

.000  0017 

0.000  OOJI 

.000  0037 

.000  0O+3 
.000  0050 
.000  0057 

0.000  0066 

.000  0007 

•™  °"1 

0.000  0177 

.000  01s  s 

.000  0347 
.000  0454. 

.000  OS74 
.000  085* 
.000  1199 

.OOO  1390 
.000  JOjl 

0.000  1S39 

.000  3131 

.000  3437 

.000  J7S7 
.000  4091 

.000  JJoj 
.000  Sl8t 

.000  SJ73 
.000  59^ 

J6 

n 

9» 

107 

«3S 

•5 

106 

i 

»77 

5S 

3»o 
3J4 
349 

$1 

191 

+07 
4»o 

30 
31 
32 
33 
34 
35 
3« 
3T 
38 
39 
40 
41 
43 
43 
44 
45 
4« 
47 
48 
49 
M 
51 
53 
53 
54 
55 
56 
57 
58 
59 
60 

lotBtor^otB,' [  nSI 


TABLE  XVI. 

For  HjpMbolic  Orbits. 


.«« 

logeorloiC- 

iBtr-DiK 

iDsbiivit.Dur. 

..„ 

locQorloge 

lOfLDUr 

log  kdflLIHC 

OJSO 

^3 
.04 

0.000  oooo 
9.999  9870 

■999  7917 

»-4'S97> 

1.7167s. 
1.69159- 
3.01 741. 

1.1141, 
111  37. 
1.1130. 

''ill 

9.998   701, 
.998  4308 
.998   1341 
■997   Si  13 
.997  4*54 

1.4">i«. 
3-4S3»6- 
J49018, 
3-S»4*3. 
JSSS47- 

1.1046. 
«.io.s, 

1.0951, 

°:3 

.09 

9  999  *746 
■999  S3'* 
.999  3S»8 
.999  16R1 
■998  9+79 

3...4M. 

3.1 9*90- 

3.36745. 

XI 097. 
1.1 0*1. 
1.106s. 

■19 

.996 1760 
.99s  3I0S 

3-S<4S3. 
3§"S4- 

168176. 

».o79«, 

0..0 

9.99B  7"> 

3-4  "S6. 

x.,o46. 

0.10 

9.994  8671 

3-70378. 

TABLE  Xm. 

For  ipecdal  PertnTbationa. 


Tor  poiltln  nlBM  of  tb>  Arf 


-0037 
.0038 
.0019 


■476  9*'4» 

■476  7957 
476  6671 

0.476  5787 
.476  4701 
.476  J6.8 
.476  »S34 
.476   1450 

0-476  "367 
■475  ?»«4 
-475  iioi 


-475  3*7" 
■475  "789 
-47S  1707 
^7S  oS»6 

<M-74  9S4S 
■474  •4*4 
.474  73«3 
•474  0303 
■474  5»»J 

0-474  4143 
■474  30*3 
■474  "983 
-474  0904 
■473  9"S 

CX47J  8746 
■473  7667 
^73  6S89 
■473  SS" 
-473  44S3 

0-473  3355 
■473  "7i 
.473  i»o> 
-473  '"»4 
.47a  9047 

o-47»  7970 
^7»  6|94 
.47*  S»i8 
-47»  4741 
.471  3666 

o-47»  »S9' 

-47*  "5" 

471  -  - 
■47' 


n** 


■850 
■471 0777 
.470  0704 

.470  «3» 
.470  7560 
.470  6488 


0  941' 

0  Sjfij 
0  7S9S 
□  6ii7 

0  5959 
0  5091 
0  411+ 
0  3357 


0  0756 
9  9889 


9  1963 

9  OiU 


0.198  4 
.198  3 
.198  1 


I  mi 


7  "49 
7  .,88 
7  0(18 

6  liol 
6  7946 
6  7086 
6  6116 
6  5367 
6  4J07 
6  3648 
6  1788 


8«9 

8«8 


0.477  '"3 
-477  i»99 
■477  33»S 
.477  4471 
.477  5558 

0.477  664s 
■477  773» 
-477  86.9 


0^78  1081 
.478  3170 
■478  4159 
■478  SJ48 
■478  6437 

0.478  7516 

^78  SSij 
.478  9705 

■479  °79S 
■479   >88S 

0.479  >975 
-479  4065 
■479  5 "SO 
■479  6»47 
■479   733" 

0,479  84JO 
■479  95»i 
.480  0614 
.480  1706 
^go  X798 

0.480  389. 
480  A9S4 
.480  6077 


0481  4B31 
.481  S9»6 

-481  9"4 
0.48.  03  ■  = 
481  J407 
481  1504 
481  3601 
481  4698 
0481  J796 
481  8894 
.481  7991 


0.483  1187 
483  aj«6 
.483  14fS 
483  4(84 
.483  5684 
48J  S784 


DUt       lot/',  lof/«     Dur.  I 


II  1477 

»   334* 


3'>3  J»'5 

303  4689 

303  ss6i 

D.JQ3  6436 

■p,  hj: 

.30J  9058 

303  9933 

>.304  0807 

.304  1681 

.304  1SS7 

,304  3431 

.304  4308 

4  |»«3 

4  6059 

4  *93i 

4  7S11 

4  mi 

J.  304  9563 

■305  0440 

305  1317 

30J  1194 

.joj  1071 

5,305  3048 

30s  4S»S 

305  5703 

30s  «s'i 

30s  74S9 

JOS  8337 

joj  9»'S 

306  0094 
.306  0973 
.306  i8;i 


TABLE  XVn. 

For  ipecul  PcTtorlntioiu, 


s6e 


0.470  6488 

■470  S4'6 
■470  4J45 
■+70  317* 


0.0075 
.0077 


D087 
HOES 
.0089 


,009+ 
09; 


.469  6Ss» 
0469  5781 
.469  47  »3 
•469  JS44 
•469  »S7J 
.469  1506 

M*9  0417 

.468  0369 

.468  S301 

.468  71 j3 

.468  6i6j 

o^.(i8  509S 

.468  4011 

.468  1964 

.468  1897 

.4S8  0S31 

0.467  9765 
.4G7  8699 
.467  76}] 
.467  6567 
•467  55" 

<h67  4437 
.467  3 371 
.467  1307 
.467  "43 
,467  0179 


46G  4861 
q.466  J799 
.466  1736 
.466  1G74 
.466  0611 
■46s  955° 
0^6;  8488 
.465  7+17 
.465  6]66 
■465  S3=S 
.46s  4- 

0^65   3183 


^64  5766 
.464  4707 
464  J648 
^64  1590 


los/',  log/"      Dlff. 


.195  6779 
.195  S9»" 
.»95  5063 

o.»9S  4iO| 
.195  J348 
.195  3*91 
.195  1634 
-»9S  0777 

o>i94  9910 
.194  90*4 
.194  8308 
■»94  73  S' 
,194  649s 

0.194  s*40 
.194  4784 
.194  3918 
.194  3071 
.194  ml 


.193  0653 
.193  8799 
■*93  794S 
0.193  7090 
.193  6136 
.193  5383 


.191  9411 

0.192  8558 

.191  7706 

.191  6854 

.191  5150 
0.191  4198 


0.191  0043 
.191  9191 
.Z91  S341 


0,191  1S44 
.191  069 j 
.190  9846 
.190  8997 
.190  8149 
■190  7300 


lo(/ 


0.483  6784 
.483  7884 
.483  S984 
.484  ooic 

.484  IIS6 
0.484  1187 

.484  338* 
-484  4490 


.485  1107 

o-4<S  3J" 
■48  s  44"  S 

-485  si' 9 

.485  6611 
■4SS  77»8 


6  6573 


•4K7  3»i7 
■4*7  41*5 
0.4B7  (433 
■487  6S4» 

■487  76  S' 
.487  87«o 
.487  9869 

0.488  0979 
.488  1089 
.488  3199 
■488  4309 
488  5410 

0.488  6531 
^.88  7641 
.4B8  87S3 
.488  9865 
•489  0977 

0.489  108 
■489  3«- 
■4|9  41 14 
.489  5417 
.489  6540 

0.489  7653 
.489  8767 
.489  9881 
■490  099s 
.490  1109 
.490  3113 


TABLE  Xm. 

For  •p«eUl  PerliirbUioaB. 


Io«/ 


IHft        !■«/'.  log/'      Wff. 


0.464  »S90 
■464  i5J» 

■4*4  0474 
■46J  94>6 
-46 J   »JS9 

O.46J  7J0» 
.463  6145 

.461  Slit 

■4fij  4'JJ 
■4*1  1070 
046J  « 


^6»  8853 
.46a  7798 

M*  4633 

461  JS79 
■46*  iS»S 
0461  1+71 
■4'»  04;7 

^.  715a 

0461  610; 

•461  5'S3 

461  3049 

■4'<  1997 

0461  0045 
460  2*94 

.460  7791 
460  6741 
0460  5690 
•460  4640 
460  1S9D 
460  iS4= 
460  1490 


■458  7*65 
■45*  S77» 


•45»  1589 
•4S8  OS44 
■4S7  9499 


.190  47S«. 
»90  J909 


T,y- 


848 


^189  0J69   g 

.188  8670     ?+! 
•iSS  7S3S 
.188  699a 
0.AS8  6146 
188  cioi 

taS  >77i 

■as  1918 
taa  loS; 
.xsa  0141 

■**7  9399 

.187  gj^e 

>.»87  77  "3 

.xiy  6871 

.1*7  6019 

.»a7  S187 

.187  4345 


187  350; 

187  166: 

187  1 810 

187  0979 

187  01 38 

1 1 


186  4,ss 

.86  34»S 

186  »S7S 

.86  .736 

6  0896 

6  0OS7 

;  9>t& 

;  83K0 


0,490  3I»j 
■49"  43  3« 

-490  ijii 
•490  7*84 

0.490  S800 

.49a  9916 
,491  I03I 

-49«   ''■- 


•49'   77j6 
■49"  8854 


■49*  7807 
49»  8917 
■491  0047 
0493  1168 
491  "89 
■491  34'0 
-493  45  J» 
■493  S*S4 

0493  6776 
■49}  7898 
■491  90*> 
■494  0144- 
■494  IW7 

0494  1390 
■494  15'4 

494  461a 
■494  576» 
.494  iSS6 

0494  80 10 
■494  9' IS 

495  oiiSo 
495  1385 
49S  151c 

0495  3636 
495  4761 
495  5*88 
-495  70'5 

495  8 141 

0.49s  9169 

496  0396 
496  i;»4 
.496  "51 
496  37I0 

"■49«  49°8 

496  7166 
496  8195 
■49*  94»4 
-497  0554 


TASLE  XVn. 

For  ipecUl  PertiirlMtioii& 
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TABLE  XXI.    OonHtantB,  &o. 


Bmb  of  Naperian  l<«aritluiu «= 2.71828183  0.43429148 

Modnloi  of  the  common  logariUuiu        .       .       .      A,  =s  0.43429448  8.83778431  —  II 

BadtnB  of  » Orcle  in  seamda r  =  206364J06  6.31442613 

>         >        »       V  minutes r  =  3437.7468  3.63B27388 

•        »        »       »  d^reee r  =  67.29578  1.76812263 

CCnnmference  of  a  Circle  in  BeoondB        ....        1296000  6.11260600 

>  ft      whenr=l.       .       .       .  ir  =  3.14169266  0.49714987 

eiiiA  of  1  Mieoiid 0.000004848137  4.68667487-    ■    ' 

Eqoatorial  horiiontal  parall«z  of  the  ion,  according  to 

Encke fr".67116  0.9330396 

Lengtli  of  the  odereal  year,  according  to  Hansen  and 

Oln&en 366.2663682  dayi  2J>6269778 

Length  of  the  tropical  fear,  according  to  Hansen  and 

Olufien 366.2422008    >  2.66268096 

Tiua  Tilne  of  the  length  of  th«  tropical  year  Ii  for  1860.0.      The  atintial  TariatioD   ii 


Time  occupied  by  the  paaeage  of  light  OTer  a  diatance 

equal  to  the  mean  distance  of  the  earth  from  the 

nm,  according  to  StniTe 497.'827  2.6970786 

AttnctiTe  force  of  the  BUD,  aooordtng  to  OawB         .        i  =  0.017202099  8.23668144  —  10 

V  ■■         «  «  fvinift- 

condiofaro S64&18761  3.66000667 

Constant  of  AberratioD,  aoconliDg  to  BtruTe 20".4461 

*         H  Nutation,  a  «  Peters 6".2231 

BfeMi  Obliquity  of  the  ecliptic  far  1760  + 1, 

according  to  Bend        ....        2S°28' I8"J»  — 0".4836Sl  — 0".0D0OD272295( 
Uean  Obliqui^  of  the  ecliptic  for  1800  + 1, 

•ooording  to  Btravs  and  Petew     .       .       23°  27'  64".22  —  0".4738(  —  0".0000014i> 

Geuml  Preoenion  for  the  yeu  1760  + 1,  according  to  B«Mel  60".2112g  +  0".00024429C6f 

»  •        *  ■  *        *  8tniT«         60".22g80  +  0".00022ei 


HiMU  or  XHi  fLAmn,  tek  Miae  of  tbs  Bux  Bzuia  tbe  uhit. 
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EXPLANATION  OF  THE  TABLES. 


Table  I.  contains  the  valaes  of  the  angle  of  the  vertical  and  vt  the 
togarithm  of  the  earth's  radius,  with  the  gec^raphica!  latitude  as  the 
u^tnent.  The  adopted  elements  are  those  derived  by  Bessel.  Do< 
noting  hy  p  the  radius  of  the  earth,  hj  <p  the  geographical  latitude^ 
and  hy  f'  the  geocentric  latitude,  we  have 

¥«  =  ^  — 11'  30".65  sin  2y  +  1".16  sin  49>  —  Ac., 

log  p  =  9.9992747  +  0.0007271  cob  2?  —  0.0000018  cos  4?  +  4c, 

p  bong  expressed  in  parts  of  the  equatorial  radius  as  the  unit  These 
qaantitiea  are  required  in  the  determination  of  the  paralUz  of  a 
heavenly  body.  The  formulie  for  the  parallax  in  right  ascension  and 
in  declination  are  given  in  Art.  61. 

Table  II.  gives  the  intervals  of  sidereal  time  corresponding  to 
given  intervals  of  mean  time.  It  is  required  for  the  conversion  of 
mean  solar  into  sidereal  time. 

Table  III.  gives  the  intervals  of  mean  time  corresponding  to 
given  intervals  of  sidereal  time.  It  is  required  for  the  oonverwon 
»f  sidereal  into  mean  solar  time. 

Table  IV.  furnishes  the  numbers  required  in  convertinj;  hous, 
(oinutes,  and  seconds  into  deinmals  of  a  day.  Thus,  to  convert 
\ih.  19m  43.68  into  the  decimal  of  a  day,  we  find  fi«m  the  Table 

13A  =0.6416667 
19m  =0.0131944 
43«  =  0.0004977 
0.6*  =  Q.Q0QQ058 
Therefiiru  ISA  19m  43.6«  =  0.6653648 


652  THBOBETIUAL  ASTBOSOMY. 

The  dednial  correspocdrng  to  O.Ss  is  found  from  that  for  5«  I7 
changiDg  the  place  of  the  deciitud  point. 

Table  V.  serves  to  find,  tor  anj  instant,  the  number  of  daya  fiotn 
the  b^inning  of  the  year.  Thus,  for  1863  Sept  14,  ISA  63m  37.2$, 
we  have 

8ept.  0.0  =  243.00000  daja  from  the  b^inning  of  the  year. 
14d  IfiA  63m  37.2»  =  14.66224 
Required  number  of  days  =  267.66224 

Table  YI.  cootaina  the  values  of  M=  75  tan  }ti  +  25  tan*  Jo  tot 
values  of  v  at  intervals  of  one  minute  from  0°  to  180°.  For  an  ex- 
planation of  its  construction  and  aae,  see  Articles  22,  27^  29,  41, 
and  72. 

In  the  case  of  parabolic  motjon  the  formnbe  are 

m  =  -%,  Jf=m((  — T), 

wherein  1(^  C,  =  9.9601277.  From  these,  by  means  of  the  Tabl^  « 
may  be  found  when  ( —  3"  is  given,  or  ( —  T  when  v  is  known.  From 
9  =  30''  toB  =  180''  the  Table  contains  the  values  of  1<^  Jtf. 

Table  YII.,  the  oonetracUon  of  wbioh  is  explained  in  Art.  23, 
serves  to  determine,  in  the  case  of  paiabolio  motion,  the  true  anomaly 
or  the  time  from  the  perihelion  when  e  approaches  near  to  180'. 
The  formuln  are 

'i^  ,    .  .      -,-      200       of 


BUI  m »)  -=7-1  v-=M+4„  • ^ Tf-  ■  -:— i 1 

\  M  *  C,     8in*« 

tc  being  taken  in  the  second  quadrant.  The  Table  gives  the  values 
of  Ag  with  v>  as  the  argument.  As  an  example,  1^  it  be  required  to 
find  the  true  anomaly  corresponding  to  the  values  t  —  T=22,S  dayi 
and  logg  =  7.902720.    From  these  we  derive 


Table  VI.  gives  for  this  value  of  I<^  if,  taking  into  account  the 
second  difTcrences, 

f  =  168°69'32".49; 

bat,  using  Table  VII.,  we  have 

VI  =  168'  59'  29".ll,  4,  =  S''.87, 


Ogle 
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and  hence 

e  =  w  +  i,  =  168»  By  32".48, 

the  two  lesults  agreeiog  completely. 

Table  Vin.  serves  to  find  the  time  from  the  perihelion  in  thp 
case  of  parabolic  motion.  For  an  explanation  of  its  construction 
and  use,  see  Articles  24,  69,  and  72. 

Table  IS.  is  used  in  the  determination  of  the  true  anomaly  oi 
the  time  from  the  perihelion  in  the  case  of  orbits  of  great  eccen- 
tricity, Ita  construction  is  fully  explained  in  Art.  28,  and  its  use  in 
Art  41. 

Table  X.  serves  to  find  the  value  of  v  or  of  £  —  T  in  the  case  of 
elliptic  or  hyperboUo  orbits.  The  construction  of  this  Table  is  ex- 
plained in  Art  29.  The  first  part  gives  the  values  of  log  B  and 
Ic^  C,  with  A  as  the  aigament,  for  the  ellipse  and  the  hyperbola. 
In  the  case  of  Ic^  C  there  are  given  also  log  I.  DiET.  and  log  half  II. 
Diff*.,  expressed  in  units  of  the  seventh  decimal  place,  by  means  of 
which  the  interpolation  is  facilitated.  Thus,  if  we  denote  by  log  (O) 
the  value  which  the  Table  gives  directly  for  the  ailment  next  less 
than  the  given  valae  of  A,  and  by  &A  the  diSerence  between  this 
argument  and  the  given  value  of  A,  expressed  in  units  of  the  second 
decimal  place,  we  have,  for  the  required  value, 

log  C=  log  CCO  +  ^AX  I-  IKff.  +  ^A*  X  half  n.  Diff. 

For  example,  let  it  be  required  to  find  the  value  of  log  0  correspond- 
ing to  J  =0.02497944,  and  the  process  will  be: — 

(1)  m 

Aig.  0.02,           log(a)=0.00S4086  logLI»fl:= 424585  IaglMlfn.I»S=1.7TS 

(1)=         8770.6  Jogiil    =9.69718  2IogAil          —  9.3M 

^=0A97Mi,        (2)  =            14.8  8.94303  1.172 
log  0=0.0043771 

The  second  part  of  the  Table  gives  the  values  of  .^  craresponding 
to  pven  values  of  r. 

Table  XI.  serves  to  determine  the  chord  of  the  orbit  when  the 
extreme  radii-vectorea  and  the  time  of  describing  the  parabolic  an 
are  ^ven.  For  an  explanation  of  the  constraction  and  use  of  this 
Table,  see  Articles  68,  72,  and  117. 
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Table  XII.  exhibits  the  limits  of  the  real  roots  of  the  eqaataoa 

Bin  (/  —  Z)=m,  sin*  <*. 

The  conatraction  and  use  of  this  table  are  fully  explained  in  Article* 
84  and  93. 

Tables  XIII.  and  XTV.  are  used  in  finding  the  ratio  of  the 
sector  iucluded  bj  two  radii-vectores  to  the  triangle  included  by  the 
Bame  radii-vectores  and  the  chord  joining  their  extremities.  For  an 
explanation  of  the  construction  and  use  of  these  Tables,  see  Articles 
S8,  89,  93,  and  101. 

Table  XV.  is  used  in  the  determination  of  the  chord  of  the  put 
of  the  orbit  described  in  a  given  time  in  the  case  of  very  eccentric 
elliptic  motion,  and  in  the  determination  of  the  interval  of  time 
whenever  the  chord  is  known.  For  an  explanation  of  its  construo- 
tion  and  use,  see  Articles  116, 117,  and  119. 

Table  XVI.  is  used  in  finding  the  chord  or  the  interval  of  time 
in  the  case  of  hyperbolic  motion.  See  Articles  118  and  119  ibr  an 
explanation  of  the  use  of  the  I^ble,  and  also  the  explanation  of 
Table  X.  for  an  illustration  of  the  use  of  the  columns  headed  l(^  I. 
Diff.  andloghalflLKS". 

Table  XVII.  is  used  io  the  computation  of  special  perturbations 
when  the  terms  depending  on  the  squares  and  higher  powers  of  tlie 
masses  are  taken  into  account.  For  an  explanation  of  its  constmo- 
tion  and  use,  see  Articles  157, 165,  166,  170,  and  171. 

Table  XVIII.  contains  the  elements  of  the  orbits  of  the  comets 
which  have  been  observed.  These  elements  are:  T,  the  time  of  peri- 
helion  passage  (mean  time  at  Greenwich);  ir,  the  longitude  of  the 
perihelion;  ii,  the  longitude  of  the  ascending  node;  i,  the  inclina- 
tion of  the  orbit  to  the  plane  of  the  ecliptic;  e,  the  eccentricity  of  the 
orbit;  and  q,  the  perihelion  distance.  The  longitudes  for  Noa.  1,  2. 
12,  16,  91,  92,  115,  127,  138,  155, 166, 159, 160, 162,  171, 173-175 
180,  181,  185,  191,  192, 195-199,  201,  203,  204,  207,  208,  212-21/i, 
217-219,  221-228,  230,  233,  234,  237-248,  261-258,  261-267, 
269-275,  277-279,  are  in  each  case  measured  trom  the  mean  equinox 
of  the  beginning  of  the  year.  In  the  case  of  Nos.  134,  146,  172, 
182,  189,  190,  205,  231,  232,  236,  269,  and  268,  the  longitades  ars 
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jieasnred  from  the  meao  eqoioox  of  the  b^^moiDg  of  the  next  year. 
The  longitadeB  for  Noa.  19  aod  27  are  measared  from  the  meno 
eqainoz  of  1850.0;  for  ISo.  1S6,  from  the  mean  eqainox  of  July  3; 
for  No.  187,  from  the  mean  equinox  of  Not.  9;  for  Ko.  200,  from 
the  mean  equinox  of  July  1 ;  for  No.  202,  fr^m  the  mean  eqainox 
ofOctl;  for  No.  206,  from  the  mean  eqninox  of  Oct.  7;  for  No.  211, 
from  the  mean  equinox  of  1848.0;  for  No,  216,  from  the  mean  eqai- 
nox of  Feb.20;  for  Mo.  229,  from  the  mean  equinox  of  April  1;  foi 
No.  250,  from  the  mean  equinox  of  Oct.  1 ;  and  for  No.  276,  from 
the  mean  equinox  of  1865  Oct.  4.0. 

Noa.  1,  2,  11, 12, 20,  23,  29, 41,  63, 80,  and  177  give  the  element* 
for  the  successive  appearances  of  Halley'e  comet;  Nos.  104, 116, 126, 
143,  149,  157,  167, 170,  176,  178,  183,  194,  210,  220,  235,  249,  and 
260,  those  for  Encke's  comet,  the  longitudes  being  measured  from  the 
mean  equinox  for  the  instant  of  the  perihelion  passage.  Noe.  92, 
127,  159,  172,  196,  and  222  give  the  elements  for  the  suocessive  ap- 
peflranoes  of  Biela's  comet;  Nos.  187,  216,  250,  and  276,  those  for 
Faye's  comet;  Nos.  197  and  238,  those  for  Brorsen's  comet;  Noa. 
217  and  243,  those  for  IV Arrest's  comet;  and  Nos.  145  and  246, 
those  for  Wionecke's  comet.  For  epochs  previous  to  1683  the  dates 
are  given  according  to  the  old  slyle. 

This  Table  is  useful  for  identifying  a  comet  which  may  appear 
with  one  previously  observed,  by  means  of  a  similarity  of  the  ele- 
meots,  its  periodic  character  being  otherwise  unknown  or  at  least  un- 
certain. The  elements  given  are  those  which  appear  to  represent  the  ' 
observations  most  completely.  For  a  collection  of  elements  by  vari- 
ous compnters,  and  also  for  information  in  regard  to  the  observations 
made  and  in  regard  to  the  place  and  manner  of  their  publication, 
oonsult  Carl's  Reperlariwm,  der  Oometm-A^orwmie  (Munich,  1864), 
or  Galle's  Comeim-Verzaehnisa  appended  to  the  latest  edition  of 
Olbers's  Melhode  die  Bahn  ane«  CotMiea  zu  berechnen. 

Table  XIX.  contains  the  elements  of  the  orbits  of  the  minor 
planets,  derived  chiefly  from  the  Berliner  Adronomiachea  JahrfnuA 
fur  1868.  The  epoch  is  given  in  Berlin  meau  time;  Jf  dcnotrs  the 
mean  anomaly,  f  the  angle  of  eccentricity,  p  the  mean  daily  motion, 
and  a  the  semi-transverse  axis.  The  elements  of  Vesta,  Iris,  Flora, 
Metis,  Victoria,  Fnnomia,  Melpomene,  Lutetia,  Proserpina,  and 
Pomona  are  mean  elements;  the  others  are  osculating  for  the  epoch. 
The  date  of  the  discovery  of  the  planet,  and  the  name  of  the  dis- 
coverer, are  aluo  added. 
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Tablb  XX.  oontainB  the  mean  elements  of  the  oibitfi  of  the 
major  planeta,  together  with  the  amount  of  their  Tariations  duriog  a 
period  of  one  hundred  ^eara.  The  epoch  is  expreaeed  in  Oreenwicfa 
mean  time,  and  L  denotea  the  mean  longitude  of  the  planet 

Table  XXI.  gives  the  valaee  of  the  masses  of  the  major  planets, 
and  also  variooi  oonstants  which  are  oaed  in  astronomical  calonla- 
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APPENDIX. 


A.  iVecenfcm. — If  we  adopt  the  values  for  the  preoeaeioB  and  fi» 
the  Tariation  of  the  positjon  of  the  plane  of  the  ecliptic  given  in 
Art.  40,  and  pnt 

if  =  171°  86'  ir  +  39".7«  (I  - 1750), 

the  formula)  for  the  annual  preceeaion  in  longitude  (.1)  and  latitude 
(fi)  become,  for  the  instant  ^ 


+  (0".4889  —  r.OOOOOeU  (1  — 1760))  COS  (i  —If)  tan  A,        (1) 
■^  =  —  (0".4889  —  0".00000614  (( — 1750))  sin  (J  —  Jf ). 

If  we  denote  the  planetary  preoeseton  bj  a,  the  Inniniolar  piece*- 
aion  bj  l„  and  the  obliqnity  of  the  fixed  ecliptic,  at  the  time  1750  +  r, 
by  tg,  we  have,  according  to  Bessel, 


IT' 

•,  =  28°  28'  18".0  +  O".000009e423  r". 


'^  =  60".S7672  —  r.000243689  r, 


and  if  we  pat 

dt,       ia  ■       dl, 

■"•••T— a-""-      •"•.-3r=»' 

the  formale  for  the  annaal   preceaeioii  in  right  uoension  (a)  &iicl 
dedinatioQ  {if)  become 

dm  tU 
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and  the  nomerical  valnes  of  m  and  n  are,  for  tbe  instaot  t, 

m  =  46".02824  +  0".000S086450  (( — 1760), 
n  =  20".0a442  —  0".0000970m«  {t  —  n  ovj. 

To  determine  the  preceasion  daring  the  interval  t' —  ^  we  oompsts 
the  annoal  variation  for  the  instant  ^  (f  +  Q  and  this  variation  mnl- 
tiplied  by  f  —  t  furnishes  the  required  reaalt, 

B.  Nutation. — The  expressions  fi>r  the  equation  of  the  equinoxes 
and  for  the  natation  of  the  obliquity  of  the  ecliptic  ar^  aooording  to 
Peters, 

«1  =  — 17".2406  dn  a  +  0".2O73  ^  2Q  —  0".2041  dn  2C  +  0"J)«77  iin  { C — r) 
— 1".26M  dn  2©  +  0".127fl  rin  (©  —  T) 

—  0".021»«n{O  +  r), 

if  =  +  0".2231  CM  £1  —  0".O897  coi  2J1  +  0".0886  co»  2C 

+  0"^10  coi  20  +  0".(»9S  CM  (o  +  r), 

for  the  year  1800,  and 

41  =  — 17".2677  lin  fl  +  0".2073  «n  2S1  —  0".2041  rin  2€  +  0^.0677  dn  (C — r) 

—  l".2695Bm  20  +  0".1275  iin  {©  —  r) 

— 0".0213nii(O  +  r), 
A»  =  +  8".2240  CM  Ji  —  0".089e  co«  2fl  +  0".0885  cob  2^ 

+  0"Mm  COB  2©  +  0".O092  oob  (0  +  T), 

for  the  year  1900.  In  these  equations  Q  denotes  the  longitude  of 
the  ascending  node  of  the  moon's  orbit,  referred  to  the  mean  eqninox, 
C  the  true  longitude  of  the  moon,  O  the  tnie  longitude  of  the  son,  F 
the  true  longitude  of  the  sun's  perigee,  and  F*  the  true  longitude  of 
the  moon's  perigee.  The  values  of  these  quantities  may  be  derived 
from  the  solar  and  lunar  tables,  and  thus  the  required  values  of  ajI 
and  AS  may  be  found.  The  equations  give  the  corrections  for  the 
reduction  from  the  mean  equinox  to  the  true  equinox. 

To  find  the  nutation  in  right  ascension  and  in  declination,  if  we 
consider  only  the  terms  of  the  first  order,  we  have 

dl  d» 

rhe  values  of  &>(  and  &«  are  found  fi^m  the  preceding  equations,  and 
for  the  differential  coefficients  we  have 
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~-.  =  COS  •  -|-  Bin  •  tan  d  em  «,  --jt-  =  cos  •  sin  », 

dm  .      .  d3         .  C*) 

-T—  ^  —  COB  » ton  a,  -j—  =  sin  a. 

The  terms  of  the  second  order  are  of  sensible  magnitude  only  when 
the  body  is  very  near  the  poie,  and  in  this  case  by  computing  the 
second  differential  coefficients  the  complete  values  may  be  found. 

In  the  reduction  of  the  place  of  a  planet. or  comet  from  the  mean 
equinox  of  one  date  t  to  the  true  equinox  of  another  dat«  if,  the 
determinatioD  of  the  correctioD  for  precession  and  of  that  for  nutation 
may  be  effected  simultaneously.  Thus,  let  r  denote  the  interval 
tf — t  expressed  in  parts  of  a  year,  and  the  sum  of  the  corrections  for 
precession  and  natation  gives 

Aa  =  mT  +  &Xcoat  +  (nr  -|-  a.t sin >) sin •  tan  i  —  Ai cos > tan 9, 
aS=  (nr4- aJ8in«)co8«  +4f8in«.  '^ 

Let  OS  nov  put 

mT-\-  AleoBt  ^f, 

nr  +  &Xaat  =  gooaO,  (7j 

—  At         =  J  sin  O, 

and  the  equations  (6)  become 

4a  =/+ jf  sin  (G  +  •)  tan  *, 


&a=        ycos((7  +  ft), 


C8) 


as  already  ^veo  in  Art.  40. 

The  astronomical  ephemerides  give  at  intervals  of  a  few  days  the 
values  of  the  quantities/,  g,  and  O  for  the  reduction  of  the  place  of 
the  body  from  the  mean  equinox  of  the  be^nning  of  the  year  to  the 
true  equinox  of  the  date;  and,  in  order  to  obtain  uniform!^  and 
accuracy,  the  beginning  of  the  year  is  taken  at  the  instant  when  the 
mean  longitude  of  the  sun  is  280°.  When  these  tables  are  not  avails 
able,  the  values  of/,  g,  and  O  may  be  found  directly  by  means  of 
the  equations  (7).  The  reduction  from  the  true  equinox  of  f'  to  the 
mean  equinox  of  t  will  be  obtained  by  changing  the  signs  of  the 
oorreotions. 

C.  Aberraiion. — The  aberration  in  the  case  of  the  planets  and 
comets  may  be  considered  in  three  different  modes: — 

1.  If  we  subtract  from  the  observed  time  the  interval  occupied  by 
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the  light  in  passing  to  the  earth,  the  resalt  will  be  the  time  for  which 
the  tine  place  is  identical  with  the  apparent  place  for  the  obea^ed 
lime. 

2.  If  we  compate  the  time  occupied  by  light  in  traverBing  the 
distance  between  the  body  and  the  earth,  and,  by  means  of  the  rate, 
of  the  variataon  of  the  geocentrio  spherical  co-ordinates,  oompate  the 
motion  during  this  interval,  we  may  derive  the  tme  place  at  the  in- 
stant of  observation. 

3.  We  may  consider  the  observed  place  corrected  for  the  aberration 
of  the  fixed  stars  as  the  true  place  at  the  instant  when  the  light  was 
emitted,  but  as  seen  from  the  place  of  the  earth  at  the  instant  of 
observation. 

The  formulse  for  the  actual  aberration  of  the  fixed  stars  are — 


(9) 


aX  =  —  20".4461  cos  (i  —  ©)  eec  ^  —  0".8429  cos  (-1  —  /")  sec  A 
A^=  +  20".4461  Bin  (i  —  O )  sin ;9  -I-  0".S429  sin  (-1  —  T)  «n  fi), 

in  the  case  of  the  longitude  and  latitude,  and 

Aa  =  —  20".4451  (cos  O  COB  t  cos  •  4-  sin  O  sb  «)  see  4 

—  0".3429  (cos  /'co8«oofl«4-sin/'8in<i)8eca, 

4  J  =  -i-  20".'4451  COB  O  (Bin  «  sin  d  coe « —  cos  «  sin  «)  (10) 

—  20".  4451  sin  O  cos  a  sin  iJ 

+  0".3429  cos  r  (Bin  «  sin  fl  COB  t  —  cos  J  sin  t) 

—  0".3429  sin  r  cos  a  sin  ^, 

in  the  case  of  the  right  ascension  and  declination.  In  these  formaltB 
rdenotea  the  longitude  of  the  sun's  perigee,  and  th^  give  the  oor- 
rectuons  for  the  reduction  from  the  true  plaoe  to  the  apparent  place. 

JD.  Jntens^  of  laght. — If  we  denote  by  r  the  distance  of  a  planet 
or  comet  from  the  sun,  by  J  its  distance  from  the  earth,  and  by  C  a 
constant  quanti^  depending  on  the  magnitude  of  the  body  and  on  its 
capacity  for  reflecting  the  light,  the  intensity  of  the  light  of  the  body 
as  seen  from  the  earth  will  be 

^=-^-  0') 

When  the  constant  C  b  unknown,  we  may  determine  the  relative 
brilliancy  of  the  comet  at  different  times  by  means  of  the  formtda 


-,/ij* 
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